
Statistics 583: Midterm Exam

Wellner; 5/1/2000

Instructions: This exam is to be done with closed notes and closed books.

1. De�ne the following terms, providing an appropriate context for your de�nition:

A. A permutation test.

B. Monotone likelihood ratio.

C. An unbiased test.

D. A locally most powerful test (for a one-parameter problem).

Solution: see the chapter 6 notes.

2. State any two of the following four theorems, providing an appropriate context in

each case: .br A. The Neyman-Pearson lemma.

B. The generalized Neyman-Pearson lemma.

C. The Wald - Wolfowitz - Noether - H'ajek �nite sampling central limit theorem .

D. The Karlin-Rubin theorem.

Solution: see the chapter 6 notes.

3. Suppose that Y1; : : : ; YN are independent with Yi � Binomial(ni; pi), i = 1; : : : ; N ,

where

pi =
1

1 + exp(�(
 + Æxi))

for given numbers x1; : : : ; xN . This is a model frequently used in bioassay, where

xi denotes the dose (or logarithm of the does) of a drug given to ni experimental

subjects, and Yi is the number among these ni subjects who respond to the drug at

the level xi.

A. Show that the joint distribution of the Y 's is an exponential family. Identify the

natural parameters and the suÆcient statistics for these parameters.

B. Consider testing H : Æ � 0 versus K : Æ > 0. Find the UMP unbiased size � test

of H versus K. C. What is the distribution of T �
PN

1 Yi under Æ = 0?

What is the conditional distribution of (Y1; : : : ; YN) given T under Æ = 0?

Solution: A. First note that

pi

1� pi
= exp(
 + Æxi); i = 1; : : : ; N :

Hence the joint distribution of Y1; : : : ; YN is given by

p(y1; : : : ; yN ; 
; Æ) =

NY
i=1

�
ni

yi

��
pi

1� pi

�yi

(1� pi)
ni

=

(
NY
i=1

�
ni

yi

�
(1� pi)

ni

)
exp(

NX
i=1

(
 + Æxi)yi)

= c(
; Æ) exp(Æ

NX
i=1

xiyi + 


NX
i=1

yi) :
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Thus 
 and Æ are natural parameters for the exponential family and the associated

suÆcient statistics are
PN

i=1 Yi and
PN

i=1 xiYi.

B. When Æ = 0, a suÆcient statistic for 
 is
PN

i=1 Yi, and for testing hypotheses

about Æ the natural identi�cations with our canonical exponential family problem

are � = Æ, U =
PN

i=1 xiYi, � = 
, T =
PN

i=1 Yi. Thus the UMP unbiased test � of

H : Æ � 0 versus K : Æ > 0 is of the form

�(U; T = t) =

8<
:

1 if
PN

1 xiYi > c(t)


(t) if
PN

1 xiYi = c(t)

0 if
PN

1 xiYi < c(t)

where c(t); 
(t) are chosen so that

EÆ=0 f�(U; T )jT = tg = � :

C. Note that when Æ = 0, pi = 1=(1 + e�
) � p
 does not depend on i, and

T =
PN

1 Yi � Binomial(
PN

1 ni; p
). Thus the conditional distribution of Y given

T = t is multiple Hypergeometric:

P (Y = y
���T = t) =

QN

i=1

�
ni
yi

�
�PN

1
ni

t

� ; if

NX
1

yi = t ;

and 0 otherwise. Thus the conditional distribution of U =
PN

1 xiYi given T = t is

completely free of the nuisance parameter 
.

4. Suppose that under the null hypothesis Hc, X1; : : : ; Xn are i.i.d. F 2 Fc, while

under the alternative hypothesis K1 X1; : : : ; Xn have joint density h given by

h(x) =

nY
i=1

�i exp(��ixi)

where �i = �e�ci for some �xed numbers (covariates) c1; : : : ; cn, and constants � > 0

and � 2 R.

A. Find a most powerful similar test of size � for testing Hc versus K1. Does your

test depend on the values of the constants � and/or �?

B. If n = 3, �1 = 1, �2 = 2, and �3 = 3, and we observe (X1; X2; X3) = (3:5; 2:1; :9),

carry out the test in A at level � = 1=6.

C. Find a test which is a locally most powerful similar test of Hc versus K : � > 0.

How does this test di�er from the test you found in A?

Solution: A. To obtain a similar test of Hc, we condition on the order statistics

Z � (X(1); : : : ; X(n)) of the sample X1; : : : ; Xn. A most powerful similar test of Hc

versus K1 rejects for those permutations z0 of Z = z which lead to large values of

h(z0), or equivalently for large values of

log h(z) =

nX
i=1

flog�i � �izig =

nX
i=1

log�i �

nX
i=1

�izi ;
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or, equivalently, for small values of

nX
i=1

�izi = �

nX
i=1

exp(�ci)zi ;

or, equivalently, for small values of

nX
i=1

exp(�ci)zi :

Thus we see that our test does not depend on the value of �, but it does depend on

the value of �.

B. When n = 3 and �i = i, i = 1; 2; 3, and we observe (X1; X2; X3) = (3:5; 2:1; :9),

we �nd the following 3! = 6 values of the test statistic in part A:

z0/i 1 2 3
P3

1 �iz
0

i

1 .9 2.1 3.5 15.6

2 2.1 .9 3.5 14.4

3 .9 3.5 2.1 14.2

4 2.1 3.5 .9 11.8

5 3.5 .9 2.1 11.6

6 3.5 2.1 .9 10.4

Since the observed value of the test statistic, 10:4, is the most extreme in the

permutation distribution, we would reject Hc at level � = 1=6.

C. Write h = h� to emphasize the dependence of h on �. Recall that the conditional

distribution of permutations z0 of z under alternatives is

p�(z
0; z) = h�(z

0)=
X
z00

h(z00) :

Now the conditional power of a test � as a function of � is

��(�) = E� f�(X)jZ = zg

=
X
z0

�(z0)p�(z
0) :

Thus the slope of the power function at � = 0 is given by

d

d�
��(�)j�=0 =

X
z0

�(z0)
@

@�
p�(z

0)j�=0 ;

and by the generalized NP lemma, this leads us to reject Hc for those permutations

yielding large values of

@

@�
p�(z

0)

p�(z0)

���
�=0
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Thus we calculate

@
@�
p�(z

0)

p�(z0)
=

@

@�
log p�(z

0)

=
@

@�

(
logh�(z

0)� log
X
z00

h�(z
00)

)

=
@

@�

(
nX
1

log�i � �iz
0

i � C�(z)

)

=

nX
i=1

fci � ci�iz
0

ig �
@

@�
C�(z) :

When this is evaluated at � = 0, we �nd that

@
@�
p�(z

0)

p�(z0)

���
�=0

=

nX
i=1

fci � �ciz
0

ig+ C 0

0(z) ;

and hence the locally most powerful similar test rejects H for small values of
Pn

1 ciz
0

i.
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