Statistics 583: Final Exam Solution
Wellner; 6/5/2000

1. (30 points). Define the following terms, providing an appropriate context for your
definition:
A. A continuous functional T'(F') with respect to a metric d on distributions.
B. A Fréchet differentiable functional T'(F) with respect to a metric d.
C. The cumulative hazard function corresponding to a distribution function F'.
D. A maximal invariant with respect to a group G.
E. An invariant test with respect to a group G.
F. A metric d between distribution functions which is “compatible” with respect to
the empirical measure.

Solution: See the Chapter 6,7, and 8 notes for A,B,D,E, and F.
For C, the cumulative hazard function corresponding to a distribution function F
on RT =10,00) is defined by

Ax) z/j%dm) for  #>0.

2. (27 points). State any three of the following four theorems, providing an
appropriate context in each case:
A. The Neyman-Pearson lemma.
B. A Theorem about UMP G'—invariant tests in the presence of monotone likelihood
ratio of the G—maximal invariant.
C. A theorem about asymptotically normality of the natural empirical estimator
T, = T(F,) of a Fréchet - differentiable functional T'(F).
D. Some version of Hoeffding’s formula for the distribution of the ranks under
alternatives.

Solution: See the Chapter 6,7, and 8 notes.

3. (40 points). A simple test for asymmetry of a distribution function F' is based on
the difference of the mean and median: T(F) = [zdF(z) — F~'(1/2). Note that
T(F) =0 if F is symmetric about some point, while T'(F) is positive for F' skewed
to the right, and negative for F' skewed to the left. Suppose that X,..., X,, are
i.i.d. with distribution function F', and let F,, be the empirical distribution of the
sample, F,, (z) = n~" 30 | 1(Coo0(Xi).

A. Show that T is invariant under location shifts: If Fp is defined by Fy(z) =
F(x —0), then T(Fy) = T(F).

B. Under appropriate assumptions on F' (make these explicit), find the influence
function of T'(F'). [Hint: we already essentially did this in class, since we calculated
the influence functions of F~'(1/2) and [ zdF(z).]



C. Under appropriate assumptions on F' (make these explicit), state a limit theorem
for \/n(T(F,) — T(F)) and compute the asymptotic variance VZ(F).

D. Consider the bootstrap and jackknife estimators of V,,(F) = Varg(v/n(T(F,) —
T(F))). Would either or both of these “work” for estimation of V*(F)? Explain
why or why not.

Solution: A. For Fy(x) = F(z — ), F; '(u) = F~'(u) + 0, so that
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Thus T'(F') is invariant under location shifts.

B. To compute IC(z; T, F) we calculate first the Gateaux derivative T'(F; G — F).
For F;, = (1 — t)F + tG, and assuming that ErX? < oo and that F has a positive
density f at F~'(1/2),

. d
T(FG=F) = ZT(F)l=o
d d
= dt wdFy(z )|t 0 d (1/2)|t 0

— [ o) - (AC=D02).

Taking G = 1j; ) corresponding to point mass at = yields the influence function for
T(F) at F:
-
fF=1(1/2))
C. Thus assuming that Er(X?) < oo and that F has a density f at F~'(1/2) with
f(F~1(1/2)) > 0, the asymptotic variance V?(F) of \/n(T, — T(F)) will be
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Thus we expect to have
V(T(F,) = T(F)) =4 N(0,V(F))

where V?(F) is given by (0.1). For example, if F' is exponential(1), then T(F) =
Ep(X)—F7'(1/2) =1 —log2 ~ 0.30685, Varp(X) =1, f(F~'(1/2)) = 1/2, and
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Thus

VZ(exp(l)) = 1+ (11//;)2 + 13—2 <% — % — %log2>

= 2(1 —1log2) ~ 0.61371.
Note that the contribution of the third term (minus twice the covariance between

the influence functions for the mean and median) is —2log2 ~ —1.386, and the
asymptotic correlation between the sample mean and sample median is

(B XL r1y2y (X)) — /DS (F1(1/2)
VVarp(X) - 1/(4f2F~1(1/2))
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= log2 ~ 0.693 for F=exp(l).

D. The jackknife estimator of the variance of T'(IF,,) will fail, because the jackknife
estimator of the variance of the median F,'(1/2) is not consistent. On the other
hand, under the assumptions of parts B and C, the bootstrap estimator of the
variance V,,(F) = Varg(T(F,)) should “work” in the sense of nV,(F,) —, VZ(F).

Remarks: This statistic for testing symmetry was suggested by Edgeworth (1887).
See the discussion on pages 105 and 106 of Stigler (1999), which also indicates that
the joint asymptotic distribution of the mean and median was known to Laplace in
the early 1800’s.]

References:
Edgeworth, F. Y. (1887). The empirical proof of the law of error. Philosophical
Magazine 24, 330 - 342.

Stigler, S. M. (1999). Statistics on the Table. Harvard University Press,
Cambridge.



4. (40 points). Consider testing H : F = G versus K : (1 — G) = (1 — F)? where
f# > 1 based on Xy,...,X,, i.i.d. Fand Yy,...,Y, iid. G. We want a test which
is invariant with respect to monotone transformations of the data.

A. Draw a picture to show the relationship of F' and G under the alternative
hypothesis K. What is the relationship of the corresponding cumulative hazard
functions under K7 Draw a picture showing this.

B. Give an appropriate version of Hoeffding’s formula for the distribution of the
order Y-ranks (; < ... < ), under the alternative K.

C. Use the formula in B (or any other way) to compute the complete distribution
of @ when m =n =2 (so N=m+n =4) and 0 = 2. For testing H versus = 2,
what observed value of @ would lead you to reject H at size « = 1/67

D. What statistic would you use for testing H versus K7 In the case m =n =2 in
part C, what are its possible values? What observed value of () leads you to reject
H at size a = 1/67 -

Solution: A. For this alternative
Yp(u) =G o Fl(u) =1—(1—u)’

where ¢g(u) > u for 0 < u < 1 when § > 1. Thus G(z) > F(z) for values of z for
which 0 < F(z) < 1;i.e. G <4 F. Since

Aol(z) = / (1—G_)"'dG = —log(1 — G(x))
0
if G is continuous and similarly for F', it follows that
Ag(z) = OAp(z);

i.e. the hazard functions are proportional with constant of proportionality 6.

B. One version of Hoeffding’s formula for this two-sample situation is

P(Q=gq) = %EH%(U@N

n

where 0 < Uy < ... < Uy < 1 are the order statistics of N i.i.d. uniform(0,1)
random variables.
C. To compute the distribution of () when m = n = 2 using the version of Hoeffding’s

formula given in B, we first calculate 1 (u) = #(1 — u)?~L. Then, since (}) = 6,

P@=(12) = TEI1~Up) (1~ U’}
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Figure 1: Plots of ¢ for 6 =1,2,3,4,5
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and, finally

462
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PQ(Q = (3,4)) = 962E[(1 — U(3))9*1(1 o U(4))071] _

In particular, for § = 2 we get the following table:

Thus for testing H versus the particular alternative in K with # = 2, by the Neyman-
Pearson lemma, we would reject H if Q = (1,2).

D. For testing H versus K the locally most powerful test is based on the “log-
rank statistic”. If we take the “approximate scores” version of this statistic with
an(i) = —log(1 —i/(N +1)), then the test statistic is S,(Q) = >_7_, an(Q;). With
m = n = 2, the possible values of the statistic are:

S2((1,2)) = —log(1 —1/5) — log(1 — 2/5) = —log[(4/5)(3/5)],
S2((1,3)) = —log(1 —1/5) —log(1 — 3/5) = —log[(4/5)(2/5)],
S2((1,4)) = —log(1 —1/5) —log(1 — 4/5) = —log[(4/5)(1/5)],
Sz((2, 3)) = —log(1 —2/5) — log(1 — 3/5) = —log[(3/5)(2/5)],
52((2,4)) = —log(1 — 2/5) — log(1 — 4/5) = —1log[(3/5)(1/5)],
S2((3,4)) = —log(1 — 3/5) — log(1 — 4/5) = —log[(2/5)(1/5)],

and we want to reject for small values of S,,. In this case the smallest value of the
statistic corresponds to @ = (1,2), so at size a = 1/6 we would reject if @ = (1,2).

. (30 points). Suppose that X;; for j = 1,...,n;, ¢ = 1,...,I are independent,
normally distributed random variables with common variance o2, and suppose that
EX;; =0;. Thus X;1,..., X;,, is a sample of size n; from the N(6;, 0?) distribution.
Consider testing H : 0, = ... = 0; versus K : 0; # 0; for some 7 # j.

A. Explain briefly the canonical form of this testing problem, and the groups which
leave the testing problem invariant.

B. Find the UMP-invariant test of H versus K, and specify its distribution under
the null hypothesis H.

C. What is the distribution of the test statistic you found in B under the general
hypothesis K7

Solution: A. In the canonical form of the testing problem, Z; ~ N(n;, 0?)
are independent for ¢ = 1,...,n. Under the general hypothesis ©, n; = 0 for
1 = k+1,...,n. Under the null hypothesis ©y, n; = 0 for « = 1,...,r and for
t=k+1,...,n. Then the testing problem is invariant under the following groups:
(G4, consisting of arbitrary shifts of Z,.,4,..., Z;

(G5, consisting of orthogonal transformations of the first r coordinates of Z =
(Z1y.o oy Zn);

(3, consisting of orthogonal transofrmations of the last n — k coordinates of Z;



G, consisting of scale changes of Z.
B. The LS estimator £ of & = {&;} under the null hypothesis is given by

A |
gz.j:Xi,:—ZXij for j=1,....,n5i=1,...,1.

Thus we have
and

We have I — 1 degrees of freedom for the numerator, and n — I degrees of freedom
for the denominator, so that the UMP G-invariant test of H versus K is given by
“reject H if ' > Fr_1,_1," where

oo E—dp/a-n
IX = &/(n = 1)

C. Under the general hypothesis F' ~ Fj_j,_;(6*) where the non-centrality
parameter 62 is given by is

T
1 _
i=1
where 6. = 3°1_ ni;/n.

. (40 points). Suppose that Xy, ..., X,, are i.i.d. exponential()), and that Y7,...,Y,
are i.i.d. exponential(x); thus the density of X is Aexp(—Az)lj (7). Consider
testing H : A < p versus K : A > p.

A. Show that this testing problem is invariant with respect to the group of scale
changes, G given by g.(z,y) = (cz, cy) where ¢ > 0.

B. Find the UMP G-invariant test of H versus K. [Hint: you may use the fact that
the family of distributions {6 'F,; : > 0} has monotone decreasing likelihood
ratio.

C. Specify exactly how you would carry out the test derived in B.

D. Find a UMP - unbiased test of H versus K. Is this the same test as in part B or
a different test?



Solution: A. If X ~ exponential()\), then

P\(cX >t) = Py\(X >t/c) =exp(—At/c)
= exp(—(A/c)t) = Pyo(X > t),

and similarly for Y ~ exponential(x). Hence the induced group on the parameter
space is §(\, 1) = (A/c, pu/c). Note that for any g € G we have g0y = {(\/c, iu/c) :
A< ph={(\p) A< pt =00, and gO = {(A/c,pu/c) : (A, p) € RT x T} = ©
Hence the testing problem is invariant under the group G.

B. By sufficiency we may reduce to consideration of (S,7T) = (3_", X;, > 7, ¥j).
The induced group G* on the space of the sufficent statistic is given by G* =
{g*(s,t) = (es, ct) : ¢ > 0}, and the maximal invariant for the group G* is V' = S/T;
the corresponding G —maximal invariant is 6 = \/p. Now 2AX; ~ x2, and similarly
2uYj ~ x3. Hence 20S ~ x3, and 2uT" ~ x3,. Hence

noo @ 2AS/2m

—_ - Fm n
m X 2uT/2n 22

where [, 9, has an F'—distribution with degrees of freedom 2m,2n. Since the
family 6'F,, has monotone decreasing monotone likelihood ratio, we conclude
that the UMP G-invariant test of H versus K is given by “reject H if nV/m <
Fomon.e where P(Fopmon < Fomona) = a. (Alternatively, “reject H if m/(nV) =
(nilT/mils) > F2n,2m,1—a” where P(F2n,2m > FQn,Qm,l—a) = Q.

C. See part B.

D. The joint density of the X;’s and Y}’s is

A " exp(— Z uzyg = Cmn(A, 1) exp <—(M—A)Z%‘ _A(Zxﬁzyj)
1 1 1
= Cm,n()‘au) exp (9U+5T>

where 0 = A\ —p, £ = -\, U = Y77V, and T =" X, + 5., Yj. From
our development of UMP-unbiased tests for exponential families, we know that the
UMP-unbiased test ¢ of H versus K rejects H if U > co(1) where c,(T) is the

upper « percentage point of the conditional distribution of U given 7. But now

note that "

U _ 20 Y __T/s

TOYUXi+X\Y; 1+T/8
is a monotone function of 7'/S, and under the null hypothesis 7'/S is ancillary,
hence independent of 7" = T + S by Basu’s theorem. Thus we see that the test

which rejects if (T'/n)/(S/m) > Fopom1-a is the UMP-unbiased test of H versus
K, and this is exactly the UMP G-invariant test which we derived in B and C.




