
Statisti
s 583: Final Exam Solution

Wellner; 6/5/2000

1. (30 points). De�ne the following terms, providing an appropriate 
ontext for your

de�nition:

A. A 
ontinuous fun
tional T (F ) with respe
t to a metri
 d on distributions.

B. A Fr�e
het di�erentiable fun
tional T (F ) with respe
t to a metri
 d.

C. The 
umulative hazard fun
tion 
orresponding to a distribution fun
tion F .

D. A maximal invariant with respe
t to a group G.

E. An invariant test with respe
t to a group G.

F. A metri
 d between distribution fun
tions whi
h is \
ompatible" with respe
t to

the empiri
al measure.

Solution: See the Chapter 6,7, and 8 notes for A,B,D,E, and F.

For C, the 
umulative hazard fun
tion 
orresponding to a distribution fun
tion F

on R

+

= [0;1) is de�ned by

�(x) �

Z

x

0

1

1� F (t�)

dF (t) for x � 0 :

2. (27 points). State any three of the following four theorems, providing an

appropriate 
ontext in ea
h 
ase:

A. The Neyman-Pearson lemma.

B. A Theorem about UMP G�invariant tests in the presen
e of monotone likelihood

ratio of the G�maximal invariant.

C. A theorem about asymptoti
ally normality of the natural empiri
al estimator

T

n

= T (F

n

) of a Fr�e
het - di�erentiable fun
tional T (F ).

D. Some version of Hoe�ding's formula for the distribution of the ranks under

alternatives.

Solution: See the Chapter 6,7, and 8 notes.

3. (40 points). A simple test for asymmetry of a distribution fun
tion F is based on

the di�eren
e of the mean and median: T (F ) =

R

xdF (x) � F

�1

(1=2). Note that

T (F ) = 0 if F is symmetri
 about some point, while T (F ) is positive for F skewed

to the right, and negative for F skewed to the left. Suppose that X

1

; : : : ; X

n

are

i.i.d. with distribution fun
tion F , and let F

n

be the empiri
al distribution of the

sample, F

n

(x) = n

�1

P

n

i=1

1

(�1;x℄

(X

i

).

A. Show that T is invariant under lo
ation shifts: If F

�

is de�ned by F

�

(x) =

F (x� �), then T (F

�

) = T (F ).

B. Under appropriate assumptions on F (make these expli
it), �nd the in
uen
e

fun
tion of T (F ). [Hint: we already essentially did this in 
lass, sin
e we 
al
ulated

the in
uen
e fun
tions of F

�1

(1=2) and

R

xdF (x).℄
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C. Under appropriate assumptions on F (make these expli
it), state a limit theorem

for

p

n(T (F

n

)� T (F )) and 
ompute the asymptoti
 varian
e V

2

(F ).

D. Consider the bootstrap and ja
kknife estimators of V

n

(F ) � V ar

F

(

p

n(T (F

n

)�

T (F ))). Would either or both of these \work" for estimation of V

2

(F )? Explain

why or why not.

Solution: A. For F

�

(x) = F (x� �), F

�1

�

(u) = F

�1

(u) + �, so that

T (F

�

) =

Z

xdF

�

(x)� F

�1

�

(1=2)

=

Z

xdF (x� �)� (F

�1

(1=2) + �)

=

Z

(y + �)dF (y)� (F

�1

(1=2) + �)

=

Z

xdF (x) + � � (F

�1

(1=2) + �)

=

Z

xdF (x)� F

�1

(1=2) = T (F ) :

Thus T (F ) is invariant under lo
ation shifts.

B. To 
ompute IC(x;T; F ) we 
al
ulate �rst the Gateaux derivative

_

T (F ;G� F ).

For F

t

� (1� t)F + tG, and assuming that E

F

X

2

< 1 and that F has a positive

density f at F

�1

(1=2),

_

T (F;G� F ) =

d

dt

T (F

t

)j

t=0

=

d

dt

Z

xdF

t

(x)j

t=0

�

d

dt

F

�1

t

(1=2)j

t=0

=

Z

(x� �

F

)dG(x)�

�

�(G� F )(1=2)

f(F

�1

(1=2))

�

:

Taking G = 1

[x;1)


orresponding to point mass at x yields the in
uen
e fun
tion for

T (F ) at F :

IC(x;T; F ) = (x� �

F

) +

1

f(F

�1

(1=2))

(1

(�1;F

�1

(1=2)℄

(x)� 1=2) :

C. Thus assuming that E

F

(X

2

) <1 and that F has a density f at F

�1

(1=2) with

f(F

�1

(1=2)) > 0, the asymptoti
 varian
e V

2

(F ) of

p

n(T

n

� T (F )) will be

V

2

(F ) = V ar

F

(X) +

1=4

f

2

(F

�1

(1=2))

+ 2E

F

�

(X � �

F

)(1

(�1;F

�1

(1=2)℄

(X)� 1=2)

	

=f(F

�1

(1=2))

= V ar

F

(X) +

1=4

f

2

(F

�1

(1=2))

+ 2E

F

�

(X � �

F

)1

(�1;F

�1

(1=2)℄

(X)

	

=f(F

�1

(1=2))

= V ar

F

(X) +

1=4

f

2

(F

�1

(1=2))

+ 2(E

F

�

X1

(�1;F

�1

(1=2)℄

(X)

	

� �

F

=2)=f(F

�1

(1=2)) : (0.1)
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Thus we expe
t to have

p

n(T (F

n

)� T (F ))!

d

N(0; V

2

(F ))

where V

2

(F ) is given by (0.1). For example, if F is exponential(1), then T (F ) =

E

F

(X)� F

�1

(1=2) = 1� log 2 � 0:30685, V ar

F

(X) = 1, f(F

�1

(1=2)) = 1=2, and

E

F

(X1

[X�F

�1

(1=2)℄

(X)) =

Z

log 2

0

xe

�x

dx

= �xe

�x

j

log 2

x=0

+

Z

log 2

0

e

�x

dx

= �

1

2

log 2 + (1� e

� log 2

)

= 1�

1

2

�

1

2

log 2 :

Thus

V

2

(exp(1)) = 1 +

1=4

(1=2)

2

+

2

1=2

�

1

2

�

1

2

�

1

2

log 2

�

= 2(1� log 2) � 0:61371 :

Note that the 
ontribution of the third term (minus twi
e the 
ovarian
e between

the in
uen
e fun
tions for the mean and median) is �2 log 2 � �1:386, and the

asymptoti
 
orrelation between the sample mean and sample median is

�(E

F

�

X1

(�1;F

�1

(1=2)℄

(X)

	

� �

F

=2)=f(F

�1

(1=2))

p

V ar

F

(X) � 1=(4f

2

F

�1

(1=2))

=

�2(E

F

�

X1

(�1;F

�1

(1=2)℄

(X)

	

� �

F

=2)

p

V ar

F

(X)

= log 2 � 0:693 for F = exp(1) :

D. The ja
kknife estimator of the varian
e of T (F

n

) will fail, be
ause the ja
kknife

estimator of the varian
e of the median F

�1

n

(1=2) is not 
onsistent. On the other

hand, under the assumptions of parts B and C, the bootstrap estimator of the

varian
e V

n

(F ) � V ar

F

(T (F

n

)) should \work" in the sense of nV

n

(F

n

)!

p

V

2

(F ).

Remarks: This statisti
 for testing symmetry was suggested by Edgeworth (1887).

See the dis
ussion on pages 105 and 106 of Stigler (1999), whi
h also indi
ates that

the joint asymptoti
 distribution of the mean and median was known to Lapla
e in

the early 1800's.℄

Referen
es:

Edgeworth, F. Y. (1887). The empiri
al proof of the law of error. Philosophi
al

Magazine 24, 330 - 342.

Stigler, S. M. (1999). Statisti
s on the Table. Harvard University Press,

Cambridge.
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4. (40 points). Consider testing H : F = G versus K : (1 � G) = (1 � F )

�

where

� > 1 based on X

1

; : : : ; X

m

i.i.d. F and Y

1

; : : : ; Y

n

i.i.d. G. We want a test whi
h

is invariant with respe
t to monotone transformations of the data.

A. Draw a pi
ture to show the relationship of F and G under the alternative

hypothesis K. What is the relationship of the 
orresponding 
umulative hazard

fun
tions under K? Draw a pi
ture showing this.

B. Give an appropriate version of Hoe�ding's formula for the distribution of the

order Y -ranks Q

1

< : : : < Q

n

under the alternative K.

C. Use the formula in B (or any other way) to 
ompute the 
omplete distribution

of Q when m = n = 2 (so N = m + n = 4) and � = 2. For testing H versus � = 2,

what observed value of Q would lead you to reje
t H at size � = 1=6?

D. What statisti
 would you use for testing H versus K? In the 
ase m = n = 2 in

part C, what are its possible values? What observed value of Q leads you to reje
t

H at size � = 1=6?

Solution: A. For this alternative

 

�

(u) = G Æ F

�1

(u) = 1� (1� u)

�

where  

�

(u) > u for 0 < u < 1 when � > 1. Thus G(x) > F (x) for values of x for

whi
h 0 < F (x) < 1; i.e. G <

s

F . Sin
e

�

G

(x) =

Z

x

0

(1�G

�

)

�1

dG = � log(1�G(x))

if G is 
ontinuous and similarly for F , it follows that

�

G

(x) = ��

F

(x) ;

i.e. the hazard fun
tions are proportional with 
onstant of proportionality �.

B. One version of Hoe�ding's formula for this two-sample situation is

P

�

(Q = q) =

1

�

N

n

�

E

n

Y

j=1

 

0

�

(U

(q

j

)

)

where 0 < U

(1)

< : : : < U

(N)

< 1 are the order statisti
s of N i.i.d. uniform(0; 1)

random variables.

C. To 
ompute the distribution ofQ whenm = n = 2 using the version of Hoe�ding's

formula given in B, we �rst 
al
ulate  

0

�

(u) = �(1� u)

��1

. Then, sin
e

�

4

2

�

= 6,

P

�

(Q = (1; 2)) =

�

2

6

E[(1� U

(1)

)

��1

(1� U

(2)

)

��1

℄

=

4!�

2

6

Z Z Z Z

0�u

1

�u

2

�u

3

�u

4

�1

(1� u

1

)

��1

(1� u

2

)

��1

du

1

du

2

du

3

du

4
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Figure 1: Plots of  

�

for � = 1; 2; 3; 4; 5

= 4�

2

Z Z Z

0�u

1

�u

2

�u

3

�1

(1� u

1

)

��1

(1� u

2

)

��1

�

Z

1

u

3

du

4

�

du

1

du

2

du

3

= 4�

2

Z Z Z

0�u

1

�u

2

�u

3

�1

(1� u

1

)

��1

(1� u

2

)

��1

(1� u

3

)du

1

du

2

du

3

= 4�

2

Z Z

0�u

1

�u

2

�1

(1� u

1

)

��1

(1� u

2

)

��1

�

Z

1

u

2

(1� u

3

)du

3

�

du

1

du

2

=

4�

2

2

Z Z

0�u

1

�u

2

�1

(1� u

1

)

��1

(1� u

2

)

�+1

du

1

du

2

=

4�

2

2 � (� + 2)

Z

0�u

1

�1

(1� u

1

)

2�+1

du

1

=

4�

2

2 � (� + 2) � (2� + 2)

=

2�

2

(� + 2) � (2� + 2)

:

Similarly,

P

�

(Q = (1; 3)) =

�

2

6

E[(1� U

(1)

)

��1

(1� U

(3)

)

��1

℄ =

4�

2

(� + 1) � (� + 2)(2� + 2)

;

P

�

(Q = (1; 4)) =

�

2

6

E[(1� U

(1)

)

��1

(1� U

(4)

)

��1

℄ =

4�

2

�(� + 1)(� + 2)(2� + 2)

;

P

�

(Q = (2; 3)) =

�

2

6

E[(1� U

(2)

)

��1

(1� U

(3)

)

��1

℄ =

4�

2

(� + 1)(2� + 1)(2� + 2)

;

P

�

(Q = (2; 4)) =

�

2

6

E[(1� U

(2)

)

��1

(1� U

(4)

)

��1

℄ =

4�

2

�(� + 1)(2� + 1)(2� + 2)

;
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and, �nally

P

�

(Q = (3; 4)) =

�

2

6

E[(1� U

(3)

)

��1

(1� U

(4)

)

��1

℄ =

4�

2

� � 2�(2� + 1)(2� + 2)

:

In parti
ular, for � = 2 we get the following table:

q (1,2) (1,3) (1,4) (2,3) (2,4) (3,4) total

P

�

(Q = q) 1/3 2/9 1/9 8/45 4/45 3/45 1

Thus for testingH versus the parti
ular alternative inK with � = 2, by the Neyman-

Pearson lemma, we would reje
t H if Q = (1; 2).

D. For testing H versus K the lo
ally most powerful test is based on the \log-

rank statisti
". If we take the \approximate s
ores" version of this statisti
 with

a

N

(i) = � log(1� i=(N +1)), then the test statisti
 is S

n

(Q) =

P

n

j=1

a

N

(Q

j

). With

m = n = 2, the possible values of the statisti
 are:

S

2

((1; 2)) = � log(1� 1=5)� log(1� 2=5) = � log[(4=5)(3=5)℄,

S

2

((1; 3)) = � log(1� 1=5)� log(1� 3=5) = � log[(4=5)(2=5)℄,

S

2

((1; 4)) = � log(1� 1=5)� log(1� 4=5) = � log[(4=5)(1=5)℄,

S

2

((2; 3)) = � log(1� 2=5)� log(1� 3=5) = � log[(3=5)(2=5)℄,

S

2

((2; 4)) = � log(1� 2=5)� log(1� 4=5) = � log[(3=5)(1=5)℄,

S

2

((3; 4)) = � log(1� 3=5)� log(1� 4=5) = � log[(2=5)(1=5)℄,

and we want to reje
t for small values of S

n

. In this 
ase the smallest value of the

statisti
 
orresponds to Q = (1; 2), so at size � = 1=6 we would reje
t if Q = (1; 2).

5. (30 points). Suppose that X

ij

for j = 1; : : : ; n

i

, i = 1; : : : ; I are independent,

normally distributed random variables with 
ommon varian
e �

2

, and suppose that

EX

ij

= �

i

. Thus X

i1

; : : : ; X

i;n

i

is a sample of size n

i

from the N(�

i

; �

2

) distribution.

Consider testing H : �

1

= : : : = �

I

versus K : �

i

6= �

j

for some i 6= j.

A. Explain brie
y the 
anoni
al form of this testing problem, and the groups whi
h

leave the testing problem invariant.

B. Find the UMP-invariant test of H versus K, and spe
ify its distribution under

the null hypothesis H.

C. What is the distribution of the test statisti
 you found in B under the general

hypothesis K?

Solution: A. In the 
anoni
al form of the testing problem, Z

i

� N(�

i

; �

2

)

are independent for i = 1; : : : ; n. Under the general hypothesis �, �

i

= 0 for

i = k + 1; : : : ; n. Under the null hypothesis �

0

, �

i

= 0 for i = 1; : : : ; r and for

i = k + 1; : : : ; n. Then the testing problem is invariant under the following groups:

G

1

, 
onsisting of arbitrary shifts of Z

r+1

; : : : ; Z

k

;

G

2

, 
onsisting of orthogonal transformations of the �rst r 
oordinates of Z �

(Z

1

; : : : ; Z

n

);

G

3

, 
onsisting of orthogonal transofrmations of the last n� k 
oordinates of Z;

6



G

4

, 
onsisting of s
ale 
hanges of Z.

B. The LS estimator

^

^

� of � = f�

ij

g under the null hypothesis is given by

^

^

�

ij

= X

��

=

1

n

I

X

i=1

n

i

X

j=1

X

ij

where n �

P

I

i=1

n

i

. Under the general hypothesis, the LS estimator

^

� is given by

^

�

ij

= X

i�

=

1

n

i

n

i

X

j=1

X

ij

for j = 1; : : : ; n

i

; i = 1; : : : ; I :

Thus we have

k

^

� �

^

^

�k

2

=

I

X

i=1

n

i

(X

i�

�X

��

)

2

and

kX �

^

�k

2

=

I

X

i=1

n

i

X

j=1

(X

ij

�X

i�

)

2

:

We have I � 1 degrees of freedom for the numerator, and n� I degrees of freedom

for the denominator, so that the UMP G-invariant test of H versus K is given by

\reje
t H if F > F

I�1;n�I;�

" where

F �

k

^

� �

^

^

�k

2

=(I � 1)

kX �

^

�k

2

=(n� I)

:

C. Under the general hypothesis F � F

I�1;n�I

(Æ

2

) where the non-
entrality

parameter Æ

2

is given by is

Æ

2

=

1

�

2

I

X

i=1

n

i

(�

i

� �

�

)

2

where �

�

�

P

I

i=1

n

i

�

i

=n.

6. (40 points). Suppose that X

1

; : : : ; X

m

are i.i.d. exponential(�), and that Y

1

; : : : ; Y

n

are i.i.d. exponential(�); thus the density of X

1

is � exp(��x)1

[0;1)

(x). Consider

testing H : � � � versus K : � > �.

A. Show that this testing problem is invariant with respe
t to the group of s
ale


hanges, G given by g




(x; y) = (
x; 
y) where 
 > 0.

B. Find the UMP G-invariant test of H versus K. [Hint: you may use the fa
t that

the family of distributions fÆ

�1

F

r;s

: Æ > 0g has monotone de
reasing likelihood

ratio.℄

C. Spe
ify exa
tly how you would 
arry out the test derived in B.

D. Find a UMP - unbiased test of H versus K. Is this the same test as in part B or

a di�erent test?
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Solution: A. If X � exponential(�), then

P

�

(
X > t) = P

�

(X > t=
) = exp(��t=
)

= exp(�(�=
)t) = P

�=


(X > t) ;

and similarly for Y � exponential(�). Hen
e the indu
ed group on the parameter

spa
e is g(�; �) = (�=
; �=
). Note that for any g 2 G we have g�

0

= f(�=
; �=
) :

� � �g = f(�; �) : � � �g = �

0

, and g� = f(�=
; �=
) : (�; �) 2 R

+

� R

+

g = �.

Hen
e the testing problem is invariant under the group G.

B. By suÆ
ien
y we may redu
e to 
onsideration of (S; T ) = (

P

m

i=1

X

i

;

P

n

j=1

Y

j

).

The indu
ed group G

�

on the spa
e of the suÆ
ent statisti
 is given by G

�

=

fg

�

(s; t) = (
s; 
t) : 
 > 0g, and the maximal invariant for the group G

�

is V = S=T ;

the 
orresponding G�maximal invariant is Æ = �=�. Now 2�X

i

� �

2

2

, and similarly

2�Y

j

� �

2

2

. Hen
e 2�S � �

2

2m

and 2�T � �

2

2n

. Hen
e

n

m

V =

�

�

�

2�S=2m

2�T=2n

= Æ

�1

F

2m;2n

where F

2m;2n

has an F�distribution with degrees of freedom 2m; 2n. Sin
e the

family Æ

�1

F

r;s

has monotone de
reasing monotone likelihood ratio, we 
on
lude

that the UMP G-invariant test of H versus K is given by \reje
t H if nV=m <

F

2m;2n;�

where P (F

2m;2n

� F

2m;2n;�

) = �. (Alternatively, \reje
t H if m=(nV ) =

(n

�1

T=m

�1

S) > F

2n;2m;1��

" where P (F

2n;2m

� F

2n;2m;1��

) = �.

C. See part B.

D. The joint density of the X

i

's and Y

j

's is

�

m

�

n

exp(��

m

X

1

x

i

� �

n

X

1

y

j

) = 


m;n

(�; �) exp

 

�(�� �)

n

X

1

y

j

� �(

m

X

1

x

i

+

n

X

1

y

j

!

= 


m;n

(�; �) exp

�

�U + �

~

T

�

where � � � � �, � � ��, U �

P

n

j=1

Y

j

, and

~

T �

P

m

i=1

X

i

+

P

n

j=1

Y

j

. From

our development of UMP-unbiased tests for exponential families, we know that the

UMP-unbiased test � of H versus K reje
ts H if U > 


�

(

~

T ) where 


�

(

~

T ) is the

upper � per
entage point of the 
onditional distribution of U given

~

T . But now

note that

U

T

=

P

n

1

Y

j

P

m

1

X

i

+

P

n

1

Y

j

=

T=S

1 + T=S

is a monotone fun
tion of T=S, and under the null hypothesis T=S is an
illary,

hen
e independent of

~

T � T + S by Basu's theorem. Thus we see that the test

whi
h reje
ts if (T=n)=(S=m) > F

2n;2m;1��

is the UMP-unbiased test of H versus

K, and this is exa
tly the UMP G-invariant test whi
h we derived in B and C.
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