Statistics 582, Problem Set 8 Solutions
Wellner; 3/5/98

1. Consider testing the simple hypothesis Hy : X ~ P, versus the simple alternative
Hi: X ~ P. Let ¢ be a test of Hy versus Hy, and suppose a prior distribution
on {Fy, P1} is given by (A, 1 — X) with A € (0,1).

A. For losses given by [y and [y as in Corollary 5.5.4, page 12, chapter 5, find
the Bayes rule for this problem. Compute the ordinary risks and the Bayes risk
for the Bayes rule.

B. When [y =1[; = 1 and A = 1/2, express the Bayes risk you found in A in terms
of the total variation distance between Fy and P;. Explain why this relationship
makes sense intuitively.

C. Does the relationship you found in B continue to hold for other values of the
losses [y and [; and prior A7

Solutions: A. By Corollary 5.5.4 of the notes, the Bayes rule for testing with
the loss function L(, a;) = [;1e¢(0) is given by

da(llz) =da(z) =< y(z) if PO € 01| X =)= (l1/lo)P(0 € 04|X = 2)

When there are just two possible states of nature Py, = Fy and Py, = P, with
prior probabilities A and 1 — A respectively, the posterior probabilites of ©; = {6;}
for + = 0,1 become

_ M = N)pi(2)
o) + (1= V(0]

where p;() = (dP;/du)(x) for some dominating measure p (u = Py + P1 will
always work). Thus the Bayes rule in this case becomes

L it (L= XNpi() > (h/lo) Apo()
da(z) = ¢ (@) if (1= Npi(z) = (li/lo)Apo(z)
0 if (1= Mpi(x) < (li/lo)Apo(2)

Let ¢ = (I1A/lo(1 — X)). Then the Bayes risk and ordinary risks of this rule are
given by:

P((g € ®Z|X = l‘)

R(A.dy) = PO+ [ {LApo() — Io(1 = Npa(2) ()

p1(z)>cpo(w)
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— wi-n+ [ o W) (1 (),

R(0,dy) = LE(dA(X)) = LiEo{1p, (x)>epo(x)) + V(X )py (X)=epo (X1} 5
R(1,dy) = loBi(1 —da(X)) = lo(1 — Eo{lp, (x)>epox)] T VX)) =epo(x)1)) 5

B. When [p =1; =1, and A = 1/2, then ¢ =1 and

1 1 1
R(Ady) = S+ —/ podp — —/ pdp
2 2 P1>Po 2 P1>Po

1
= 5{1+/ podu+/ pldu—/ pldu—/ prdp}
P1>Po P1<Ppo P1>Po P1<Ppo
1
= 5{1+/ podu+/ prdp — 1}
P1>Po P1<po

1
= —/ po A prdp
2 P1>pPo

_ %(1 — dpv(Py, 1))

by problem 7.3.B. Thus when dgy (Fy, Py) is small (P and P; are close together)
the Bayes risk is close to 1/2, and when dyy (Fy, Py) is close to 1 (so Py and Py are
far apart), the Bayes risk is close to zero (and equals zero when dpv (P, P1) = 1).
This makes good sense intuitively since it should be harder to distinguish Fy from
Py when they are close together than when they are far apart (and dpv(Fo, Pr)
is close to 1).

C. Note that when ¢ = (412 /lo(1 — X)) = 1, then [1A = [o(1 — A) and the Bayes

risk is
(1= Miof1 + / pod — / pdn} = (1— N / po A prd
P1>Po P1>Po
= (1 —)\)lo(l _dTV(P07P1))-
. Suppose that X ~ N(6,0?), and it is “known” that 8 € [—7, 7].
A. Consider the class of affine estimators of 8 given by d(X) = ¢X + d for

¢,d € R. Show that the minimax affine estimator of § € [—7,7] is given by
do = coX where ¢y = 72/(0* + 7%) and that the minimax risk is

inf sup Fg(0 — X — d)2 = 0272/(02 + 7'2)
&G ge[—7,7]

B. Suppose that A(#) is a prior distribution for # with all its mass concentrated
on [—7,7]. Find the posterior distribution for # for such a prior. Where is it
concentrated? What can you say about the Bayes rule with respect to this prior
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for squared error loss?

C. How is the minimax risk over all estimators related to the minimax risk of
affine estimators which you computed in A7 How is it related to the Bayes risk?
D. Suppose that a sample of i.i.d. X;’s is available so that X,, ~ N(6,02/n) (i.e.
we can replace o by 0?/n) in C, and suppose that the true 8, > 7. Describe the
behavior of the posterior distributions and Bayes rule in C as n — oc.

Solution: A. For each fixed § € Rand ¢,d € R therisk of the rule d(X) = ¢X+d

18

RO,d) = Eg(0—cX —d)?
= Varg(eX +d)+ (Fo(cX +d) — (9)2
= 2o’ 4+ (cf+d— (9)2
= 0202+((c— 1)(9—|—d)2
= o+ (1- 0)2 (0 — (90)2
where 6y = —d/(c—1) = d/(1 — ¢). This function of § has a minimum of ¢*c* at

0y and grows quadratically in both directions from 6,. Thus it follows that

Ao+ (1 —e)? (1 — (90)2 if 05 <0
sup R(6,d) = Ao+ (1 —e)*r? if 0p=0
f€l-77] Ao+ (1 —e) (-1 — (90)2 if 0 >0

It is easily seen from the pictures of the risks that this function of ¢, d is minimized

by d = 0, and then

inf sup R(0,d) = o + (1 — ¢)*r?
d ge[—7,7]

is minimized over ¢ by easy calculations: the first derivative w.r.t. cis 2ca*+2(c—
1)72, and this is 0 if ¢ = ¢o = 72/(a*+7?); the second derivative is 2(a*+72) > 0,
S0 ¢p yields a minimum. Hence we find that the minimum risk of affine estimators

of 8 is given by

inf sup Ea0— X —df = ot (1— Pt = ot (et 4 7).
&% ge[—7,7]

B. If A is a prior distribution with density A(f) on [—7,7] then the posterior
distribution of 4 is given by

o (E=DNO) 1=, 1 (0)
Jo o (A ) e (s) ds

It is clear that the posterior also puts all its mass on the interval [—7, 7], and
therefore the Bayes rule with respect to squared error, £ (8|X), is in the interval

AO|z) =
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[_7—7 T] :
C. Since the class of all estimators is larger than the class of affine estimators,
we have (with “N” standing for “nonlinear” and “A” for “affine”)

0.27_2

pn(T,0) = inf sup R(f,d) < inf sup R(0,d) = pa(r,0) =

d€D ge[—r 7] d€Daj fine e[—7 7] o2+ 12

In fact it is known that

5
/OA(Tv U) < ZION(Tv U)

so that A
5,0A(770) < pn(T,0) < palr,0);

see e.g. Donoho (1994) (Ann. Statist. 22, 238 - 270) and the references therein.
The relationship with the Bayes risk for any prior A is as follows:

R(A,dy) = inf R(A,d)

deD
< inf  R(A,d)

dGDaffine
= inf R(O. d)dA(8

it [ mo.aine)

0.27_2

< f 0,d .
S il S ]R( )=

Of course this also follows from the preceding since the minimax risk py(o, 7) is,

by Theorem 5.6.2, equal to the Bayes risk for the least favorable prior distribution
A:

0.27_2

o 72’
As 7 — oo Bickel (1981) has shown that the “approximate least favorable”

densities are of the form A, (0) = 77" cos*((7/2)0/7)1(+-1(0).
D. When we have X, ~ N(#,0%/n), then the posterlor is

(o/y/m) " S _>A<> _(0)

JMCINO 1¢< L)\ (s5)ds

(0 /) ! (Lm0 \ (9)1, 11(0)
7o/ /m) 1 (L)) () ds

where /n(X, — ) = O,(1) while \/n(fy — ) — oo for each fixed § € [~7,7].
Hence A(0|X) —, 0 for each fixed 6 € [—7,7]. Since the normal density in the

R(A,dy) <supR(A,dr) =ra = pn(o,7) <
A

MOLX) =
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numerator is centered at X, —, 0 > 7, we see that

ML) = [ AelX)ds =, 1y 0).

— 00

. Suppose that Xi,..., X, are i.i.d. Exponential(f) (so the X’s have density
po(z) = 0e ¥ 1(gn)(x). with respect to Lebesgue measure on R, and that
0 ~T(a,p):

(80)"~"
I'(a)
A. Find the Bayes rule dg(X) for estimation of # with squared error loss
L(0,a) = |6 — a|*. Find the Bayes rule dg,,(X) for estimation of # with weighted
squared error loss L(f,a) = (0 — a)?/0. Is the maximum likelihood estimator

among either of these families of Bayes estimators?
B. Are the Bayes estimators dg and dpg, consistent? What are the limit distri-

AO) =5

exp(—0) 1o ) (6).

butions of dg and dpg,,7 Compare them with the maximum likelihood estimator.
C. Prove a (conditional) limit theorem for the posterior distributions given X.
D. Suppose that instead of the Gamma prior distribution, 6 has the Pareto(fy, «)
distribution with density A given by

o, b

MO = GG (01

here E(f) = —2+0y where o > 1 and 6y > 0 are known. What can you say about
the Bayes estimator for squared error loss with this prior? For what values of
is the Bayes rule consistent?

Solution: A. The posterior distribution is Gamma(a+n, 3+ >  X;). Thus the
Bayes rule for L(#,a) = (6 — a)* is
a+n
dp(X) = ———.
s(X) g+>X;
For L(0,a) = (8 — a)?/0, the Bayes rule is

B E(OK(0)X) B 1 _a+n—1
o) = TROX) BN IS,

since, for § ~ Gamma(a, ) we have

B

a—1

E(1/0) =



if « > 1. Thus the MLE 1/X,, is not among either of these families of estimators.

B. Both dg and dg, are consistent and asymptotically equivalent to the MLE
1/X,:

Vi {ds(X) — /%) = ﬁ{_;—_—

= n e = 0(n™*)0,(1) = 0,(1),
and similarly for dp,. Thus, for d = dg or d = dpg., we have, since 1(0) = 6=
Vi(d(X) = 0) = V/n(

C. Now

f ~ Gamma(a + n, 5 + ZXZ) = (B+ ZXi)_lGamma(oz +n,1)

=i (B4 X)™(Yo+ ) V)

where Yy ~ Gamma(a, 1), and Y; ~ Gamma(l,1) = Exp(1), ¢ = 1,...,n are all
independent. Thus conditionally on the X;’s we have, with Z ~ N(0,1) and with
o the true value of 6,

Y

—0) +0,(1) —4 N(0,1/1(0)) = N(0,6%).

Vo~ BOX) =, et etz (adn)

ﬁ —I_ E?:l XZ
VAT~ e (Y — a) 1"
== n n e n — ) ="
X, +n 13 R GRNENEY?
1
0y
almost surely with respect to the distribution of X;, X;,.... Note that the

posterior mean [(f|X) can be replaced here by either the MLE 1/X, or by
T =004 (nl(00)) ™' >0 16(X;) = 200 — 02X, since

Vi(E(01X) = 1/X,) = 0,(1)

and similarly with 7}, in place of 1/X,,.
D. When the prior is Pareto(fy, o), the posterior density is of the form

0" exp(—037 Xi)(aby)(00/0)*1(g,00) (9)
Jo 57 exp(—s 30 Xi)(aly")(0o/s)>H ds
0" exp(—0" Xi)l(gy,00)(0)

fezosn_a Lexp(—s Y. X;)ds

AO1X) =
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which is concentrated on (6, o0). Thus the Bayes rule dg(X) = E(0|X) takes
values in (g, 00) a.s.. Similar to the argument in class in the Bernoulli(f) exam-

ple, Z, = dp(X) = F(0|X1,...,X,) is a martingale and hence 7, = dp(X) —

~

E(0]X1,X,,...). But 0 = Y;l —rq.5. 0 for each fixed 0 € (0,00), and hence

o~

Py(0, — 0) = /Pe(ﬁn — 0)dA(0) = 1.

Hence é\n — 6 a.s. Py, and this implies that 0 is F., = o( X1, X3, ...) measurable.
Therefore E(0| X1, X2,...) =0 a.s. and dg(X) — 6 a.s. Py. This in turn implies
that dp(X) —.s 0 for A-a.e. 6. this suggests that dg might be inconsistent for
6 € (0,6p), and this is in fact the case since dg(X) < 09. When the true § < 6y, it
is possible to show that dg(X) —,s 6o > 6 and that the posterior distributions
convergen to point mass at 6.



