Statistics 582, Problem Set 7, Solutions
Wellner; 2/25/98

1. Ferguson, problem 2.11.11, page 96.
Solution: A. Here for the rule do(X) = X, we compute

(0 — X)? Varg(X) 0
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so do(X) = X is an “equalizer rule”: it has constant risk for the loss function
L(#,a) = (0 —a)?/0.
B. When the (improper) prior is Lebesgue measure, we have A(f) = 1 for all ¢
and the posterior is Gamma(X + 1,1). The Bayes rule for this posterior and the
given loss function is

dr(X) = E(@[}(@)|X) _ X +1) _x

E(K(9)]X) I'(X)

Thus do(X) = X is “generalized Bayes”.
C. When the prior is Gamma(e, /), the posterior distribution is Gamma(a +
X, 3+ 1), so that the Bayes estimator for the given loss function is

_ EOK@O)X) 1
dr(X) = E(K(0)|X) — E(1/0|X)
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D. Here I will choose o = 1 for simplicity. Then the Bayes risk of the Bayes
rules found in C is easily found to be

R(A,dy) = E{Q:%%QX}
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= sup R(0,dy).
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Thus we conclude by Theorem 5.6.7 that dy is minimax.

. Suppose that X,, = X ~ Multinomial,(n, §).
A. Suppose that the prior distribution on 8 is given by a Dirichlet distribution,
Dirichlet(a):
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Verify the computation of the Bayes estimator for squared error loss given in
example 4.3.4

B. What is the posterior distribution for 87 Find the mode of the posterior
distribution (along the lines of our computations of the MLE of the multinomial)
and compare it with the MLE.

C. Find a minimax estimator d; of 6.

Solution: 1. A. [If § ~ Dirichlet(a), then 6; ~ Beta(ozj,zk# ag), and hence
from our computations of the mean of a Beta, E(;) = o,/ > a;, and as a
vector E(0) = a/ SOk *_, «;. Since the posterior distribution of 8 is Dirichlet(a+X),
the Bayes estimator of 8 for squared error loss is

a+ X

B. As noted in A, the posterior density is Dirichlet(a + X):
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To find the mode of the posterior, we need to find the value of § which maximizes
AM@]X) over the set 37, 0; = 1, or equivalently which maximizes
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Thus we need to solve

(0.1)

and

(0.2) zkjej = 1.



The first equation yields
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Note that (9}”“16 > 01if a; + X; > 1, which always holds if o; > 1, and holds for
X; > 1if 0 < a; < 1. Substitution of this into (0.2) yields
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and hence —c = 37, a; +n — k. Thus the mode of the posterior is given by
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When a = 1 (the vector of all 1’s), then the mode of the posterior equals the
MLE: § = X /n. Note that o = 1 yields a uniform prior over 0.

C. If X ~ Multy(n;8) and 8 ~ Dirichlet(a), then the Bayes estimator of § for
squared error loss is da(X) = (a + X)/(X a; +n). For oy = ... = a;, = «, this
yields the Bayes estimator
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with risk

R(0.dy) = Egl0—dy(X)]"

= Z{Varg(dm(i)) + blasé(dm)}
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which is constant in . Hence by corollary 5.6.3
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3. Let P and @ be two probability measures on a measurable space (X', 5). Then
the Hellinger distance dy (P, Q) is defined by

BPQ) =5 [1Vi— Vild

where p = dP/du, ¢ = dQ/dp, and g is any measure dominating P and @ (e.g.
P+@). [Note that this differs only by a factor of 1/2 from the definition we used
earlier.] Similarly, the total variation distance dyy (P, Q) can be defined by

dTV PQ /|p—q|d,u

A. Show that
drv(P, Q) = sup |P(A) — Q(A)].

AeB
[Hint: Let 6 = p — ¢q. Since [pdp = [qdp = 1, it follows that [édp = 0 and
4 6dp = — [4c 6du for any set A.]
Comment: often dry (P, Q) is defined by the supremum on the right side above
(without the factor of 2); then it would be proved that this equals 1/2 times the
integral (L1(p) distance from p to ¢) that I used as the definition above.
B. Show that drv(P,Q) =1— [p A qdp.
C. Show that

d%I(PvQ) < dTV(PvQ) < dH(PvQ){Q - d%I(PvQ)}l/Q < \/EdH(PvQ)

[Hint: Use B to prove the first inequality; use |p — ¢| = [p'/2 — ¢"/?||p"/? 4 ¢'/?|
and the Cauchy - Schwarz inequality to prove the second inequality.]

Solution: A. Let § = p — ¢. For any fixed set A € A,

(0.3) /A&zﬂ - —/Ac sdp,

and hence

(0.4) 21P(4) = Q(A)] = 2| [ sdu

(0.5) = | [ sdul+1 [ el by (03)
(0.6) < [ 18ldu+ [ 1ol

(0.7) = [ 1oldn.



and equality holds if A = {x: é(x) > 0}. Thus
2sup |P(4) = Q(A)| = [ Ip— aldp = 2rv(P.Q).

B. From the proof of A,
1
dry(P,Q) = §/|P—Q|dﬂ =/ (p—q)dp
P>q

= {/ pd/Hr/ Pdﬂ—/ pdﬂ—/ qdu}
p<gq p>q r<q p>q
(0.8) = {1—/}?/\qu}-

C. By elementary reasoning

/p/\qdﬂ = / p+/ q
p<gq p>q

N /pﬁq \/}_?\/}_? " /p>q \/6\/6
= /p<q\/}_?\/§—|—/p>q\/g\/}_?:/\/p_QdIu
(0.9) = p(P.Q).

Consequently, from (0.8) (0.9), and d;(P, Q) = (1 — p(P,Q)) we obtain
drv(P,Q) = (1= [ p N adu) = (1= p(P.Q)) = d5(P. Q).
To prove the upper bound, use |p — ¢| = |\/p — /4l||\/P + /4| to write
1
drv(PQ) = 5 [Ip=dldy
1
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1 1/2
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Thus the total variation and Hellinger metrics generate the same topology on
probability distributions.



