Statistics 582, Problem Set 5, Solutions
Wellner; 2/12/98

1. In class on 1/28 we showed that the nonparametric maximum likelihood estimator
of Fin the (right) censored data problem, possibly with ties, is the Kaplan-Meier
(product limit) estimator [, (¢) given by

L—F.(t) = [J(1 — AA(s))

s<t

where Kn(t) is the Nelson-Aalen estimator of

t
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Here
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are the sub-empirical distribution function of the uncensored observations and
the marginal empirical distribution of all the Z’s uncensored or censored.

A. Compute 1 —F, for the following data (length of time until complete remission
in weeks for the "maintained group”) from a study of the efficacy of chemotherapy
for acute Myelogenous leukemia (AML):

9, 13, 13+, 18, 23, 28+, 31, 31, 34, 45+, 48, 161+;

here + indicates censoring (6 = 0).
B. In class on 1/30 I gave a heuristic derivation of

Vi(Ea (1) = F(t) = (1= F(£)B(C(1))

as a process uniformly in ¢ € [0, 7] for any 7 < 7y (i.e. for any 7 with 1 — H(7) =
(1 — F(7))(1 = G(7)) > 0, where B is a standard Brownian motion process and
where

C(t)E/O md}[“(s), 0<s<t

1



Thus we have, for each fixed t < 7,

Vil (1) = F() =a N(0, (1 = F(1)*C(1))

Suggest an estimator of C'(¢) and hence an estimator of (1 — F(¢))*C(¢).
C. Show that your estimator of (1 — F(¢))*C/(1) is consistent.

D. Use the estimator you suggest in B to obtain an approximate 90% confidence
interval for F'(30) based for the data given in A.

Solution: A. For the given AMP data, the distinct times T; are
9. 13, 18, 23, 28, 31, 34, 45, 48, 161.
If we let r; = n(l — H,(T;—)) and d; = nAH!(7;), then we obtain the following

table and calculated values of the estimator:

Ti r; dZ 1-— i—z ngi(l - i—j)
9 |12 |1 |11/12 917
13 |11 ] 1 |10/11 .833
181911 8/9 0.741
23 |8 | 1] 7/8 0.643
2861 70 1 0.643
31 |6 |2 2/3 0.432
3 |4 | 1| 3/4 0.324
45 13 10 1 0.324
43 1 2 |1 1/2 0.162
1611110 1 0.162

B. A natural estimator for

is

and hence a natural estimator of D(¢) = (1 — F(¢))*C(t) is
D,(t) = (1 — F.(1))*C,(1).
C. By the Glivenko-Cantelli theorem it follows that

IH, — Hlloe = sup [HL(1) = H({)] a5 0,

0<t< 00
and

IS — H*l[ec = sup |H(2) = H*(£)] =45 0.

0<i<co

2



Thus we can write

cn-col = || g - | gt

: ‘ /ot { (1— Hi(S—))2 (11— ]—}_(5))2 } dH (s)
*‘Lét(f:7%1;53d@ﬂ3@>—-H“%s»\
< /Ot !

1 UC
{(1 —H,(s—))* (1 H_(s))z} ‘dHn (s)

1 < 5 5
+ ‘E ; (Wl[%ﬁ] - E((l — H(Z-))21[Z§t])> ‘
2|[H, — H|| ) o
S ACm ) = Hye e () () = ECR()]

%a.S. 0
since H,, (1) —as. H(7) < 1, H¥(7) < 1, ||H, — H||§ < ||H, — H||oc —4.5. 0, and

&
(1 - H(Zi-))?

R;

Ri(t) = lizi<n s
i =1,...,n are i.i.d. with finite mean FR(t) < oo for any ¢t < 7 < 7y, so the

second term converges to 0 by the SLLN.
D. Now

. t 1 wer o\ di
)= | e e = 3

so we find that

- 1 1 1 1
C,(30) {122+112+92+82} 518

and hence & = \/(1 —F,(30))2C,(30)/n = /(.643)2(.5182)/12 = .1346....
Thus an approximate 90% confidence interval for F'(30) is given by

o~

F,.(30) £ 1.6450 = 1 — .648 £+ .2214 = .352 £+ .2214 = (.1306, .5734).

. Let © = {1,2} = A where 1 = a patient has tuberculosis, 2 = a patient
does not have tuberculosis. Let X be the number of positive reactions to two
different tuberculosis tests, so that X = {0, 1,2}, and suppose that X has the
following distributions



X 0 1 2
pi(z) | 04| 12| 84
pa(x) | .64 .28 | .08

If the losses are given by L(1,1) = L(2,2) =0 L(1,2) = 100, L(2,1) = 10, and
the prior A = (A, A2) = (.3,.7), find the Bayes rule dp and the minimax rule dy;.
Plot the risk set and label the non-randomized decision rules.

Solution: Let d = (do, d1, dsy) with d; =prob of action 2 when & = ¢ is observed,
1 =0,1,2. Then the risks are

R(1,d) = 100{do(.04) + d1(.12) + dy(.84)}
R(2,d) = 10{(1 — do)(.64) + (1 — d1)(.28) + (1 — d2)(.08)},
and, for A = (.3,.7), the Bayes risk of d is
R(Ad) = (3)R(1,d)+ (\T)R(2,d)
— 74 (.01){—328d, + 164d, + 2464d,}
which is minimized by d = (1,0,0) = dp = d4 (in the list of nonrandomized rules

below).
To find a minimax rule, equate R(1,d) = R(2,d): this yields

{4dy + 12d; + 84dy} = 10 — 6.4dy — 2.8d; — .8d,.
Solving for dy yields
do = (100 — 1484, — 848d,)/104,
and plugging this back into R(1,d) yields
(0000) -, (0 e,
104 104 104
which is minimized by d; = 0, dy = 0; then d; = 100/104 = 25/26 = .962.. ..

Hence the minimax rule is dy = (25/26,0,0), and the corresponding common
risk is R(1,dy) = R(2,dp) = 100/26 = 50/13 = 3.846.... Note that for the
Bayes rule we have R(1,dg) =4, R(2,dp) = 3.6.

The nonrandomized rules and their risks are:

x dy dy ds dy ds ds dr ds
0 0 0 0 1 1 1 0 1

1 0 0 1 0 1 0 1 1

2 0 1 0 0 0 1 1 1
1 4
2

R(1,d) = R(2,d) = )+ (12 — )y + (34 —

d| 0 8 12 16 88 96 100
d |10 92 72 36 08 28 64 0




