Statistics 582, Problem Set 3 Solutions
Wellner; 1/30/98

1. Suppose that X, Xi,..., X, are i.i.d. Weibull(ag, o) (if X has the Weibull(#)
distribution where 0 = (o, 3), then 1 — Fy(z) = P3(X > x) = exp(—(z/a)?) for
x > 0). Recall that the MLE @ of « is given by

1n = 1/5
a=4{=3 X/

where B\ is the MLE of 8. As a simpler alternative to maximum likelihood, I
propose to use the alternative estimator 3 of ( obtained from the slope of an
ordinary least squares fit of a Weibull Q-Q plot, and then estimate o by

L N1/F
a=+<-Y X’ '

A. Suppose that 3, —p [o is known. Show that @, —, ap. [Hint: use a uniform
strong law of large numbers.]
B. Show that @, is a “pseudo-MLE” in the sense that @, maximizes [, (a, 3,,).

Solution: Fix § > 0 (small). The family of functions F = {f(z,3) = 2" : 3 €
[Bo— 3, Bo+ 6]} are indexed by the compact set [3y — d, o + §], are continuous in
( for every # > 0, and are bounded by

sup [ f(z, )] = a®F v 270 <ot 4 2P0 = F(a)
BE[Bo—6,80+5]

which satisfies FoF(X) < 0o if § < 208,. Thus by theorem 4.4.1 (of the section 4
revision) the uniform strong law of large numbers holds for F:

sup |Pnf(76)_P0f(76)| _>a.s.0-

B:18—Fo|<8

Since 3, —va.s. Bos B, € [Bo — 9, Bo + 8], with probability 1 for n sufficiently large,
and it follows from the uniform strong law law of large numbers (Theorem 1,
section 4.4 revision) together with continuity of u(3) = Fof(X, ) that

1~ o7
a, - ; Z
—7a.s. EOf(X7 ﬁO) = Oégo .
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But now o 3

@, = {a }/7 = g(@™, 5,)
where g(u,v) = u'/? is continuous and (EE",E) —ra.s. (ao ,B0). Hence by the
continuous mapping theorem

Q= g(ag"aﬁ_n) —a.s. g(ozgo,ﬁo) = Qp.

B. The log-likelihood is

W s
(@, B) = nlog(B/a) + (8 — 1) Zlog Xifa) =Y (%)

and hence

& n N Pn
L(a,8,) = nlog@/amﬁn—1>Zlog<xi/a>—z(%)
X
B

o
B

2. X"
0

= —ngn log o — + constant in o

= —nlogn— + constant in « and n

where n = aPn. This is easily seen to be maximized by

__1 B
:gZX

Lo
_ ) = B
-

as claimed. Thus @, is a pseudo-MLE of «.

and hence

. Human beings can be classified into one of four blood groups (phenotypes) O,
A, B, AB. The inheritance of blood groups is controlled by three genes, O, A,
B, of which O is recessive to A and B. If r, p, ¢ are the gene probabilities in
the population of O, A, B respectively, then the probabilities of the six possible
combinations (genotypes) in random mating (where two individuals drawn at
random from the population contribute one gene each) are shown in the following
table:



Phenotype | Genotype | probability
O 00 2
A AA p?
A AO 2rp
B BB q*
B BO 2rq
AB AB 2pq

We observe among N individuals the phenotype frequencies No, N4, N, Nag,
and wish to estimate the gene probabilities from such data. A simple approach
is to regard the observations as incomplete, the complete data set being the
genotype frequencies Noo, Naa, Nio, N, Npo, Nap.

A. Derive the EM algorithm for estimation of (p, ¢, r).

B. Estimate (p,q,r) from No = 176, N4 = 182, Ng = 60, Nyp = 17.

C. Estimate the covariance matrix of the estimator (p, ¢, 7).

Solution: A. The Complete data is M = (Noo, NAA7 NA07 NBB7 NB07 NAB) with
multinomial distribution Multe(N; (r?, p*, 2rp, ¢%, 2rq, 2pq)). Thus

?

P(N=n)=

N!
!

nOO!nAA!nAO!nBB!nBO!nAB.
2naatnao+nap 2npptnpo+tnas

p q r2n00+nAO+nBO 277‘AO+77‘BO+77‘AB‘

This is proportional to a Mults(2/V; (p, ¢, 7)) distribution, and hence the MLE’s
based on the complete data are

1
(p,q,7) = =—=(2N4a + Nao + Nap,2Nps + Npo + Nag,2Noo + Nso + Npo) .

TN
This forms the basis of the “M - step”of an E-M algorithm. The incomplete data
Y is (N4, Ng, No, Nag) = (Naa + Nao, Ne + Nso, Noo, Nag); thus

2
. . p p
NaalY) = (Nga|Ny) ~ Binomial( Ny, ——— E(Ns4lY)=N
(NaalY') = (Naa|Na) inomial( A’p2—|—2rp)’ (NaalY) Ap_l_er

2rp 2r
_— E(NsolY)=N
p2_|_2rp)7 ( AO| ) Ap—|—27"7

(NAO|Y) = (NAO|NA) ~ Binomial(NA,

2
. q q
NgglY) = (Ngg|Ng) ~ B [{(Ng, —— E(NgglY) = Ng———
(NBB|Y) = (Npp|NpB) ~ Binomial( Bvq2+_2rq% (Nss|Y) B

2rq 2r

NpolY) = (Ngo|Ng) ~ B1 al(Ng, ———— E(NpolY) =N .
(NBolY) = (Ngo|NB) inomial( Bvq2_|_2rq)7 (NpolY) Bq—|—2r




This gives the basis of the "F - step” for an E - M algorithm. Hence, starting
from (p(@, ¢, 7)) = (1/3,1/3,1/3) say, we take

(. (. 1 ~(m r(m r(m v
(5, G0 = s 2N + NG + Nag, 2853 + NS + Nas),

- 2N
plntl) — 1 plmd1) _ glmt1)

where )
Cm) P Gm) _ A Rr(m)
NAA _NA}a(m)+2f(m)7 NAO —NA NAA7

5(m)
(m) — q (m) — _ Arlm)
Npp = NBq(m) o Veo =N = Ngg.

B. For the given data, the E - M algorithm in A yields:

Iteration | pt™) | ™)
0 333 | .333
1 208 | 111
2 271 | .094
3 .266 | .093
4 265 | .093
5 264 | .093
6 264 | .093

Thus the estimator is (p, ¢, 7) = (.264,.093, .642).

C. The likelihood of the observations (N4, Ng, No, Nag) = (Naa+ Nao, N +
Npo,Noo, Nagp) is

In(p,q) = Nalog(p®+2p(1 —p—q))
+Nglog(q® +2¢(1 —p—q))
+Nolog(l — p —q)* + Naplog(2pq) .

Thus
o 1 2(1 —p—q)°
——In(p,q) = 2Na{ + }
op? (,a) 2p —p* —2pq  (2p — p* — 2pq)?
4q2
+ Np
(2¢ — ¢* — 2pq)?
Nar 2No

+ )
PP (1—p—q)?



_ In(pq) = 2Naf ! _ 2 —p—q )

dpdq 2p—p? —2pq  (2p—p* — 2pq)?
1 4q?
+ 2Np -
{2q —*=2pq  (2¢—¢*— 21961)2}
N 2Np
(I—p—q)?’
82 4p2
——ZN P, q = NA
dq? (P q) (2p — p* — 2pq)?
2(1 — p— q)?
+ 2Np
rm—— (24 —q* = 2pq)?
N 2N,
+AE = .
q (1 —pP— Q)
Since
E(N4) = N@*+2p(1 —p—q)),
E(Ng) = N(2q — ¢* — 2pq),
E(NAB) = N(QPQ),
and
E(No)=N(1—p—q)?,
it follows that
202 2¢* q
[ P, q :2N1‘|’ - +_+17
1(p: q) { 2p—p*—=2pq  2¢—q*—2pq p /
2p(1 — p — q) 29(1 —p—q)
I =2N{2 — - L
12(}77 Q) { (2}7 _ p2 — 2pq)2 (2(] — q2 - QPQ)2 * } 7
92 2p°
Iys(p.q) = 2N{1 + ; : +etu

2q—q¢*—2pqg  2p—p*—2pq ¢
and hence the estimated Fisher information matrix is

(o) = 5.063 1.793
P4 =\ 1793 12.182

, 1 [ 208 —.003
-1 _
79 =35 ( —.003 087 ) '

Furthermore, since 7 =1 — p — ¢,

so that

Var(r) = Var(p) + Var(q) + 2Cov(p, q),
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Cov(p,7) = =Var(p) — Cov(p,q),
Cov(g,7) = =Var(g) — Cov(p,q);

and hence we estimate Cov(p, ¢,7) by

- 000240  —.000035 —.000205
Cov(p,q,7) = | —.000035 .000095 —.000060
—.000205 —.000060 .000265

. Suppose that the "complete data” X is given by three independent multinomial
random vectors,

N1y =(N(l):e=1,....m5=1,...,8) ~ Mult,s(ni;p=(pij,e =1,...,r, 5 =1,...

N2)=(N;2):e=1,....m5=1,...,8) ~ Mult,s(na;p = (pij,e =1,...,r, 5 =1,...

NB)=(N;3):e=1,....m5=1,...,8) ~ Mult,s(ns;p = (pij,e=1,...,r, 5 =1

Suppose that the "incomplete data” Y consists of N(1),(N.(2) : 1 < 1 <
r), (N;(3): 1 <7 <s).

A. What are the distributions of N(1),(N;.(2):1 <:¢<r)and (N;(3):1<j
8)7

B. Find the conditional distribution(s) of X given Y.

C. Suggest an EM - algorithm for estimation of p.

IA

Solution: A. By elementary considerations,

(Ni(2) : 1 <0 <)~ Mult.(ng; (pi. 1 1 <1 <r))
and

(N,;3): 1 <j<s)~ Mults(ns;(p;: 1 <j<s)).

B. First note that if
(Nij) ~ Mult,s(n; (pij)),

then
(N;.) ~ Mult,(n; (pi.))

as in A (since the components of (N;.) give the number of times outcome i oc-
curred in n independent trials with probability p;. on each trial). Furthermore

(0.1) ((Ni)[(N:.)) ~ HMUltS(Ni~§(pij/pi~))'
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(0.1) can be proved most easily by direct calculation of the conditional distribu-
tion:

P(Nij:kij,izl ...,r,jzl,...,s

- I

=1 j=1 =
_ Dij /pz
— H{kln fk”’ }

on the set k;. = 2;21 kij, v =1,...,r. The terms inside the first product are just
the Mults(k;.; (pij/pi.)) probabilities.

Hence conditional on (N;.(2) : 1 <1 < r) the vectors (N;;(2) : 1 < j < 3s),1=
L,...,r are independent with (N;;(2) : 1 < j < 8)|N;. ~ Multy(Nys (pij/pis) =
1,...,s)). Similarly, conditional on (N;(3) : 1 < j < s) the vectors (V;;(3) :
1 << r), 7 =1,...,5 are independent with (N;;(3) : 1 < ¢ < r)|N; ~
Mult, (Ny; (pij/pjii=1,...,1)).

C. If we had the complete data N;;(1), N;;(2), N;;(3) for all ¢,7, then N;; =
Nii(1) + N;;(2) + N;;(3) has a multinomial distribution with number of trials
n = ny + ny + n3, and hence the MLE p = (p;;) of p = (pi;) is given by

Ny No() 4 N (2) 4 Ny(3)
Y n ny +ng + ng

This is the basis of the "M - step” of an E-M algorithm. But from B it follows

that

Pij Pij
E(Ni;(2)|Ni(2)) = Nz’~(2)p—f77 E(Ni;(3)|N.;(3)) = Nj@)f-
;. y
This is the basis of the "E - step” of an E-M algorithm. Thus, for some reasonable
preliminary estimator like @(0) = (ﬁf?)) = (N;;(1)/n), a natural E - M algorithm
is defined by
Ny(h) + N72) + N7 (3)

ny + ng + na

~(m+1)

where

Ni.:ki.,izl,...,r



