Statistics 582, Problem Set 2, Solutions
Wellner; 1/23/98

1. This is a further continuation of problem 10.4 from 581:

A. With the given data, carry out the Wald, likelihood ratio, and Rao tests
of the (composite) null hypothesis Hy : # = 1 versus the alternative hypothesis
Hy : 3 # 1. Briefly compare the results.

B. Find what the statistics you used in part A, appropriately normalized, con-
verge to in probability. [That is, prove analogues for this special case of the
general results proved in theorem 4.2.1 for the simple null hypothesis case.]
Solution: A. The likelihood ratio statistic is, for the given data with n = 19,

2log A\, = 2.474; the Wald statistic is W,, = 2.7627, and the Rao (score) statistic
is R, = 3.2741. [The Wald and Rao statistic were computed using the theoret-
ical information matrix [(6) with 6 estimated by 0 and 0, respectively; see the
Mathematica program for values of these statistics with the empirical (second
derivative of log-likelihood) estimator instead.] Since X%,.os = 3.84, none of the
tests rejects the null hypothesis at level .05. The approximate P - values are: LR
~.116, Wald — .096 ; Rao — .070. [The somewhat larger value of the Rao statistic
makes me wonder if 've made a computational error in computing R, ; I need to
check this one!]

B. First, the likelihood ratio statistic. The numerator of the likelihood ratio is

~ n 3 X; 5 X =
H01X) = TT2C ep(—(2))
=1
BRI 1 (B N
- S e Xy

and hence the logarithm of the numerator is

1(6,1X) = nlog(B) — nlog(a)+ (B—1) log X;
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The logarithm of the denominator of the statistic is

(021%) = tog ([T s ex(—X,/X) ) = —nlogl) .
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Thus, using & = n=! 37 Xf,

2 2 ¢ o~ ~
“logh, = =<U(0,|X) - 10X
~log = {10.1X) — 1(021.X) }

o~ J—

= 2{log(5) ~ log(@) + (3 — 1) Ylos(X:) ~ (3 — 1) log(@) + log(¥)}

—p 2{log S —loga+ (5 —1)E(log X) — (5 —1)log a + log(al'(1 +1/5))}

= 2{logf— (1= Z)v+log'(1+ )}
using E(—log X) = % — log(a)
(0.1) =  2infg,co, K (P, Py ) = lt(3).
Here’s a proof of this last equality:

K(Py, Py) = Eglog 22 (X)

Pe,
where
) = 2P exp( (P o) i) = expl—/a0) ()
Therefore
log 22() = 1og 4 log( ) + TS lon(S) — ()" = 2)

o log(Y) - {1 = Sy

where Y ~ exp(1). Thus we compute, using £{—log(Y)} = ~, Euler’s constant,
and E(Y'Y?) =T(14+1/8),

=, log B+ log(—) +
Qo

o 1 o
K(Py, Pg,) = logf+log(—)—(1——2)y—{l—-—I'(1+1/8)}
(&%) 6 (&%)
= g(ao)
Hence | |
, Qo
= — - —=I'(14+ =
low) = == L1+ )

which equals 0 if ag = aomin = al'(1 + 1/3). Furthermore,

9" (qomin) = 1/(a’T*(1 +1/8)) > 0,
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SO
infg,co, K (P, Psy) = infa,g9(a0) = g(@omin)

1 1
_ 10 —_ _ — 10 —
gf—(1 5)7+ gF(1+ﬂ),

proving (0.1) The equality (0.1) is a special case of a general result due to Bahadur
(1965); see Bahadur (1971), Some Limit Theorems in Statistics, pages 37 - 40.

The behavior of the Wald statistic under fixed alternatives is much easier: by
consistency of # and the continuous mapping theorem

%Wn = (gnz — 020)j22~1(§n2 — 020)
= (f-1) ]22.1:(5_1)6—32
72 1 2 __

[Question: What is the general form of the limit — analogous to (0.1)7]
Finally the Rao statistic:

where

(0.2) -, {1 - ﬁ{E(Xlog(X)) —E(X)E(logX)}} %
But

E{—log X} = % “loga,  EX =al(1+1/8),
and

E(XlogX) = %E{Yl/ﬁ log V} + al'(1 + 1/8) log a

(a4

= SO0+ /AT 4 1/8) +aT (L4 1/3)loga
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where 1 is the digamma function, ¢ (z) = (d/dz)log I'(z). Hence we find that

1 6 _
an —p {1 B_B¢( )} 2= (3).

[Question: What is the general form of the limit analogous to (0.1)?] See the
plots of the three functions Ir(3), w(/3), and (/) at the end of this solution set.

. Consider the following parametric model: suppose that

N=(Ng:1<i<r, 1< <s)~ Multinomial,s(n,p=(p;;: 1 <e<r, 1 <5 <s)).

Here >0 >0 piy = 1.

A. What is the maximum likelihood estimator p of p? What is the limiting
distribution of v/n(p — p)?

B. Suppose we consider estimation of p in the restricted model in which the
marginal probabilities are known: p;,. = 327 pi; = pl,i=1,...,r and p; =
Y1 Dij = p%, J =1,...,5 where the p!’s and p%’s are known. Show that the
maximum likelihood estimator p has the form p;; = (N;;/n)/(a; + b;). What can
you say about the limiting distribution of \/n(p — p) in this (sub)model?

Solution: A. In the full model, the MLE p is just the usual vector of sample
proportions, p;; = N;;/n. If we think of this as one long vector of length rs,
then the asymptotic distribution is, by the multivariate CLT, N,s(0,%) where
¥ = diag(p) — @T. Here ¥ is a matrix with rs rows and columns.

B. First we consider the model with just one marginal distribution known, say
pi. = p}, i = 1,...,r. First note that Y, p? = 1 implies that 3, .p;; = 1 is
forced by the marginal constraints. Thus we will introduce Lagrange multipliers

a;, 1 =1,...,r, one for each constraint, and maximize
n!
l(p, 7 ZNZ] 10gp” +10g( )
H Nj!
1,] ] J°

+ Z pr p;.

Here a € R". Thus the (constrained) likelihood equations become

d Ni; . .
(0.3) apﬂl(p,a,b):pﬂj—l—ai—l—:(), t=1,....r, J=1,...,s,
17 17
d .
(0.4) 90 I(p,a,b) = Zp” pY = i=1,...,r,



Solving (0.3) yields, with p;; = N;;/n,

N
~ML 7
(0-5) P = —a—j.
Plugging (0.5) into (0.4) yields
(0.6) L A S IS
g
or .
np;.
(0.7) —a = -
Thus we find that . )
0.8 AML:N,pL:A,&_
( ) pzy 7 n@ P ]ﬁi.

To study the asymptotic behavior of this estimator, it is helpful to consider
the tangent space of the model Py first in order to understand what we expect
to obtain as the influence function of an efficient estimator. With one known
marginal distribution, i.e. the constraints p, = p?, i =1,...,r, Py of the model
Po Suppose that p, = (p,;) is a one parameter submodel of Py. Then since the
marginals {p?} are known, for any function ¢ : {1,...,r} — R,

E,g(1) = Zg(i)pn,ij = Zg(i)p?, = constant in 7.
2¥ K3

Thus, differentiation wrt 7 yields

Zg(i)in(ivj)pij = Eg(])in(]v J) =0,

Since this is true for all the score functions , in the model Py, we deduce that
Po L Hy = {g(i): Eg(I) =0},
In fact
Po=Ht = {h(I,J) € LYP): E{a(D)A(I,J)} =0  for all a € H;}.

Thus ~ ‘
[=TI(|Po) =+ — E(¥|I)

and since ¢ = — E(p|1)+ E(|I) = I+ E(|I),

diag(p) — pp’ = Ev(I,J)"(1,J)
= E{Cov(¢|I)} + Cov{E(¥|I)}.
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A little calculation shows that

so that

- Pij
L) = lg=ig=q — pij — —(lg=i — pi)

Note that the (constrained) ML estimator p*%, is, in this case,

0
AML_NHpr -~ pz

= Pij

bi; = uﬁ bi o

This estimator is asymptotically linear with influence function I since we can
write:

0
-~ Pi. ~ Pij —~
Vet =) = V(g — i) — %ﬁ(m —py)

7

_ }Zlm I, Ji) + 0,(1)

Now we consider the model Pyg with two known marginal distributions. In the
constrained model Py, the (raw) log - likelihood is the same as above, but the
constraints need to be imposed with additional Lagrange multipliers, one for each
constraint. Note, however, that 3, p? =1 =3, p% implies that 37, ; pi;; = 1 is
forced by both of the marginal constraints, and is therefore redundant. Thus we
will maximize

n!
I(p,a,b) = Zanogpij‘HOg(m)
27] 7]

+ 2@ py — )+ 2263 pi —p))

Here a € R", b € R°. Thus the (constrained) likelihood equations become

d N . .
(0.9) pﬂl(p,a,b): pﬂj—l—ai—l—b]‘:(), t=1,....r, g=1,....8,
17 17
d .
(0.10) 90 I(p,a,b) = Zp” pY = i=1,...,r,



(0.11) 0 I(p,a,b) = pr— =0, 1=1,...,s.
66]

Solving (0.9) yields, with p;; = N;;/n,

_ N Pij
(0.12) pyl=—— = —L
Clz—l-b] Cli—l-b]‘

with d; = —ag/n, b; = —b;/n. Plugging (0.12) into (0.10) and (0.11) yields

Pij o
0.13 —=p,, t=1,...,r,
) ZJ: a; +b;
and R

Dij o -
0.14 —=p., j=1,...,8.
(0.14) Zi:di+bj Py J

This gives a set of r 4+ s nonlinear equations in the r + s variables a;, ?)j which
apparently cannot be solved in closed form. [Could these be solved by Newton -
Raphson iteration? What do these equations become when they are linearized?]

To describe the behavior of this estimator (assuming we can compute it), we need
to consider the tangent space Poo of the model Pyy Suppose that Pn = (pn.ij) is
a one parameter submodel of Poo. Then since the marginals {p{} and {p’} are
known, for any functions ¢ : {1,..., 7} — R, h:{l,....,s} — R,

= Zg(i)pzj = Zg(i)p?, = constant in 7,

= Z h(g)pi; = Z h(j)pO] = constant in 7,
7,7 J
Thus, differentiation wrt 7 yields

Zg ijZ]—Eg(])in(],J):O,

and

Zh (1, ))pi; = ER(J),(I,J) =0,

Since this is true for all the score functions in in the model Pgyg, we deduce that
7500 L H;={g(2): Eg(I) =0},

and

Poo L Hy = {h(j): Eh(J) = 0}.
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In fact ‘
Po= (H+Hy)*.

Now p = N, /n is a linear estimator with
(0.15) Vi(p—p) = \FZ#J Iy, Ji)

where (1, J) = (i;(1,J)) = (1[I = 4,J = j] — pi;); both sides of (0.15) have rs
coordinates. Note that ¢ ¢ P,. Hence to find the efficient influence function [
for estimating p in Py we want to project 1) onto Poo. Now projection onto Hj
and Hj separately is easy:

[I(eH)) = E( (1, 1)|1) = H@/a

and

[T [Hy) = E((I,J)1]) = H¢

It is easy to see that a + b = a(I) + b(.J) is the projection of ¥» onto H; + Hj if
and only if

(0.16) o(1) =TT =),
and

(0.17) W) = TT(w — b).
Then

from (0.16) and
[[—a-b)=][(¢—a)-b=0

J J
by (0.17). Then for any ¢ € Hy, d € Hy,

E{(¢ —a—=b)(c+d);
= E{e()($(L, ) = a(l) = b(J))} + E{d(J) (¢ (1, ]) = a(l) = b(J))}

= E{c()EW,J) = all) = o(J)|1)} + E{d(])E( (1, J) — a(l) = b(J)|])}
= E{c() 1L, ) = a(l) = b(J))} + E{d(J) [T(&(L, ]) — a(I) = b(J))}
= 0. I ’

Note that we can rewrite (0.16) and (0.17) as

(0.18) ali) = Zj:pm‘(%/)(iaj) =b0(j)/pr, i=1.m,



and

(0.19) b(j):Zpij(;/)(i,j)—a(i))/pg, j=1,....8

J
For fixed p;; this is a system of r 4+ s linear equations in the r 4+ s unknowns
a(i), b(j)-

. Suppose, as in Example 4.3.10, that X,..., X are i.i.d. Multi(1,p), so that
N, = 275 X, ~ Multy(n,p). Use Jensen’s inequality to show that the log-

n —

likelihood
1!

k n
[(p|X) = ZNJ log p; + Zlog(m)

=1

is maximized by p = N, /n. [Hint: write the first term of [,,(p|.X) as n 3-%_, p; log p;.]

Solution: The loglikelihood is clearly as claimed, and hence, to show that it is
maximized by p = N,,/n, it suffices to show that

ij log p; < ij log p. Pj

7=1

with equality if and only if p = p. But this is equivalent to showing that

(0.20) Zp] log ( ) <0

with equality if and only if p = p. Consider a random variable Y with

b; =
(Y =5)=Pi

for j =1,...,k Then E(Y) =3, p; =1 and the above sum is just F'logY". By

strict convexity of the function —log(y), it follows from Jensen’s inequality that
ElogY <log(E(Y))=1log(l)=0

with equality if and only if p = p. [Note that (0.20) is equivalent to K(p,p) > 0.]



