Statistics 582, Problem Set 1 Solutions
Wellner; 1/17/98

1. This is a continuation of problem 10.4:

A. For the data in problem 10.4, compute the maximum likelihood estimator of
q(0) = F;'(1/2) and a 95% confidence interval.

B. For the data in problem 10.4, compute the nonparametric estimator of £, '(1/2)
and a 95% confidence interval. Compare with the confidence interval computed
in A.

Solution: A. Since Fy(x) = 1 —exp(—(z/a)?) and I, '(t) = a(—log(1 — t))j/ﬁ,
the MLE of ¢(0) = F;(1/2) = a(log2)Y/? is simply q(gn) = a(log2)Y/P =

7.597.... Furthermore, since

Vila(8,) = a(0)) —a N(0," (0)I7(0)q(6)).
where ¢7(0) = (¢(0)/a, (—1/5%)(loglog2)q(0)), a 95% confidence (approximate)

confidence interval for ¢(f) is given by

~

¢(0,) £ 1.96n= 12\ /qT(0)I-1(0)d(0) = T.597 £ 5.203 = (2.393, 12.8007).

B. The natural nonparametric estimator of F'~*(1/2) is the sample median F,*(1/2);
in this case we find F'(1/2) = X(10) = 6.5. Moreover, since

P(X(y < F(1L/2) < Xy) = P(Xy < F71/2)) = P(Xey < F7(1/2)
= PnF,(F'(1/2)) > r) — P(nF,(F~'(1/2)) > s)
P(Bin(n,1/2) > r)— P(Bin(n,1/2) > s)
= .990 — .032 = .958

when n =19, r =5, and s = 14. Hence (X5, X(14)) is a .958 confidence interval
for F'71(1/2). For the present data we find that (X5, X(14y) = (2.78,12.06).
Note that this nonparametric CI is in excellent agreement with the parametric
confidence interval calculated in part A.

2. (Right censored data). Suppose that X, Xy,..., X, are ii.d. survival times with
unknown distribution function F, that Y, Y7,....Y, are i.i.d. censoring times
with unknown distribution function G, assumed to be independent of the X;’s,
and that we can observe only the iid pairs (Z1,61),...,(Zn, 6,) where Z; = X; \Y;
and 6; = ljx,<y;p; also let Z = X AY and 6 = Ijx<y).

A. Show that the joint distribution of (7, ¢) is given by

P(Z<z6=1)= / (1 — Gz—))dF(z)

(0,2]
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where G(x—) = limy;, G(y), and
P(Z<26=0)= [ (1= F(y)dGly)

Furthermore, show that the survival function 1 — H(z) = P(Z > z) is given by
L= H(z) = (1 - F(2))(1 - G(2)).

B. Suppose we assume a parametric family of densities {f; : § € ©} for the
distribution of the survival time X. Find general expressions for the density of the
observations (Z,6) (assuming that the censoring distribution & also has density
¢ which does not depend on 6), and for the scores for 6 based on observation of
one (Z,6) pair.

C. Suppose that the parametric family {fs : § € O} in part B is the Weibull
family with survival functions Fy(z) = exp(—(z/a)?) with § = (a,3) € R*%.
Derive an asymptotic likelihood based test of the hypothesis that the X; are
Rayleigh (i.e. = 2), versus the alternative that they are Weibull distributed
with g # 2.

Solution: A. First,

= B{lxE(lxan|X)} = E{lx (1 — G(X—))}
- / (1— G(z—))dF(z).
(0,2]
Similarly,
P(Z < 2,5 = 0) = P(Y < Z,Y < X) = E{l[Ygz]l[YgX]}
= E{ly < E(lyxY)} = E{ly<y(1 = F(Y)}

= [, 0= F)dG).

Also note that, using integration by parts,
Hiz) = PZ<2)= [ (0=Ga)dF)+ [ (1= Fy)dG)

(0,2]

= (1 =G)Flos— /

(0,2]

Fd(1—G) + /(0 (L= P
= (1= G())F(2) + Gz) — /(0721(1 ~ PG+ /(0721(1 e

= 1 (1- F(2)(1— G(2)).

B. When F' and GG have densities f and ¢ with respect to the dominating measure
i, it follows from A that the density of (7, 6) with respect to px counting measure
is given by

p(z,8) = {G(2) ()Y {F(2)g(2)}0 = () F ()G (2)9"(2).
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When f = fy for a parametric family, this yields
1(0|Z75) = 10gp9(275)
= dlog fo(z) + (1 — &) log F@(Z) + constant in 6.

Hence the score(s) for § based on observation of (Z,0), i@(Z, 6), are related to the
score(s) for 6 based on observation of X, lg(X), by

= E(ly(X)|Z,6).

C. Ipropose to use the Rao (or score statistic); of course the Wald and Likelihood
ratio tests are also reasonable possibilities. 1 will use the parametrization of the
Weibull famly given in example 3.2.5: with § = (o, 3),

p

folw) = () exp(=(5) ) pm(@),  Folw) = exp(=(>)").
Ths po(=,8) = (fo(=) (=) (Fo(=)g(=))'=", and
log pe(z,8) = &log fa(2) + (1 — &) log Fg(2) + constant in 0
= sflog(2) + (3~ D1og(C )} - (2
Hence the scores for o and 3 are
O S = ()
B O L ENr s
i.8) = 5 - Slogl SV ~ 8},

Note that these reduce to the scores we derived in section 3.2 when there is no
censoring, so 6 = 1. When = 2 the score for a simplifies to

a0 = 2((2) 6

so the score equation for « in the smaller model g =1

LB a) -0,

and this yields ag = {3 72/ (52'}1/2. The score for 3 is, for 6y = (a, 1) € O,
. o 1 z z
lo(z,30) = § — 51og (5 { (2 - 4

(a4
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and hence

Zoll) = Z{ 1gf>{(a£)‘5}}

The next step is to compute an estimator of the information matrix under the
null hypothesis 3 = 2; I propose to do this via the second derivative matrix

(Hessian) —3°7 l@@(X g0 ). Then the Rao statistic for testing Hy : 3 = 2 is

Ry = {2 00) Y1 = {Z0a(00) Y (Tgs — L2515,

and we reject Hy if R, is big relative to a critical point selected from y7i.



3. Suppose that (X,Y), (X1,Y1),...,(X,, Y,) are i.i.d. with bivariate normal dis-
tribution Ny(p, X)) where p € R2 and

v ( o? arp)
orp T
where 0? > 0, 72 > 0, and p € (—1,1).
A. If we assume that g1 = gy = 6 and ¥ is known, what is the MLE of 67
B. If we assume that p is known and ¢ = 72 = 6, what is the MLE of 07
C. What is the asymptotic distribution of the estimator you found in B?

D. Under the same assumption as in B, what is the MLE of p?
E. What is the asymptotic distribution of the estimator you found in D?

Solution: A. When py = p15 = 6 and ¥ is known, then the log-likelihood for one
observation is (relabelling p1 = g, pe = v),

1 (x—=0? _(@=0)(y—0) (y—90)?
2u—m{ o T

o T T
Hence the score for 6 for one observation is

; 1 {(x—e) (y—0) pz—19) p(y—G)}
_I_

Z@(x7y) = 1 — pg o2 72

- L{E2- 2 e o)

Thus the score equation for 4 is

o=t 2 (TN (o), Bt ()]

log p(x;0) = — } + constant.

and hence
RS Gl 1) R L Gtk
O = 1 _ 2 L 1
o2 oT T2
= aX,+(l-a)Y,
where
1 _ o
o2 oT
a =
TTEYS

Note that this yields

Var(9) = L {a202 +2a(l —a)por + (1 — a)27'2} :
n
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B. and D. If 02 = 72 = # and g is known, then the log-likelihood for one
observation is (again relabelling pq = p, po = v),

1
log p(w;0,p) = —log — 7 log(1 — p’)

N m {(:1; —p)* = 2p(x — )y —v) + (y — l/)z} + constant.

Thus the scores for § and p are given by
- 1 1

e.y) = =5+ 3 (@ =0 = 2@ = =)+ =)’}

Ip(z,y) = - T _/;2)29 {(e =) = 2p(x — p)(y — v) + (y — v)*}

(1—p?
+ G = =)

Hence the score equations for estimation of # and p are given by

. L n n

0=1,(0)= ;le(Xi,K) =-3 + m {Sxx —2pSxy + Syv} ,
and

. no. np np n
0=1,,(p) = ; L(X:,Y;) = = 00— {Sxx — 2pSxy + SYY}‘|‘WSXY
where
SXX = n_l Z(XZ'—IM)Q, SXY = n_l Z(XZ'—IM)(K—Z/), SYY = n_l Z(K—Z/)z .

=1 =1 =1

Solving the first of these for 0 yields

1

0=
2(1 = p?)

{Sxx —2pSxy + Syv} ;

Rewriting the score equation for p with a common denominator of #(1 — p*)?
yields
Op(1 — p*) — p{Sxx = 2pSxy + Syy} + (1 — p*)Sxy = 0;

and then plugging in the estimator 0 of 6 yields the equation
. 1. ~
(1—p*)Sxy = 5P {Sxx —2pSxy + Syv}.
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This has the solution
2Sxy

P Sxx + Syy
plugging this (or more precisely the last form of the equation for p) into the
expression for 0 yields 0 = (Sxx + Syy)/2.
C. and E. To find the asymptotic distributions of 0 and p we could either (i) pro-
ceed directly from first principles (central limit theorms and the delta method),
or (b) use theorem 4.1.5 concerning the asymptotic behavior of maximum likelik-
hood estimators. I'll take the second route here. The first step in this direction

is to compute the information matrix for (6, p). Now

holir.4) = g = Tz {2 =0 = 2ole = )y =)+ (=)'}

o) = gy e (e = 0 =200 = )l =)+ = )
- S~ =),
and
) = Tt
At s e = te = -0+ - 07}
G = =)+ = =)
T e (e =0 = 20l = )y = )+ (= )
+ gl = =),
S {(X =) =20(X = ) (Y = v) + (Y = »)*} = 20(1 — p?)
and

BIX = @)Y = v) = pb.
Thus we find that )
Tog = E(—lge(X,Y)) = 0%,
P

Ty = B(=lop(X.¥)) = gl



and

lop = E(=1,0(X,Y)) = 0= 22
This yields
B 11
]gg.p = lgg — ]9/)]/)/) ]pg = e—zm

and
Lopo = 1,p — 109]6’_6’1]90 =(1- /)2)_2 :

Hence it follows from theorem 4.1.5 that

~

Vi, —0) —4 N(0,15,) = N(0,0%(1 + p?))

while

Vi(pn = p) —a N(0,1,5) = N(0,(1 = p*)?).



