Statistics 582, Problem Set 7
Wellner; 2/18/98

Reading: Chapter 5, sections 5.6-5.8; Ferguson, MS, Chapter 2, pages 80 - 97.
Due: Wednesday, February 25, 1998.

1. Ferguson, problem 2.11.11, page 96.

2. Suppose that X,, = X ~ Multinomialg(n,8).
A. Suppose that the prior distribution on 8 is given by a Dirichlet distribution,
Dirichlet(a):

A() = F(Oﬁzf F(;)a 2

Verify the computation of the Bayes estimator for squared error loss given in
example 4.3.4

B. What is the posterior distribution for 87 Find the mode of the posterior
distribution (along the lines of our computations of the MLE of the multinomial)
and compare it with the MLE.

C. Find a minimax estimator d; of 6.

0?1—1 .. ezk_ll[ﬁzz 6i=1] -

3. Let P and @) be two probability measures on a measurable space (X, 58). Then
the Hellinger distance dy (P, Q) is defined by

G(P.Q) =3 [Vi— vadu

where p = dP/du, ¢ = dQ/dp, and p is any measure dominating P and @ (e.g.
P+@). [Note that this differs only by a factor of 1/2 from the definition we used
earlier.] Similarly, the total variation distance dyy (P, Q) can be defined by

A (P.Q) =5 [ Ip = ald.

A. Show that
drv(P, Q) = sup |[P(A) — Q(A)].

AeB

[Hint: Let § = p— ¢. Since [pdup = [qdp = 1, it follows that [ddp = 0 and
[, 0dp = — [,.ddu for any set A]
Comment: often dry (P, Q) is defined by the supremum on the right side above
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(without the factor of 2); then it would be proved that this equals 1/2 times the
integral (L1(p) distance from p to ¢) that I used as the definition above.

B. Show that drv(P,Q)=1— [pA qdu.

C. Show that

E(P.Q) < div(P.Q) < du(P.Q){2 = d4(P,Q)}"* < V2du(P.Q).

[Hint: Use B to prove the first inequality; use |p — ¢| = |p'/? — ¢"/?||p"/? + ¢'/?|
and the Cauchy - Schwarz inequality to prove the second inequality.]

4. Optional bonus problem: Ferguson, problem 2.11.12, page 96.



