Statistics 582, Problem Set 4
Wellner; 1/28/98

Reading: Chapter 4, section 6.
Due: Wednesday, February 4, 1998.

1. (MLE’s and consistency via reparametrization/compactification).

Suppose that Xi,..., X, are i.i.d. Py, 6y € © = R where P = {Fy : pg(x) =
(dPy/dp)(z) = g(x —0),0 € R} and where g(z) = exp(—x)/(1 +exp(—x))? is the
logistic density function._

A. Show that the MLE 0, of # exists and is unique.

B. Show that the MLE 8, of 8 is consistent by compactifying the parameter space
using the reparametrization shown in the following figure, and then applying
Wald’s theorem. [Hint: see theorem 4.2 and examples 4.3 and 4.4 in section 4.4.]

2. Use Jensen’s inequality to extend the proof of theorem 4.6.2 given in class to the
case where ties are possible. That is, suppose that Yi,...,Y,, are the distinct
values appearing in the sample Xy,..., X, and let m; = #{i < n : X, = Y},
q; = Q({Y;}) so that 2521 m; = n, and 772 ¢; < 1. Then show that
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and that the resulting maximizer yields the empirical measure P,,.

3. (Interval censoring case 1 or “current status data”.) Suppose that (X;,Y;), ¢ =
1,...,narei.i.d. pairs of nonnegative random variables with X; ~ F|Y; ~ G, and
Xi, Y; independent for each i. Suppose that we observe (Y;,4;) = (i, 1ix,<vi]),
i =1,...,n. as noted in class on 1/23, (&;|Y;) ~Bernoulli(F'(Y;)), and if GG has
density g with respect to some dominating measure g, the joint density of (Y}, ;)
is

prg(y.6) = Fy)'(1 = F(y)' " g(y).
Suppose that we order the observed ¥;’s as 0 < Y{;) < ... < Y{,), assume no ties,
and denote the corresponding ¢’s by 4y, and set p; = F(Y(y)), ¢ = G({Y(i)}).
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Then a nonparametric likelihood for estimation of F' and G is given by
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and hence the log-likelihood 1s

Z{(S log p; + (1 — 0 )log(l—pz}—l-Zqz.
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We want to maximize this over p = (p1,...,p,) and ¢ = (q1,...,q,) satisfying
0<p <...<p,<1land g >0, Yoo g < 1. the maximum over the ¢’s is
easy (since we have done it already) and yields the empirical distribution of the
Yi’s as an estimator of G. Suppose that n =5, Y{;) = 1.2, Y{3) = 2.3, Y3y = 2.7,
Yigy = 3.1, Y5y = 3.9, 61y = d(3) = 64y = 1, d(2) = d(5) = 0. Show that the vector
P maximizing the loglikelihood is given by }3\1 =py=1/2, p3 = ps = ps = 2/3,
and that this corresponds to the left-derivative of the greatest convex minorant

of the points {(7, E]Q 6))s1 =0,...,n} where (0,0) corresponds to 7 = 0.

. (Optional bonus problem: Problem 3.1, continued.) Suppose the same context
as in Problem 3.1. Assuming that 3, —, 8o, you used a uniform strong law of

large numbers to show that
& = /8
a=4-3y Xx°* '

Now suppose in addition that 3, is asymptotically linear with influence function

Y = Y(x;a,8) Thus Egp(X) =0, Egp?(X) < oo, and
Vi(B, = Bo) = szb )+ 0p(1) —=a N(0, Eo(¢*(X))) .

Show that @, is asymptotically linear and find it’s influence function.
[Hint: what would you like as the appropriate generalization / extension of the
uniform strong law of large numbers to solve this problem?]



