
Statistics 582, Problem Set 8 Solutions

Wellner; 2/28/2018

1. Consider the Locally Most Powerful test φ for testing H : θ ≤ 0 ≡ θ0 versus
K : θ > 0 = θ0 in Example 6.1.5.
(a) Suggest two different approximations to the power of this test, one for local
alternatives (of the form θn = t/

√
n with t > 0), and the other for fixed alterna-

tives, θ > 0.
(b) What is the behavior of each of these two approximations for large values
of θ? Which of them shows that the power function decreases to 0 as θ → ∞?
Why?

Solution: (a) The test is “rejectH if
√
nY n > 2−1/2zα” where Yi ≡ 2Xi/(1+X2

i )
are i.i.d. and Xi ∼ Cauchy (θ, 1). Thus under Pθ, by using contour integration
and Cauchy’s formula, or by using Mathematica, Maple, or your favorite symbolic
manipulation program,

m(θ) ≡ EθYi =

∫ ∞
−∞

2x

1 + x2
pθ(x)dx =

∫ ∞
−∞

2x

1 + x2
1

π

1

1 + (x− θ)2
dx

=
2θ

4 + θ2
,

and

σ2(θ) ≡ V arθ(Yi) = EθY
2
i −m2(θ) =

2(4 + 3θ2)

(4 + θ2)2
−
(

2θ

4 + θ2

)2

=
2

4 + θ2
.

For local alternatives θ = θn = t/
√
n, we have

Power(θn) = Pθn(
√
nY n > 2−1/2zα)

= Pθn(
√
n(Y n −m(θn)) ≥ 2−1/2zα −

√
n(m(θn)−m(0)))

→ P (2−1/2Z ≥ 2−1/2zα −m′(0)t)

where

m′(0) =

∫ ∞
−∞

2x

1 + x2
d

dθ
pθ(x)|θ=0dx

=

∫ ∞
−∞

l̇θ(x; 0)l̇θ(x; 0)pθ(x; 0)dx = I(θ) = 1/2 .
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Hence we have

Power(θn)→ P (Z > zα − 2−1/2t) = 1− Φ(zα − 2−1/2t) .

This approximation to the power function increases monotonically from α at
t = 0 to 1 at t = ∞ (effectively when t > 21/2 · 4). Note that this result is very
much in qualitative agreement with corollary 4.2.4 from Statistics 581.
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Figure 1: Plots of fixed θ power approximations for n = 3, 6, 9, 12, 15.
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Figure 2: Local (dashed) and fixed (green) θ power approximations, n = 3; Monte
Carlo estimate of true power (blue)

(b) For fixed alternatives θ > 0 we have

Power(θ) = Pθ(
√
nY > 2−1/2zα)

= Pθ(
√
n(Y n −m(θ)) > 2−1/2zα −

√
nm(θ))

.
= P (Z > (2−1/2zα −

√
nm(θ))/σ(θ))

= 1− Φ((2−1/2zα −
√
nm(θ))/σ(θ)) .
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Figure 3: Local (dashed) and fixed (green) θ power approximations, n = 6; Monte
Carlo estimate of true power (blue)
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Figure 4: Local (dashed) and fixed (green) θ power approximations, n = 9; Monte
Carlo estimate of true power (blue)

where

m(θ)

σ(θ)
=

√
2θ2√

4 + θ2

which increases from 0 at θ = 0 to a maximum of 1/
√

2 at θ = 2, and then tends
to
√

2 as θ increases to∞. Thus our fixed alternative approximation to the power
function is completely determined by the function (2−1/2zα−

√
nm(θ))/σ(θ), and

this first decreases as θ increases (as it should if the power is to increase), but then
it reaches a minimum and increases thereafter (approximately as 2−1zαθ −

√
2n

as θ → ∞). Hence this approximation to the power decreases to zero just as
we argued that it must in class. See Figures 1-6 which give plots of the two
approximations for α = .05 and n = 3, 6, 9, 12, 15, together with Monte-Carlo
estimates of the true power function based on m = 1000 Monte-Carlo replica-
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Figure 5: Local (dashed) and fixed (green) θ power approximations, n = 12; Monte
Carlo estimate of true power (blue)
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Figure 6: Local (dashed) and fixed (green) θ power approximations, n = 15; Monte
Carlo estimate of true power (blue)

tions at each sample size (dark blue). Note that the two approximations agree
for θ’s close to 0, but the local approximation is always monotone increasing,
while the approximations with θ fixed show the approximate power decreasing
to 0 as θ →∞ as we know it must. Also note that the fixed alternative approx-
imation to the power function based on the CLT is reasonably accurate for n ≥ 9.

2. This is a continuation of the previous problem.
(a) Suppose you decide to base a test of the hypotheses in the setting of Example
6.1.5 on the sample mean Xn. Show how to carry out this test at exact size
0 < α < 1/2, and compute its power function βφ(θ). [Hint: Recall that for

θ0 = 0, and Cauchy data, Xn
d
= X1.]

(b) Alternatively, consider a test of the same hypotheses on the sample median
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F−1n (1/2), or perhaps more simply, the proportion of observations exceeding θ0 =
0. Show how to carry out this test at exact and approximate size α ∈ (0, 1/2).
Compute the power function of your new test and show that it has a monotone
non-decreasing power function βφ(θ).
(c) Compare the power functions (or best approximations thereof) for the tests
in (a) and (b) and problem 1.

Solution: (a) Consider Xn ≡ n−1
∑n

i=1Xi. Then, since Xi
d
= Vi + θ where Vi

are i.i.d. standard Cauchy random variables with EeitV1 = exp(−|t|) (see e.g.
Shorack, Probability for Statisticians, page 343), it follows that

φXn
(t) = E exp(itn−1

n∑
1

Xi) = φX1(t/n)n =
(
E exp(itn−1X1)

)n
=

(
E exp(itn−1(V1 + θ))

)n
= φV1(t/n)n · eitθ =

= exp(−|t|)eitθ = φX1(t);

i.e. Xn
d
= X1. Thus the test φ(X) = 1{Xn > k} has

α = E0φ(X) = P0(Xn > k = P0(X1 > k)

if k = tan((1/2− α)π) ≡ kα, and then

βφ(θ) = Pθ(Xn > kα) = Pθ(X1 − θ > kα − θ)

= P0(V1 > kα − θ) =

∫ ∞
kα−θ

1

π

1

1 + y2
dy

which is monotone increasing as a function of θ; see Figure 7. On the other hand,
this test does not yield increasing power as the sample size n increases: it has
the same power function for all n!
(b) Let Zi ≡ 1{Xi > 0} for i = 1, . . . , n. Thus the Zi’s are independent Bernoulli
p = pθ random variables with

pθ = Pθ(Xi > 0) = Pθ(Xi − θ > −θ) = P0(Yi > −θ) =

∫ ∞
−θ

1

π

1

1 + y2
dy

↗ 1 as θ →∞.

Note that testing H : θ ≤ θ0 = 0 versus K : θ > 0 is equivalent to testing
H ′ : p ≤ p0 ≡ 1/2 versus K ′ : p > p0 = 1/2. Now

Tn ≡
n∑
1

Zi = n(1− Fn(0)) ∼ Binomial(n, p)
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is a one-parameter exponential family with density function p(·; p) with respect
to counting measure on N given by

p(y; p) = Pp(Tn = y) =

(
n

y

)
py(1− p)n−y =

(
n

y

)(
p

1− p

)y
(1− p)n

= c(p) exp(Q(p)y)h(y)

with Q(p) ≡ log(p/(1− p)), c(p) ≡ (1− p)n, and h(y) =
(
n
y

)
, so it has monotone

likelihood ratio in y. Thus by the Karlin-Rubin theorem, the test

ϕ(X) = φ(Z) =


1 if Tn =

∑n
1 Zi > k

γ if Tn = k
0 if Tn < k,

where k and γ are chosen so that Ep0=1/2φ(Z) = α, has power function

βφ(pθ) ≡ β̃ϕ(θ)

which is monotone increasing in pθ and θ. This test improves with increasing
sample size n; see Figure 7
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Figure 7: Plot comparing local power approximations for the Binomial test (solid),
locally most powerful test (dashed), and the mean test, for n = 10, 50 .

3. Let X and Y be random variables with joint density

pX,Y (x, y) = λµ exp(−λx− µy)1(0,∞)(x)1(0,∞)(y).

(a) Find a UMP unbiased test of size α = .2 for testing H0 : λ ≤ µ + 1 versus
H1 : λ > µ+ 1.
(b) Find a UMP unbiased test of size α = .2 for testing H0 : λ = µ versus
H1 : λ 6= µ.
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(c) Find a UMP unbiased test of size α = .2 for testing H0 : λ ≥ 2µ versus
H1 : λ < 2µ.
(d) What happens when X1, . . . , Xm are i.i.d. Exponential(λ) and Y1, . . . , Yn are
i.i.d. Exponential(µ)?

Solution: When X ∼ exp(λ) and Y ∼ exp(µ) we have

pλ,µ(x, y) = λµ exp(−λx− µy)1(0,∞)(x)1(0,∞)(y) .

(a) For testing H : λ ≤ µ + 1 versus K : λ > µ + 1 we rewrite the density as
follows:

pλ,µ(x, y) = λµ exp(−λx− µy)

= λµ exp((λ− µ)y − λ(x+ y))

= λµ exp(θU(x, y) + ξT (x, y))

where θ ≡ λ − µ, U(x, y) ≡ y, ξ ≡ −λ, and T (x, y) ≡ x + y. Since λ ≤ µ + 1
is equivalent to λ− µ = θ ≤ 1 ≡ θ0, our theory for exponential families applies,
and the UMP unbiased test of H versus K is given by

φ(X, Y ) =


1 if Y > cα(T )

γ(T ) if Y = cα(T )
0 if Y < cα(T )

where cα and γ(α) satisfy E{φ(X, Y )|T} = α. In this case, the conditional
distribution of Y given T = X + Y on the boundary ΘB = {(λ − 1, λ) : λ ≥ 1}
is given by

fY |T (y|t) =
ey

et − 1
1[0,t](y) .

Therefore 1− FY |T (y|t) = 1− (ey − 1)/(et − 1) and for α = .2 the critical point
for the conditional test is given by

cα(T ) = log(exp(T )− (exp(T )− 1)/5) = log((4/5) exp(T ) + 1/5) , γ(T ) = 0 .

(b) For testing H : λ = µ versus K : λ 6= µ, the same rewrite of the density as
in (a) works. Now we have λ = µ is equivalent to µ − λ = 0 ≡ θ0, and λ 6= µ is
equivalent to µ− λ 6= 0 ≡ θ0, so our theory for exponential families applies, and
the UMP unbiased test of H versus K is given by

φ(X, Y ) =


1 if Y > c2(T ) or Y < c1(T )

γi(T ) if Y = c1(T ) or Y = c2(T )
0 if c1(T ) < Y < c2(T )
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where the c1, c2, γ1 and γ2 are determined so that E{φ(X, Y )|T} = α. In
this case the conditional distribution of Y given T on ΘB = {(λ, λ) : λ ≥
0} is Uniform(0, T ), and hence the conditional distribution of Y/T given T is
Uniform(0, 1), and this is independent of T . Hence the UMPU test of H versus
K of size .2 is given by “reject H if Y/T < .1 or Y/T > .9”.
(c) For testing H : λ ≥ 2µ versus K : λ < 2µ, we need a somewhat different
rewrite of the joint density. Now

pλ,µ(x, y) = λµ exp(−λx− µy)

= λµ exp(−(λ− 2µ)x− µ(2x+ y))

= λµ exp(θU(x, y) + ξT (x, y))

where θ ≡ 2µ − λ, U(x, y) ≡ x, ξ ≡ −µ, and T (x, y) ≡ 2x + y. Since λ ≥ 2µ is
equivalent to 2µ − λ ≡ θ ≤ 0 ≡ θ0, (and λ < 2µ is equivalent to 2µ − λ = θ >
0 ≡ θ0), our theory for exponential families applies, and the UMP unbiased test
of H versus K is given by

φ(X, Y ) =


1 if X > cα(T )

γ(T ) if X = cα(T )
0 if X < cα(T )

where c(T ) and γ(T ) satisfy E{φ(X, Y )|T} = α. In this case the conditional
distribution of X given T is Uniform(0, T/2), so 2X/T is Uniform(0, 1) and in-
dependent of T . Hence the UMPU test of H versus K of size α = .2 is given by
“reject H if 2X/T > .8”.

When we observe X1, . . . , Xm are i.i.d. Exponential(λ) and Y1, . . . , Yn are i.i.d.
Exponential(µ), then the distribution of the observations is given by

pλ,µ(x, y) = λmµn exp(−λ
m∑
i=1

xi − µ
n∑
j=1

yj)

= λmµn exp((λ− µ)
n∑
j=1

yj − λ(
m∑
i=1

xi +
n∑
j=1

yj))

= λmµn exp(θU(x, y) + ξT (x, y))

where θ ≡ λ − µ, U(x, y) ≡
∑
yj, ξ ≡ −λ, and T (x, y) ≡

∑
xi +

∑
yj). This

rewrite works for (a) and (b), and a similar rewrite works for (c) with the new
U =

∑
xi, T = 2

∑
xi +

∑
yj. The form of the tests in (a) - (c) remains the

same with the new U and T , and all that remains is to calculate the conditional
distributions of U given T . In (a) this density is given by

fU |T (u|t) =
un−1(t− u)m−1eu∫ t

0
vn−1(t− v)m−1evdv

.
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In (b) it is easily found that V ≡ U/T ∼ Beta(n,m), and the test can be carried
out unconditionally using tables of the Beta distributions. In (c) 2U ≡

∑
2Xi ∼

Gamma(m,µ) and V ≡
∑
Yj ∼ Gamma(n, µ) on the boundary λ = 2µ, so

2µU ∼ χ2
2m and µV ∼ χ2

2n. Therefore

2U/(2m)

V/(2n)
=

n

m
2
U

V
∼ F2m,2n

and since 2U/T = 2U/(2U +V ) = (2U/V )(1 + (2U/V )) is a monotone increasing
function of 2U/V , the UMPU test can be carried out unconditionally using tables
of the F2m,2n distributions.

4. Lehmann and Romano, TSH, problem 4.3, page 139, modified: LetX ∼ Binomial(n, p),
and consider testing H : p = p0 versus K : p 6= p0 at level α = α. Determine the
boundary values of the UMP unbiased test for n = 20 with α = .05, p0 = .2, and
with α = .10, p0 = .4. In each case plot the power functions of both the unbiased
and the equal-tails test.

Solution: For the first scenario: n = 20, α = .05, p0 = .2, we find, using the
calculations in Lehmann and Romano, TSH, page 113, the UMP unbiased test
is φ(x) = γ11{x = 1} + γ21{x = 8} + 1{x ≥ 9} +1{x=0}with c1 = 1, c2 = 8,
γ1 = .0.2999, and γ2 = .5054. The corresponding equal tails test has c1 = 1,
c2 = 8, γ1 = 0.2337, and γ2 = 0.6777. The power functions of these two tests are
shown in Figures 8 and 9.

For the second scenario: n = 20, α = .10, p0 = .4, we find, using the calculations
in Lehmann and Romano, TSH, page 113, the UMP unbiased test is φ(x) =
γ11{x = 5} + γ21{x = 12} + 1{x ≥ 13} + 1{x ≤ 4} with c1 = 5, c2 = 12,
γ1 = 0.0033, and γ2 = 0.782377.

The corresponding equal tails test has c1 = 4, c2 = 12, γ1 = 0.9738, and γ2 =
0.8161. The power functions of these two tests are shown in Figure 10; since the
binomial distribution is quite close to being symmetric for p = .4, they do not
differ substantially.
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Figure 8: Power functions, UMP unbiased test (green) and equal tails test (red): n =
20, p0 = .2, α = .05
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Figure 9: Power functions, UMP unbiased test (green) and equal tails test (red): n =
20, p0 = .2, α = .05
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Figure 10: Power functions, UMP unbiased test (green) and equal tails test (red):
n = 20, p0 = .4, α = .10
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