Statistics 582, Problem Set 5 Solutions
Wellner; 2/8/2018

1. Consider Example 5.5.4 on pages 16 and 17 of the Chapter 5 notes.
(a) Show that the variance of 1 is given by

Var(d) =+ {%Z%‘W?}'

[Hint: use the formula Var(Y) = EVar(Y|X) + Var[E(Y|X)] twice.]
(b) Use the result of (a) to show that

- 1
< —
Var(i,) < -

under the assumption that §; > 6 > 0forall 1 <j < B.
(¢c) What if the sampling probabilities {; = 1 for all i: do the conclusions of
Example 5.5.4 and (a) and (b) above still hold?

Solution: (a) Since the (X;, R;,Y;)’s are i.i.d.,
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(b) Since & > § and 6; <1 for all j, it follows that

B
Var(¢,) <n Z

(¢c) When & =1 foralli € {1,..., B} the calculations of Example 4.5.4 and (a)
and (b) above remain valid. The estimator becomes simply wn =Y, and the
variance computed in (a) reduces to

o;l»—*

1/4
p

Var(in) = n~" {$:(0) = ¢*(0)} = n" ' (0)(1 - (6)) <

Thus the missing data aspect of the problem (and the introduction of the Horvitz-
Thompson estimator) is not crucial to the essence of the problem which is the
high-dimensionality of the parameter space.

. A random variable X takes on values in the set {1,2,3,4} with probability dis-
tributions po(z) or pi(x) given in the following table.

X 1 3 3 4
po(z) | .1 3 4 2
mz) .2 2 2 4

(a) Find a most powerful test of size o = .2 for testing py versus p; and determine
its power.
(b) Find a test ¢ which minimizes the sum of risks a + b where a = Ey¢ and

(¢) Compute dpy(Py, P1), H(Py, P1), and the affinity p(Fy, P;). For the product
laws Py and P (corresponding to observation of Xi,..., X, iid. Fy or P

respectively), compute p(FPy, P*) and H(FY, Pl*) for n = 8,32,128. What does
this imply about the test ¢, based on Xi,..., X, which minimizes the sum of
risks?

Solution: (a) Now p;(z)/po(z) =2, 2/3, 1/2, 2 according as z =1, 2, 3, 4, so
a most powerful test of size o = .2 is given by

f2/3 fz=1or4
qZ’(:’j)_{o if 2 =2 or 3.

Then

Eob(X) = ;{PO(X = 1)+ Py(X =4)} = §{1 +.2) =2,



while
2 2
Power = F1¢(X) = g{P1X =)+ P(X=4)}= 5{2 + .4} = 4.

In fact, the whole family of MP tests is given by

5 if =1,
oy (z) = 1—~/2 if z =4,
0 if ©=2,3.

for some 0 < < 1. The first test above is just ¢,/3. Then
Exp(X)=vP(X=1)+(1—-7/2)P(X =4) =1y + .2 - 2y/2= 2
while
Power = Ej¢,(X)=vP(X =1)+(1—-v/2)P (X =4)
= 7(2)+ (1 =7/2)(4) = 4.

(b) The test which minimizes a + b is given by

1, i pi(z) >pe(x) |1, if z=1o0r4
o) = 0, if pi(x) <po(z) [ |1 0, if x=2or3.

Then a = Eyp(X) = .3 and b = F1(1 — ¢(X)) = .4 and for the test minimizing
a+ b we have a +b =.7. Note that 1 — dry (P, Pi) = [ po A prdp = .7.
(¢) We compute

dry (P, P,) = %{.1 4242} = %(.6) _ 3
Furthermore,
p(Py, Py) = V.02 + V.06 + V.08 + V.08 = .9520558...
so that
H*(Py, P) =1 — p(Py, P) = .0479442,

and H (P, P;) = .2189616. Note that the inequalities of proposition 2.1.15 (Chap-
ter 2, notes) are indeed satisfied:

H*(Py,P)) = .0479 < .3 = dry(Py, P))
< H(Py, P\)(2— H*(Py, P,))"?
— 2189616(2 — .0479442)"/% = 3059244
< V2H(Py, P,) = .30996585.

For n =8, 32, 128 we have:



n_ | pFg, Pr) H(Fg, PY)

1 | 952058 218962
8 | .67499 57009
32 | 20759 89018
128 | 001857  .999071

Since the test ¢ = ¢(X) which minimizes the sum of risks has

End(X) + Bl = 0(X)) = [ mle) Api(e)dn(a)
< p('P(;L’P{Z) Spn(PO’Pl) — 0.
From the table above we see that this happens quite rapidly.
. Suppose that Xi,..., X, are i.i.d. Ng(6,%) with ¥ known. Suppose that 6§ ~
Ni(p, 721).
(a) Find the Bayes estimator for estimating 6 with squared error loss L(6,a) =

16— al> = S, (6 — o) B
(b) Use the result of (a) to show that X, is a minimax estimator of 6.

Solution: If X;,..., X, are Ni(0,X), and 0 ~ N, (u,7%I), then the posterior
distribution of 6 is

(01X, Xo) ~ Ne(V(nZ 7 Xy + 772 p), V)

where V' = (nX~! + 772I)~!; this follows from straightforward calculation, as-
suming that X! exists. Hence the Bayes estimator of  is

dy(X) = V(nE'X, +72u).
This follows from Theorem 5.5.1 since for any rule d = d(X)

/ 16— d(X)PAA(BX) = / 16— B(6|X)PAA01X) + | E(0)X) — d(X)[?

< / 16— E(0]X)PdA(8]X)

with equality if and only if d(X) = E(6]|X).
(b) Now
R(Ady) = E{(0 = dr(X))" (0 — da(X)}
= BE{(6 — da(X))"(0 — da(X)) | X}
= FEf{trace(nX ' +7721)7'}
trace(nX ' +7721)7!
— trace(n '¥) as 72 = 00
= R(0,X) forall 6.
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Hence by Theorem 5.6.7, X, is minimax.



