Statistics 582, Problem Set 3, Solutions
Wellner; 1/25/2018

1. (vdV Asymp. Stat., problem 14, page 83): Suppose that we observe a random

sample from the distribution of (X,Y") in the following errors in variables model:

X = Z+e

Y = a+pZ+f
where (e, f) is bivariate normally distributed with mean 0 and covariance matrix o1
and is independent from the unobservable variable Z. In analogy to Example 5.26,
construct a system of estimating equations for § = (a, #) based on a conditional

likelihood, and study the properties of the correspondmg estimators 6,, = = (Qpy, Bn)

In particular, what is the limiting distribution of \/n (Hn — 0) under some reasonable
assumptions about existence of moments of Z7?

Hint: Condition on the unobserved (Z1,...,Z,) = (21,..., 2,) and treat the z;’s as
parameters in the model. Then the joint density p(x;, y,) = p(xs,ys; o, B, 2, 0%) of
(X;,Y;) is Gaussian. From there, proceed as follows:

(a) Show that the log-likelihood of the data (X1,Y7),...,(X,,Y,) is given by

ln(a, B,2,0%) = —nlog(2mo?) — % {Z(Yz —a—fz) + Z(Xz - Zz>2} :

=1 =1

(b) Maximize I,,(c, 3, z, 02) for fixed a, 3,02) as a function of z to find
ot o, B,0%) = u(a, B, 2(e, B),07)
_ 2 2
= —nlog(2no?) — 1‘1‘62 lzl X;)*.
(¢) Maximize [P7°"(a, 3, 0%) with respect to « for fixed 3,02 to find
lﬁrof,2<6,0_2> — lﬁrof’l(@(ﬁ>,ﬁ,0'2)

1 —
— nlog(210%) — ——— SV, =V — B(X; — X))2.
osCre) st &, Y )
(d) Maximize [P"°/2(3, 02) with respect to § to find 5. You should find that:

(Y; - Q= 5Xi)5

éi = ,7:’1(()47/8):)(1—0— 1+/32 y izl,...,n,
6 = a(p) =7 - BX.
B _ Syy—Sxx—i-\/(Syy—Sxx)g—f-Zng(Y

2Sxy



where
Sxx =n"" Z(Xz - X)?, Syy =n""! Z(Yz —~Y)?,
i=1 i=1

Sxy =n"'Y (X;— X)(Y;-Y).

i=1

(e) Now study the asymptotic properties of (é,, Bn)

This is sometimes called orthogonal regression, since the fitted line minimizes
orthogonal distances from observed points to the regression line. If instead of equal
variances for the errors we had assumed o2 /0% = §, then the solution becomes

st o T

zZi = Zi(a,p) = X+(

a = a(B)=Y - BX,
5 Syy —0Sxx +/(Syy — 6Sxx)? + 4§S§(Y
g =
This is called Deming regression. For semiparametric (structural) versions of these

models, see Bickel and Ritov (1987), van der Vaart (1996), and Bickel, Klaassen,
Ritov, and W (1993, 1998), Example 4.5.2, pages 127-128 and 135 - 1309.

RN

Solution: (a) Conditioning on Z; = z;’s, the joint density of (Xj,Y;) is given by

1 1
p(xh Yi; 067/87 Zi, 02) - 2 exp <—_(Z‘l - Zi)2 + (yl - — /BZ’L)Z) :

2ro 202
It follows that the log-likelihood for all the data is given by

ln(@,6,§,0'2) = _nlog(2W0-2> 2;_2 {Z( —Oé—,BZZ +Z _Zz }

=1

(b) Differentiating the log-likelihood with respect to z; yields

2
82i ln(Oé, B>§7 o ) 552 (}/z (a + 621))6 (Xz Zz)} 0
) R i — Q + X i o !
zi =% = Zi(a, P) 1+ 32 i 14 p?
Upon noting that
R Y; - — ﬁXz
i+ 82) = =5 and
N Y, —a—pX;
NTAET T e
we find that
prof1< 57 ) = ln(Oé?B?é(a’ﬁ)’Oj)
1 n
= —nlog(2ro?) 2021 + B ;(Y; BX;)



(c) Differentiating [P/} with respect to a yields

O oo, B 1 e
a_aln 1(057570-2) - 0_2(1 n 62) ZZI(Y; & BXz)( 1) =0

if « = &(B) =Y, — BX,. Plugging this back into [?"°/! yields
B 307 = B A, 6,0°)

n

n

1 — —
= —nlog(2mo®) — ——~ > (V; =Y — B(X; — X))?
nlog(2mo*) 202(1+52);( i B(X; )
n
= —nlog(27r02) - m {SYY —2B8Sxy + 52SXX} :
(d) Differentiating 17"°/*? with respect to 3 yields
ilpmf’Q(ﬁ 0’) = — {{_SXY + BSxx} — P {SYY —2B8Sxy + 525XX}}
o ’ o*(1+ %) (1+52)
n 2
= (11 )2 {8%Sxy + B(Sxx — Syy) = Sxy} =0
if
5 Syy — Sxx + \/(Syy — SX)()2 + 4S§(Y
XY
as claimed.
Although it was not required or mentioned in the problem statement, it is also of

interest to estimate the variance parameter o7 = 07 = 0. Thus we form

n

A 52
m{sﬂf —26Sxy + °Sxx}.

lgrof,?)(O_Q) = lﬁrof,2(37 0_2) _ _nlog(2ﬂ-02) _

Differentiating with respect to o2 yields

_ 94 32
ilprof,3(02> _ _n g(az>25YY 20Sxy + B*Sxx

B ™ (1+6?)

= _W{O - 27 Sp}

and hence
Syy — QBSXY + B2SXX
(1+52)

o* =275 =2"

(e) To study the properties of these estimators, first note that

n

Sxx = n—1Z(Xi_yn)2

=1



while

Syy = n-l' (Y; = Y,)? ‘12{52 Zn) + (fi = T0)Y

—p BQJZ—i-a .

Furthermore,
Sxy = nt Z(XZ — XY, =Y,)
= 07 Y B2~ Z0) + (i~ TH(Z = Z0) + (e~ 7))
—, Boy+0.

Thus we find (by application of the Mann-Wald theorem) that
(Syy — Sxx)? +45%y —, (8% —1)%0y +48%07
= (B +28°+1)oz = (8 + 1)%0,
and hence

- (8% =)oy + (8% +1)oy

n
b P 260%

— 8.
This, in turn, yields
a=Y,— X, —pa+BE(Z) - BEZ) =

and

On T 52{B%Z+02—2620%+B2(a%+a2)}
B 1+ 2 2_02
145220 27

This inconsistency of the MLE of o2 is not too surprising in view of the previous
observed inconsistency of the MLE of the variance in the Neyman - Scott model(s).

To find the limiting distribution of 6 = (&, 3) we will use an “M-theorem”. Let
M., () = M, (e, B) = (1 + %) P, (Y —a — BX)* = P,my(X,Y)
and

M) = M(v, ) = (1 + ) "'P(Y — a — BX)? = Pmy(X,Y)



This fits the context of vdV Theorem 5.23 (or “Theorem” on page 10 of the M- and
Z-theorem handout) with

me(X,Y) =m(X,V;a,8) = (Y —a— BX)*/(1+ 5%).
Thus we compute

| _ ( 2AY —a-5X)/(1+ 57
g(X,Y) = ( —2(Y —a— BX)(X + B(Y —a))/(1+ %) )
( —2Y —a = BX)/(1+5)

—#e(X,Y) 2 1+ﬁ“e(X Y)? )

where e(X,Y) =e(X,Y;q,8) =Y — a — fX. This yields

Pye2(X Y-«
) - (e s
olMme,my,) = (1 _,_62)2 Poed(X+Bo(Y —0)) Po(eo(X-i-ﬁo(Y a0))?)
0 1+53 (1+53)?

where eo(X,Y) = e(X,Y; ap, fp). To compute the matrix Vy = Vjp, in the quadratic
expansion of M we first compute

2 2X__ 4 4B(Y—a—pX)
(X, Y) = < (1;)[32) 4B(Y —a—BX) (14+5%) (14+52) )
e t e Mes(XY)

where
fgs(X,Y)
= ﬁ {X(X +B(Y — ) + %e(X, VX +B(Y —a)) — (Y —a)e(X, Y)}
= ﬁ{X2(1+52)+%ﬁ;yu{XﬁHﬁX—(Y—a)}e(){,m}.

Then I calculate

2 1 E(Z
i = m(am B(2%) + 0% (1+ 1) )

This non-singular since

4 432
—_— Z 2(1 0 .
(1+%P{VW()+U( +1+%>}>0
Thus the M-theorem yields

det(Vy,) =

\/_(6 —90> —d NQ(O V P()(mgomeo)‘/eol).

. (a) (vdV Asymp. Stat., problem 15, page 83): In Example 5.27, for what point is
the least squares estimator consistent if we drop the the condition that E(e|X) = 07
Derive an (implicit) solution in terms of the function E(e|X). Is it necessarily 6, if
E(e) =07



(b) Investigate the limit distribution of \/ﬁ(gn —0y) under the assumption E(e|X) =
0.

Solution: (a) Let eg(X,Y) =Y — fo(X). We expect that
6, = argmingP,(Y — fy(X))* = argmingM, (6)
— agmingn S0 - Fo(X))
~as, argmingM(QZ)ZIE P(Y — fo(X))* = P(ej(X) = ¢
where (X,Y) ~ P on R x R (or even on R x R) and 6* = 6*(P). Note that
M(0) = P(Y = fo(X))* = EVar(Y|X) + E{(E(Y]X) - fo(X))*}

where the first term depends on the true joint distribution P of (X,Y") but not on
0. Thus we expect the minimizer 6* of 6 — M () to satisfy

0= M(0") = 2E{(E(Y|X) — fo- (X)) fo- (X)}. (1)

Now suppose that Y = fp (X) + e where E(e|X) # 0. Then E(Y|X) = fp,(X) +
E(e|X), and (1) becomes

0 = E{(E(elX)+ foo(X) — fo- (X)) for (X)}.

Since E(e|X) # 0, it is clear that 0*(P) # 6, in general. When E(e|X) = 0, then
(1) reduces to

0 = E{(fao(X) — fo- (X)) fo- (X)}

which clearly holds for 6* = 6.
Now assume that E(e|X) = 0 holds. If we assume that 6y = 6,(P) satisfies

sup M (0) < M(6))
0: |0—00|>¢

for every € > 0 and

sup [M,,(6) — M (0)] =, 0, (2)
0cO

then by Theorem 5.7 (discussed in Stat 581) that any 0, satisfying M,,(6,) >
M,,(6p) — 0,(1) satisfies 6,, —, 6y. Note that

M, (0) — M(6) = (P, — P)(mg(X,Y))

where mg(X,Y) = (Y — fy(X))?, so (2) holds if {me(X,Y) : 6 € O} is a Glivenko-
Cantell class for P.

To investigate asymptotic normality we need to consider the hypotheses of Theorem
5.23 for the functions my(X,Y"). Now

Tg(X,Y) = =2(Y — fo(X))fo(X),

6



so a natural candidate for rn in Theorem 5.23 is

sup |me(X,Y)| =2 sup |V — fo(X)| - |fo(X)] =m(X,Y).
0:10—0o| <6 0: |0—60|<5

Thus we will assume that Pm?(X,Y) < oo. Furthermore, assume that
1
M(6) = Pmo(X,Y) = M(60) + 5(0 — 06)*Va, + o([|6 — 6o]*)

in a neighborhood of fy where Vj, < 0 (and y maximizes M (¢) so that the derivative
M(6y) = 0). By Theorem 5.23 it M,,(6,) > sup, M,,(8) — 0,(n™!') and 6,, —, 6y,
then

Vb, —00) = =V 'nPuiging(X,Y) + 0,(1)
—a N(0, Vg P(iing)Vy ).

. Consider the zero-inflated Poisson distribution py as described in Example 3 of the
handout on M- and Z- theorems. Suppose that Xy,..., X, i.i.d. py are observed.
(a) Set up alternative estimating equations for § = (v, A) where v € [0,1] and A > 0
based on ¢1(z) = x and go(x) = 22, Express your alternative estimator 6, = (45, Ay)
of 0 explicitly in terms of the first and second moments, X,, and X2,, of the data,
and show that your estimators are consistent when the model holds.

(b) Use Huber’s Z-theorem to show that v/7(6,, — 0y) =4 N2(0,%) and give the form
of 3.

(c) What happens if the X;’s are i.id. p ¢ P = {py : 6 € O}? Describe the
parameter 6(P) to which 6, converges in probability and use Huber’s theorem to
establish a limit theorem for \/n(, — 0(P)) in this case.

Solution: (a) For X ~ py we compute
E@X = (1 — 7))\,
EpX? = (1 —7) (A + \?).

Thus the method of moments estimators 6, of 6 based on g(z) = z and go(2) = 22
are given by X R

where
Yo1(x) =P1(z;0) =0 —t1(0) =2 — (1 — )\,
Voo(r) = y(x;0) = 22 — t5(0) = 2° — (1 — 7)(A + \?).

The population versions of the estimating equations, ¥(0) = Py (X;6) = 0 can be
rewritten as

EpX =(1—=7)\, and EpX?=(1—)(A+A?),

and hence we find that

EpX® _ EpX?

— 14 A= AP) = _1
75 (P) EpX




This leads to

_ _ Ep(X0F __ Varp(X) = Ep(X)
(1-=9)A=Ep(X) or y=1- Ep(X?) —Ep(X)  Ep(X?) —Ep(X) "

A X s2-%,
Yy =1— —""—==———, and
X2, -X, X%, -X,
. X,
A== —1
Xy

When the model holds, these are consistent:
L=+ »3)
(T =2)A

S 5 Q=N+ = A=A _ (1= 7)N
T=)PA+X =0 =r (1=
(b) If the models holds, we know X ~ Py, € P. Then with Py = P, and Eyh(X) =
EGoh(X)a
EoX* = (1 = 7)Epoissn X' = (1 =) (A + 7TA% + 6% + A1) < o0,
so X? € Ly(PRy) and the covariance matrix 3y = Couvg(X, X?) is well defined. By
the multivariate CLT it follows that

5\n—>p —1:)\, and

:’y.

it - o) = vi ( 527500 ) sava0.5)

so A2 holds. As noted in class on 21 January, condition A3 holds trivially for method
of moment estimators. To verify A4 we write

wo) = rocxio) = (3 0 ).

and hence

_ : A —(1—7)
V() = _t(9>:(/\+)\2 —(1—7)(11%))

where det(—¥(6p)) = (1 —)A? > 0if 0 < v < 1. Thus we conclude from Huber’s
theorem that

V0, — 0y) —q —U5'Z ~ Ny(0, BX,BT)

where B = —;t.
(c) As can be seen from (a), when P ¢ P, if we assume that Ep(X?) < oo, then

An —p (Varp(X) — Ep(X))/(Ep(X?) — Ep(X)), and

5 Ep(X?)

" P Ep(X)

Note that this A(P) > 0 for any distribution on {0,1,2,...} with equality holding
if P is Bernoulli(p) for any p € (0, 1]. Supposing that 6y(P) is well-defined, Huber’s
theorem holds if Ep(X*) < oo. Then /n(¥, — W)(fy) —a N2(0,%p) where ¥p =
Covp(X, X?) and ¥() remains as in (b) but with 6, = 6(P). Thus Huber’s
theorem yields v/n(6,, — 0(P)) —4 N»(0, BpXpBE).

—1=A(P).



4. Let X be a random variable with distribution function F' having finite first moment:
E|X| < 0.
(a) Show that f(b) = E|X — b| is minimized by b = any median of the distribution
F of X. [A median m of F' is any value satisfying F'(m) = P(X <m) > 1/2 and
1—F(m—)= P(X >m) > 1/2; see Lehmann and Casella, TPE, page 62, problems
1.7 and 1.8/]
(b) For 0 <7 <1, let pr(x) = 2(7 — 1(_so0)(x)). Consider minimizing

with respect to 6. Show that the solution 6y = 0y(F’) is given by the 7—th quantile
of F: 0y(F) = F~(7).

(a) Suppose that m is a median of F. From Lehmann and Casella problem 1.7, it
follows that my < m < m; so that the set of medians is a closed interval.

This is easily proved as follows: suppose that M is the set of medians of F'. Note
that M is always non-empty since mgo = inf{z : F(x) > 1/2} € M. If M = {my},
then [mg, mo] = {myo} is closed. If If a,b € M with a < b, then if ¢ € (a,b) we have
P(X <¢)>P(X >a) >1/2 (since a € M), and P(X >¢) > P(X >b) > 1/2
(since b € M). Thus ¢ € M and hence (a,b) C M. Let (mg, m1) = Uaper(a,b) be
the union of all the open intervals contained in M. Then if m € (mg, m1)

1/2 < P(X <m) = E1{X <m} — E1{X <mi} < E1{X <m} = P(X <my),

12<P(X>m)=FE{X >m}— E{X >m}=P(X >m)
as m /" my by the dominated convergence theorem. Thus m; € M. Similarly,

1/2< P(X <m)=FEl{X <m} - F1{X <mp} < P(X <myg), and
1/2< P(X >m)=FE{X >m} - EI{X >mg} < P(X > my)
as m \, mg by the dominated convergence theorem. Thus my € M and we conclude
that [mg, m1] C M. On the other hand M C [mg, m;] with my = inf{z : F(z) >
1/2} and my = inf{z : F(z) > 1/2}.
Now suppose that ¢ > m; and m € [mg, m;]. By examining the graphs of |z — |

and |x — m| we see that
|z —c| — |z — m)| m —¢)lpsq + (¢ = m)lg<m +{(c = 2) = (z — M) e

(
= ( —m {1[J1<m - x>c]}+ ct+m — 2x>1[m<x<c]
(c

= ( —m {1[x<m — x>m]}+2 C_w)l[m<:1:<c]~

Replacing x by X and taking expectations across the identity with respect to X
yields

E|X —c|=EX —m| = (c—=m){P(X <m)—P(X >m)}+2E{(c — X)ljm<x<d}

> 0+0=0

since m is a median of F' implies that P(X < m)—P(X >m) > 0and ¢ > m; > myg
implies that E{(c — X)1jnex<q} = E{(c = X)1jm,<x<q} > 0. Similarly, if ¢ < my,

|z —c| =z —=m|] = (m—=0c)Lpsm — lp<m) + 2(x — ¢)liccacm)s

9

)
)

m) {1[m<m - ac>c]} + 2 C - x>1[m<m<c] (C - m)l[m<x<c]
)

and



and taking expectations yields

EX—c—EX-m| = (m—c){P(X>m)—P(X <m)}+2E{(X — ) ljcxem}
0.

v

Thus F|X — b| is minimized by any median of the distribution F' of X.
(b) First rewrite M, (0) as

M,(0) = Ep (X —6)=(r—1) /

(_0079}

(x — 0)dF(z) + T/ (x — 0)dF (x)

(6,00)

= (T—l)/ (m—@)f(x)da:—i—T/ (x —0)f(z)dx
(—00,0] (6,00)
if F'is absolutely continuous with density f. Thus in this case

M) = —(r— 1)/ P (z) — T/ dF(z)
(—00,0] (0,00)
= (1-7)F@O)—1(1-F(@)=F©) —71
= 0
if 0 is a 7—quantile of F, § = 6y(F) = F~'(r). If F is an arbitrary distribution,
then an argument as in (a) shows that any 7—th quantile of F' minimizes M, (0).

The “check function” p,(x) is the key trick in the formulation of quantile regression:
see e.g. Koenker (2005), Quantile Regression, especially his Figure 1.2, page 6.
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Figure 1: Plots of p,(z), 7 € {1/4,1/2,3/4}; green = 3/4, magenta = 1/2, blue = 1/4.
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