Statistics 582, Problem Set 7 Solutions
Wellner; 2/25/2015

1. A random variable X takes on the values 1, 2, 3, 4 with probability distribution
po(z) or pi(z) as follows:

x 1 2 3 4
po(z) | .54 .08 .12 .26
pi(z) | .22 .16 .36 .26

(a) Find a most powerful test of size o = .15 for testing py versus p; and
determine its power.
(b) Find a test ¢ which minimizes the sum of risks a + b where a = Ey¢ and

Solution: (a) Now pi(z)/po(z) = {22/54 = 11/27, 2, 3, 1}, according as
x=1, 2, 3, 4, so a MP test of size « = .15 is given by

1, ifxr=3
o(r) =< .03/.08, ifz=2
0, if r =1,4.
Then
.03 .03
Eyp(X) = Py(X =3)+ —Fy(X =2)=.12+ —.08 = .15,
.08 .08
while
.03 .03
Power = F1¢(X) = P(X =3) + &Pl(X =2)=.36+ &.16 = .36+ .06 = .42.

(b) A Bayes rule (test) ¢, with respect to the prior A = (1/2,1/2) is given by

_ 17 if p1($) Zp()(x)

or(z) = { 0. i pi(z) < pol)
(1 ifar=23 4
N 0, if x=1.

Then R(0, ¢)) = Egpr(X) = .46, R(1,¢,) = E1(1 — ¢r(X)) = .22, and hence the
Bayes risk with respect to the prior A = (1/2,1/2) is R(A, ¢)) = (.46 + .22)/2 =
.34 Note that the sum of the two types of error is

R(0,95) + R(1,¢)) = .68 = /po Aprdp =1 —dpy (P, ).
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Note that for the Neyman Pearson test with a = .15, the sum of the two types
of error is .15 4 .58 = .73 > .68.

. (Problem 3.6, Lehmann and Romano, TSH, page 93.) Suppose that P, P;, and
P, be the probability distributions assigning to the integers 1,...,6 the following
probabilities:

z |1 2 3 4 5 6
o(z) | 03 02 02 01 0 .92
(z) | .06 .05 .08 .02 .01 .78
(z) | .09 05 .12 0 .02 .72

s
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Determine whether there exists a level-a test of H : P = P, which is UMP

against the alternatives P; and P, when:
(i) a=.01; (ii) a=.05; (iii) a=.0T7.

Solution: Here the table of likelihood ratios is as follows:

x 1 2 3 4 5 6
m(@)/po(x) [2 5/2 4 2 oo 78/98
pa(z)/po(z) |3 5/2 6 0 oo 72/98

(i) For aw = .01, the most powerful tests of P versus P; and P, are of the form
¢1(x) = H{z =5} + (1/2)1{x = 3},
Po(x) = H{x =5} + (1/2)1{x = 3},

SO ¢1 = ¢ is Uniformly most powerful.
(ii) For ao = .05, the most powerful tests of P versus P, and P, are of the form

P1(x) = Lagsp (@) +7(2) L ay (@),
P2(x) = 1135 (@),
so there is no UMP test of Fy versus P, and P, at this level.
(iii) For a = .07, the most powerful tests of Py versus P, and P are of the form
$1(2) = Lgza5(2) +v(2) L1 (2),
Ga(7) = 11235,

so by taking vy(z) = 1{x = 1}, ¢1(x) = ¢2(z), and this test is Uniformly Most
Powerful for testing Py versus P, and Ps.



3. (Problem 3.7, Lehmann and Romano, TSH, page 94, modified) Suppose that the
distribution of X is given by

x 0 1 2 3
pe(z) | 0/2 6 9—-6 .1—-0/2

where 0 < 6 < .2. For testing H : § = .10 against 6§ > .10 at level a = .05,
determine which of the following tests (if any) is UMP:

(i) 6(0) = 1, (1) = 6(2) = 6(3) = 0

(i) 6(1) = 5, 6(0) = 6(2) = 6(3) = 0

(it) 6(3) = 1, 6(0) = 6(1) = 6(2) = 0.

Solution: The likelihood ratios Py (X = z)/Pp(X = )

x 0 1 2 3
P(X=x)]10/2]10|.9-0]|.1-60/2
Py (X=x) o | ¢ | 9=100’ 1-50
Py(X=x) 0 0 | 9-100 1-50'

It is easy to check that
0’ - 9 — 100 - 1 — 56
6 9—-100 1—56

Hence this family has monotone decreasing likelihood ratio in = (though not
strictly), and strictly decreasing likelihood ratio in

T(z) = H{z=0}+1{z=1}+2-1{zx=2}+3-1{z =3}
= z1{z >0} + 1{z = 0}.

It follows from the Karlin - Rubin theorem that a UMP test of H : 0 < 6, = .05
(of its level) is given by

(i) Note that the test ¢;(X) = 1{X = 0} is of the form (1) with £ = 1 and
v(X) = 1{X = 0} and it has level a = .05; hence it is a UMP test of H versus
K. The power of ¢, is given by (1(6) = Egpp1(X) = 6/2.

(ii) The test ¢o(X) = (.5)1{X = 1} is also of the form (1) with £ = 1 and
v(X) =.5-1{X =1} and it has level a = .05. Hence it is also a UMP test of H
versus K. The power of ¢, is given by (2(0) = Eppa(X) = 0/2.

(iii) The test ¢3(X) = 1{X = 3} is clearly not of the form (1). It has power
function 53(0) = Epps(X) = .1—0/2, so B3(.05) = .05, but [3(0) > .05 for § < .10
while 35(6) < .05 for # > 6, = .10. In fact, this is a UMP test of H : § > 6,
versus K : 0 < 6.



4. Suppose that Xi,..., X, are i.i.d. N(0,0?%).
(a) Suppose that o = oy is known. Consider testing H : § = 6, = 0 versus
K : 0 =60, = 1. In the spirit of chapter 5, plot (R(6y,¢), R(0:,¢)) for your
favorite family of tests ¢. Find the entire risk body and plot it.
(b) What happens to the risk body as n grows or as o9 — 07
(c) What happens to the risk body as ; decreases toward 6y = 07
(d) What happens to the risk bodies {(R(6p, ), R(01n,¢)) : n > 1} when
01 =01, =0y +cn~ V%2

Solution: (a) If Xy,..., X, are i.i.d. N(0,09), to find optimal tests ¢ we can
reduce (by sufficiency) to consideration of X ~ N(f,02/n). My favorite family
of tests (in fact the most powerful tests) of H versus K are the tests ¢.(X) =
1{X > c}.For these tests

R(0,¢.) = Eype(X)=P(X >c)
P(K\/ﬁ(y — O)/O’O > \/EC/O'())
= 1-2(v/nc/oy)

and

R(1,¢.) = Ei(l—¢(X))
= P(X <c)=P(vn(X —1) < Vn(c—1))
(Vn(c—1)/ay).

Since these tests are MP for testing H versus K, there are no points with risks
below the curve given by {(R(0, ¢.), R(1, ¢.)) : ¢ € R}; this is the lower boundary
of the risk body. Note that the tests ¢ignore (X) = a have risks R(0, ¢ignore) =
a, R(1, ¢ignore) = 1 — a. Thus the line {(a,1 — ) : « € [0,1]} is in the risk
body. Furthermore, note that the tests ¢.(X) =1 — ¢.(X) = 1{X < ¢} are MP
for testing H : 0 = 0 versus K’ : 6 = 0; < 0, and by the Karlin - Rubin theorem
these tests minimize the power function at points 6 = 6 in the class of all tests
with fixed power function (say at «) at § = 6. Since

KA

Q
\_/

POWGI"qu (9) = Eeﬁb:: =1- R(ea ¢c)7

this says that the tests ¢, maximize R(1,¢.) over tests ¢ with R(0,¢) = a.
Hence there are no points in the risk body with risks above the curve given by
{(1 - R<Oa gbc)a 1- R(lv gbc)) s ce R}

(b) As n grows or g — 0 the risk body expands out toward the boundary of
the square [0, 1]%; see the plots below.

(¢) As 6y — 6y = 0, the risk body contracts toward the diagonal line (o, 1 — «)
— since the testing problem becomes harder. See the plots below.



Figure 1: Risks for normal mean test, n =3, oo = 1, 6; = 1.

Figure 2: Risks for normal mean test, n =3, g = 1, 6; = .5.
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Figure 3: Risks for normal mean test, n = 10, 09 = 1, 6, = .5.

5. Consider the family of densities

sin(ma)
27 (cosh(ax) 4 cos(rar))’

PalT) =

where o € (0,1). (This family of densities was introduced in the context of binary
mixed effects models by Wang and Louis (2003).)

(a) (a) Compute p;/2(x) and compare it to the standard logistic density by writ-
ing the standard logistic density in terms of cosh(z/2).

(b) Show that the family of densities {p,} is log-concave for a € (0,1/2], but
that it fails to be log-concave for av in (1/2,1]. Thus for each « € (0,1/2] the
family {po(- — @) : 0 € R} has monotone likelihood ratio.

(¢) Unfortunately the result of (b) does not carry over to a sample of size n. If
Xy, ..., X, are i.id. Py = By, with density p,(z — 6) as in (b) then there is no
T(X) for which the MLR property holds. Nevertheless we can look for locally
best tests. Find the locally best test of Hy: 6 = 0 versus H; : § > 0. How would
you carry out this test?

Solution: (a) When a = 1/2, sin(n/2) = 1, cos(7/2) = 0, and hence

1

pi2(e) = 27 cosh(z/2)
On the other hand, the standard logistic density is

e’ 1 1 1
flo) = (14+e )2  er(l+e )2  (en/2 e 2/2)2  4{cosh(x/2)}?
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Figure 4: Risks for normal mean test, n = 25, 09 = 1, 6, = .5.

Thus
flx) = 1
pi/2(x) 2 cosh(z/2)
so p1/2 has slightly heavier tails than the standard logistic distribution.
(b) To see that p, is log-concave for o € (0,1/2] we let ¢, (z) = —log pa(z) and
compute

X p1j2(x) = 0 as o — oo,

b asinh(ax)
#alt) = cosh(ax) + cos(arm)’
(1) = a?(1 + cos(am) cosh(ax))

(cos(am) + cosh(aux))?

Since cos(am) > 0 for 0 < a < 1/2], it follows that ¢! (x) > 0 for these values of
« and hence p, is log-concave for o € (0,1/2]. Since cos(ar) < 0 for 0 < a < 1
and cosh(ax) is unbounded, it follows that ¢! (x) < 0 for z sufficiently large,
and hence p, fails to be log-concave for a € (1/2,1). On the other hand, ¢,
continues to be bounded below by some finite value even when « € (1/2,1); this
is an example of a family that is semi-log concave in the terminology of Cattiaux
and Guillin (2013).

(c) By the theory developed in Example 1.7 of the notes, the locally most pow-
erful test of H : 6 = 6, versus K : 0 > 0, for Xy,..., X, iid. as g(- — 0) with
g = Ppq is of the form

¢(X) = 1{5n(f0) > k}
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where
n

/
Su(60) = 2" L (X, — 6y).
i1
Taking k = \/I_gza yields a test of approximate size « for n large. As noted in
the solution to the optional problem below, I have succeeded in computing I,,,
only in the case a = 1/2: then I, , =1/8.

P12

. Optional bonus problem 1. (Subbotin densities) Let p, denote the densities

pr(7) = Crexp(—|z["/r)

for € R and r > 0 where C, = 1/[2T'(1/r)r*/m=1].

(a) Show that p, is log-concave for all » > 1. Note that this family includes the
Laplace (or double exponential) density for r = 1 and the Gaussian (or standard
normal) density for r = 2.

(b) A density p is called strongly log-concave if p(x) = — log p(x) satisfies ¢”(x) >
¢ > 0 for some ¢ > 0 and all x € R. Show that the only Subbotin density p, that
is strongly log-concave is ps, the standard Gaussian density.

Solution: (a) Note that ¢,.(z) = —logp,(r) = r~tz|" — logC, is a convex
function for » > 1.

(b) Now ¢,.(z) defined in the solution to (a) is twice differentiable at all x # 0
with derivative ¢/ (x) = sign(z)|z|"~! and second derivative ¢”(z) = (r—1)|z| 2.
Note that ¢”(z) equals 0 when r = 1 and decreases to 0 as  — 0 when r > 2
and as © — 00 when 1 < r < 2. When r = 2 ¢”(x) is bounded below by its
(constant) value 1.

. Optional bonus problem 2. Show that the Cauchy scale family of distributions
given by
1 1

Pol®) = T /0P

does not have monotone likelihood ratio, but that the distribution of the sufficient
statistic | X| (where X ~ P, with Cauchy density py as in the last display) does
have monotone likelihood ratio.

Solution: For 6’ > 6 the ratio py /pe is given by

pgr(l‘) . 6_,(92 +.T2
po(x) 002+ 2

which increases from 6/6' < 1 to 6'/0 > 1 as x? increases from 0 to co. Thus
{py} has MLR in T'(x) = 2* (or |z]).



Alternatively, the sufficient statistic | X| has density

00) = 2o () = =5 = 0%

which has MLR in y.

. Optional bonus problem 3. Can you prove anything about monotonicity of
the power functions of the class of tests derived in problem 5(c)?

Solution: By the discussion in example 1.7 we see that for ¢ = p, as given
in the current problem, the power functions of the locally most powerful test ¢
above will be monotone non-decreasing when g = p, is log-concave, and hence for
a € (0,1/2]. T have succeeded in computing the Fisher information for location
for ¢ = p, only when a = 1/2: Iy, = 1/8. T anticipate that it is very small
for a near 0 and quite large for a near 1, but it seems to be somewhat tricky to
compute numerically.



