Statistics 582, Problem Set 4 Solutions
Wellner; 2/4/2015

1. Consider Example 1.3 as given on page 4 of the Chapter 5 notes. (a) Consider
calculation of the Bayes rule for the prior Ay = A\, Ay = 1 — X\ with A € [0, 1] via
computation of the posterior risk(s) as in Theorem 5.1: in particular, compute the

posterior

risks
E{L(0,d(-|X))|X =z}

for z € {R, B, G}.
(b) Specialize your calculation in (a) to the particular prior A = 1/2 and thereby
show that the non-randomized rule dy = (0,0, 1) is the Bayes rule.

(c) Determine a prior which yields all the risk points on the the line between

(1,3.6) = (R(1,dr), R(2,d7)) and (0,6) = (R(1,dg), R(2,dg)) as risks of Bayes rules.
Solution: (a) We first compute the posterior risks conditional on X = R, B, G for

a general

E{L(6,d(-|X))|X =R} = 10 {(1 — dp)

Similarly,

rule d and prior A:

A
At 41— N

10X 24(1 — ) — 10\

TRy R T Ry
10X 24 — 34\

dn.
NTAI— N arda—n

20\ 24 — 44\

E{L(0,d(|[X))|X = B} =

AL =N A A1 =N

dBv

70X 12 — 82\

E{L(0,d(-| X)X =G} =

(b) When A = (1/2,1/2), these become

% + QdR, T = R,
E{L(8,d(-|X))|X =2} ={ 2+ 2dy, z=B,

70 58 —
9 gdc, r=0G3.

21— N Tat 21—

It follow that the Bayes rule for the prior A = (1/2,1/2) is d = (0,0, 1).

(¢) When A = 24/44 = 6/11 we see that the posterior risk for x = B is the
same for all values of dg; thus all the rules of the form d = (0,dpg, 1) are Bayes for
A = (6/11,5/11). Taking dg = 0 gives the nonrandomized rule d = (0,0,1) = Jy;
taking dg = 1 gives the nonrandomized rule d = (0,1, 1) = d5.



2. Suppose that Xi,..., X, are ii.d. Exponential(#), so the X’s have density pg(x) =
0e=""1(0.00) (). With respect to Lebesgue measure on R, and that 6 ~ I'(«, 3):

(80"
()

(a) Find the Bayes rule dp(X) for estimation of 6 with squared error loss
L(0,a) = |0 — a®>. Find the Bayes rule dp,(X) for estimation of § with weighted
squared error loss L(0,a) = (0 —a)?/6. Is the maximum likelihood estimator among
either of these families of Bayes estimators?

(b) Are the Bayes estimators dp and dp, consistent? What are the limit
distributions of dg and dp,? Compare them with the maximum likelihood
estimator.

(¢) Suppose that instead of the Gamma prior distribution, ¢ has the Pareto(fy, «)
distribution with density A given by

A6) =5

exp(—50)1[0,00)(0).

o, b

NO) = (1)) 1000 0):

here E(0) = -%50y where o > 1 and 6y > 0 are known. What can you say about
the Bayes estimator for squared error loss with this prior? For what values of 6 is
the Bayes rule consistent?

Solution: (a) The posterior distribution is Gamma(a + n, 8 + >_ X;). Thus the
Bayes rule for L(0,a) = (0 — a)? is

For L(0,a) = (6 — a)?/0, the Bayes rule is

_EOKOIX) 1 _a+4n-]
el = BEGIX) ~ EOX) BTy

since, for 6 ~ Gamma(a, §) we have

B

a—1

BE(1/6) =

if @ > 1. Thus the MLE 1/X,, is not among either of these families of estimators.
(b) Both dg and dp, are consistent and asymptotically equivalent to the MLE
1/ X

Vi{dp(X) —1/X,} = ﬁ{%_%}

—1/2 ayn - ﬁ _ -1/2 _
n X, (X0 +n-15) O(n™77)0p(1) = 0p(1)

and similarly for dp,. Thus, for d = dg or d = dg,, we have, since () = 072,

Va(d(X) — 0) = Vin(— — 0) + 0,(1) —4 N(0,1/1(0)) = N(0,6%).

-
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(c) When the prior is Pareto(fy, «), the posterior density is of the form

0" exp(—0 30 Xi) (@ ') (00/6)+ 19,00 (0)

Joy 5" eXP(—SZX‘)( o )(0o/s)o1ds
0" Lexp(—0 " Xi)1(gy,00)(0)

Jor s texp(—s 3 Xi)ds

which is concentrated on (6y, c0). Thus the Bayes rule dp(X) = F(0|X) takes values
in (6p, 00) a.s.. Similar to the argument in Section 5.8 of the course notes concerning
the Bernoulli(6) example, Z,, = dg(X) = E(0| Xy, ..., X,) is a martingale and hence
Z, = dp(X) — E(0]X1, Xs,...). But 8 = X, —a, 0 for cach fixed 8 € (0, 00),
and hence

A(01X)

Py(, = 0) = / Py(B, — 0)dA(0) =

Hence @\n — 6 a.s. Py, and this implies that 0 is F, = 0(X1, Xs,...) measurable.
Therefore E(0| X1, Xs,...) = 0 a.s. and dg(X) — 6 a.s. Py. This in turn implies
that dp(X) —qs 0 for A-a.e. 6. this suggests that dp might be inconsistent for
6 € (0,0y), and this is in fact the case since dg(X) < 6p. When the true 6 < 6y,
it is possible to show that dg(X) —,.s 6y > € and that the posterior distributions
converge to point mass at 6.

. Suppose that X,, = X ~ Multinomialy(n, 9).
(a) Suppose that the prior distribution on 6 is given by a Dirichlet distribution,
Dirichlet(a):
T e
A(Q) = (allj_ i Ctk)g(lll_1 Y 92%*11[0: >.0:;=1] -
Hj:l I'(ay) -

Verify the computation of the Bayes estimator for squared error loss given in example
4.3.4

(b)  What is the posterior distribution for #? Find the mode of the posterior
distribution (along the lines of our computations of the MLE of the multinomial)
and compare it with the MLE.

(c) Find a minimax estimator dy; of 6.

Solution: (a) If § ~ Dirichlet(a) then #; ~ Beta(a;,> ;@ ), and hence
from our computations of the mean of a Beta, E(6;) = a;/ S.F_ | oy, and as a vector
E(0) = a/>F | a; Since the posterior distribution of @ is Dirichlet(cw + X), the
posterior mean 1s

dy(X) = E(Q|X) = (a+ X)/(Z i +n).

(b) As noted in A, the posterior density is Dirichlet(a + X):

A(Q|K) _ F(a1k+ + (073 _I_ n) 0&1+X1 1 02k+Xk711
[Lo Ty + X5)

Jj=1

0: 3 0;=1]-



To find the mode of the posterior, we need to find the value of # which maximizes
A(@|X) over the set 3, 0; = 1, or equivalently which maximizes

k k

Z(&j + Xj — 1) 10g0j + C(Z Hj — 1)

j=1 Jj=1
Thus we need to solve

Cléj—'—Xj—l

and

The first equation yields

X1
Q;node:aﬂr—i, =1k
—C

substitution of this into (2) yields

k k
1
1:2@;%0162 —{Zaj—l—n—k‘},
j=1 I
and hence —c = > ;@j +n — k. Thus the mode of the posterior is given by
emode _ & +X -1
- Yajtn—k

When a = 1 (the vector of all 1’s), then the mode of the posterior equals the MLE
=X /n. Note that o« = 1 yields a uniform prior over 6.

(c) As shown in class, if X ~ Multg(n;0) and 8 ~ Dirichlet(a), then the Bayes
estimator of 6 for squared error loss is da(X) = (a+ X)/(> @i +n) For oy = -+ =
ap = «, this yields the Bayes estimator

al + X ka 1 n X
dp(X) = —— = = =
A(X) ka+n ka+nk5+k5a+nn
Note that dj ;(X) = (o + X;)/(ka + n) has

VCL’T’Q(CZAJ'(X) = W,
a + nb;
By(dps(X)) = 7
. a — kab;
blaSQ(dA’i(X>> = m



Thus the risk is

R(0,dy) = Epl0—d\(X)[*
k

- Z {Varg(dy;(X)) + biasj(dy,) }
=1 1 i
— G (1= 0) ¢ (o~ hat )

k
= m{n—kof—i—(a?ﬁ—n)z&?} since 291:1

i=1

_ (A—-1/k) ¢ Vn
(14 /n)? ok
which is constant in §. Hence by corollary 5.6.3
n 1 n X
ah(x) = Y- =

\/ﬁ+n%+\/ﬁ+nn

1
= (I1=X)=+\p
( n)k+ np,

is minimax for estimation of 6.

. Find the limit distribution of the minimax estimator dj; in problem 3 (i.e.
Vn(dy (X,)—p) —a “something” and find “something”). Is dy; a regular estimator
of p?

Solution: Note that v/n(1 —\,) =\, — 1. Hence

Vild(X,) =) = V(A + (1= A7~ O+ 1= A8
= AR, — )+ VA= A )
N Nk(0,2)+%—Q
= Nz -83)

where ¥ = diag(d) — 8”. The estimator dj; is indeed locally regular since p s
locally regular: if 8, = 0, + tn='/2 where 17t = 0,
R 1
1
—a Ni(0,%0) + i 0,
1
= Nk(z - QO7 EO)

where ¥ = diag(f,) — 8,05 -



5. Optional bonus problem 1: Let © = (0,00), A = [0, 00), let X have the discrete
distribution

r+x—1
x

p(x,0) = ( )0@’(9+1)—<T+@, r=0,1,2,...

where r is some known positive integer; this is the negative binomial distribution
reparametrized so that FyX = rf. Suppose that
(0 —a)?
60 +1)

L(0,a) =

(a) Show that the usual estimator, dy(X) = X/r is an equalizer rule; i.e. show that
it has a risk function R(6,dy) which is constant in 6.

(b) Show that the usual estimator dy is generalized Bayes with respect to Lebesgue
measure on (0,00) provided r > 1. (A generalized Bayes rule is a rule that
minimizes the posterior Bayes risk even when starting with an improper prior; see
e.g. Ferguson, MS, page 50.) (What happens if r = 17)

(c) Find Bayes decision rules with respect to the prior distributions A, s with
densities

I'(a+3)
P(a)I'(5)
the distribution of § = Z/(1 — Z) where Z ~ Beta(a, ).

(d) Show that d(X) = X/(r + 1) is minimax. [Note that dy is not minimax, hence
not admissible.]

Aag(0) = 010 + 1)~ P10 0 (),

Solution: (a) First note that Ep(X) = rf and Varg(X) = r0(0 + 1); this follows
from the facts that if X has a negative binomial distribution with mass function

z+7r—1
T

p(z;p) = ( )p’”q“} ze€{0,1,.. .},
then EX = rq/p and Var(X) = rq/p* with ¢ = 1 — p. Thus for the weighted
squared error loss L(6,a) = (6 — a)?/(6(0 + 1)) the rule do(X) = X/r has risk

ré(6+1) = 1;

R(6,do) = 2000+ 1) :

1
mVarg(X/r) =

since the risk function of the rule dy is constant in 6, it is “an equalizer rule”.
(b) For A(#) = 1(o,00)(#) (corresponding to A Lebesgue measure on (0,00), the
(generalized ) Bayes rule is

d(x) = BUEO0X) B0 +1) 11X)
M TUBRO)XY T B{N(0+ 1)1 X)

where the posterior density is

(X +7r)
(X + )I(r—1)

)‘(QIX) _ 0X+171(9 + 1)*(T‘+X).
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Thus we compute the numerator as

E{(0+1)71X}

o0 B B DX +r+1) (X +r) I(r)
— X+1-1 (T+X+1) . .
/O o+ ) X T T +rs1) T =1)
B r—1
X+
and the denominator is
E{o7 0+ 1) X}
_ /OOHX—1<9+1)—(T+X+1)F(X+r+1)d0- DX +r) . ['(X) .F(r—i—l)
o T(X)T(r+1) T(X+r+1) T(X+1) T(r—1)
B 1 1 ( 1)
= X—|—7“ X T\r .

Putting these together yields dy(X) = X/r = do(X). Thus dy is a “generalized
Bayes rule” with respect to the (improper) prior given by Lebesgue measure on
(0,00). This argument works when r > 1 (because of the factor I'(r — 1) in the
denominator). When r = 1 the corresponding posterior is

T(X +1)

—9X+171 9 1 —(14+X) =0
(X + ) (0) 6+1)

AO1X) =
since I'(0) = [~ 27 e ™"dx = oo.
(c) By straightforward calculation the posterior density of 6 for the given prior is

DX +a+7+6) xia

—(r+X+a+p)
DX +a)0(r + B) (6 + 1)~ 000 (0).

A0 X) =

The Bayes rule with respect to the loss function L(6,a) = (6 — a)?/[0(0 + 1)] =
K(0)(0 — a)? is given by

i) = EUS@OX) _ B((0+1)1X)

PUUBEOIXY B0+ D)X

By straightforward calculation the numerator and denominator are given by

B{K(O|X} = — " FBFV+5)

X +ta+tr+B) (X +a-1)

Thus the Bayes rule with respect to this weighted loss function and prior A is

X —1
WX =TT
Since Eygdp(X) = (r0 +a —1)/(r + [+ 1) and
60+ 1
Varg(dy (X)) = %



The (ordinary) risk of the rule dy is

2
T9(9+1)2 + (rG—l—a—l _ 0)

(r+B+1) r+8+1
F(6.da) = 00+ 1)
B 1 [a—1—0(8+1)]
B (r+ﬁ+1)2{wr 00+ 1) }
B 1 {T (=12 2a-1)(B+1) +9(5+1)2}
 (r+pB+1)? 6(6+1) 0+1 6+1 [°

Thus after calculation of

/OO 1 = LB+

6(6+1) ala+B84+1)
/0 m)\(G)dﬁ = Og—i—ﬁ’ and
0 o

—\(0)dh =
/0 0+1 () a+ 8’

we find the Bayes risk of the Bayes rule d, to be

R e BBAY)
R(Ada) - = (fr+ﬁ+1)2{r+(a D ala+ B+ 1)
p

— 2(a_1>(5+1)m+(ﬁ+1>2aiﬁ}
1

1
m{r—kl}:m as a— 1, B —=0. (3)

(d) The rule d(X) = X/(r + 1) corresponding to the limiting Bayes risk in (3) has
risk

R(6.d) = (r—il)Q {TJFQ—GFl}

with supremum risk

1
R(8,d) = .
sup (6, d) = -

Thus by theorem 6.2 the rule d is minimax.

6. Optional bonus problem 2: (Compare with Lehmann and Casella, TPE,
Examples 5.1 and 5.2, pages 254-255.)
(a) Let (X|o?) ~ N(0,0%). Show that the conjugate prior for o2 is the distribution
of 1/Y where Y has a gamma distribution.
(b) Suppose that (X6, k) ~ N(0,1/k), (0|x) ~ N(u,7/k), and k ~ Gamma(a, ).
Show that the posterior distribution of (0, k) has the same form as the prior.
(c) Find the marginal posterior distribution for ¢ in (b).
(d) If Xy,...,X, are i.i.d. as X in (b), find the limiting distribution of the Bayes
estimator of § for squared-error loss.



Solution: A. Now p(x|0?) = (27) Y20 exp(—22/20?), so a conjugate prior is of
the form

AMo?) = (0?) *exp(—b/20?).
IfY ~T'(a,B), then Z = 1/Y has density

—a—l

['(a)

Identifying a with o + 1 and b with /2, the claim follows. Equivalently, if we
reparametrize the normal density by x = 1/0? so that

p(zlr) = (r/2m)"/* exp(—(r/2)2)

and suppose that k£ ~ I'(a, 3). then

pz(z 0, B) = 2py(l/z a,f) =

B% exp(—pB/z).

p(z|r)A (k) = (%)1/2eXp<—I€:E2/2);Za)ﬁaexp(—ﬂli)l((),oo)(li)
Hafl/Z e’ 72
= e S ),

and hence (k| X) ~ T'(a+1/2, 8+ X?/2).

B. Since it is not more difficult and is needed in part D, we will take X to have
the distribution of X, with Xi,..., X, i.i.d N(6,1/k), namely N(6,1/x). Then the
result for this part follows by taking n = 1. The joint density of X, 8, s is given by

plalf, RN
_ yexm_%@_m&em 0 ) S el
= o [E (o =0 0 - )
e e <——n+%> o)

o (e (84 35Tt )).

after some (carefull) algebra, and it follows that

0,k X) ~ N(u(X;7),s "(n+1/7)7") - Gamma <a + %, (n—ll—/ﬁ(y — ,u)2)
where

nr+% x4 pu/(tn)
n+l 1+1/(mn) "

(5 T) =
We also define

Bn(z,T) = /B—i—%



Hence

MO, k| X,) = Wexp(
Iia_l/Qﬁ(y,T)a—i_l/Q
C T(a+1/2)

C. Thus the marginal posterior distribution of 8 is

_k(n+1/7)
2

exp(—Bn (X, T)K).

0~ 1 (X))

MO = /OOO O, 5[ X)drs
_ /OOO K exp {—H (ﬁn(z el +21/T<9 — (X, T>>2> } e

n+1/7 B, (X, 7)2+1/2
2r  T(a+1/2)
= /OO HC“H’I—BQH exp(—Bk)dk -
—Jo ['(a+1) P
Dla+1) [n+1/7B.(X,7)t1/2
Bot1 2r  T(a+1/2)
D(a+1) [n+1/7B,(X, 1) F1/?
fatri2)V 27 Far1

_ T(a+1) [n+1/7 Bn(X, T)o+1/2
N Fa+1/2) or ( — o+l (5)

BulX,7) + M550 = (X, 7))?)

Dla+1) [n+1/7B.(X,7)ot1/?
a1 or  D(at1/2)

with G, (z,7) as defined in (??)and

5= w0, = (Bl + 0 - paler)?)).

To understand this marginal posterior distribution, we first calculate the marginal
prior distribution of 0:

O /OOO AOI)A (k)

B B 00 Ha+1/2—1ﬁ~a+1/2 R T(a+1/2)
- \/Qﬁr(a)/o T(a+ 1/2) exp(—fr)dr Gor1/2

_ T(a+1/2) 1 pett2
T T(a)  V2rrp e
Dla+1/2) 1 pati/?
D(a)  V2rrB [B+ (0 — p)2)erir2

(20+1)/2) 1 [a 1
I'((20)/2)  Vm2a ] o) (2a+1)/2
%+5£%£L}
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where ty, () is the t-density with 2« degrees of freedom. Similarly, for the marginal
posterior density derived in (?7?),

[ ((2otb)+1
AOLX) T 1 \/(2a+1)(n+1/7) 1
2a+1 B (2a+1)+1
F( 2+ ) \/7r(20‘+1) 671(X77—) ( /(n+1/T)(2a+1)(97 (x ))>2 e
1+ Bn(fﬂ') # 4
2a+1

B (n+1/7)2a+1) CW(%or
= toat1 (\/ B.(X.7) (0 — pn(X, )))

where t9,11(z) is the t density with 2« + 1 degrees of freedom.
D. Since the ¢ distribution is symmetric about zero, the posterior distribution of 6
given X is symmetric about

1+# S 1+1/(nm)" " 1+1/(n7‘)“’

Hn <7n7 ’I”LT) =

and hence for any o > 0 (since the mean of a ¢, distribution is finite if 7 > 1) the
resulting Bayes estimator da(X) = E{0|X} of 0 is p,(X,,7) But

B 1 — 1 1/(nT)
VIEBOLX) =0} = o Ve =0+ vn (Hl—/(nf)e —0+ 1+1—/<m>“)
1 _

—a 1-N(0,1/k),

so the Bayes estimator is again asymptotically equivalent to the usual estimator,
X,

11



