
Statistics 582, Problem Set 4 Solutions

Wellner; 2/4/2015

1. Consider Example 1.3 as given on page 4 of the Chapter 5 notes. (a) Consider
calculation of the Bayes rule for the prior λ1 = λ, λ2 = 1 − λ with λ ∈ [0, 1] via
computation of the posterior risk(s) as in Theorem 5.1: in particular, compute the
posterior risks

E{L(θ, d(·|X))|X = x}

for x ∈ {R,B,G}.
(b) Specialize your calculation in (a) to the particular prior λ = 1/2 and thereby
show that the non-randomized rule d2 = (0, 0, 1) is the Bayes rule.
(c) Determine a prior which yields all the risk points on the the line between
(1, 3.6) = (R(1, d7), R(2, d7)) and (0, 6) = (R(1, d8), R(2, d8)) as risks of Bayes rules.

Solution: (a) We first compute the posterior risks conditional on X = R,B,G for
a general rule d and prior λ:

E{L(θ, d(·|X))|X = R} = 10

{
(1− dR)

λ

λ+ 4(1− λ)
+ 6dR

4(1− λ)

λ+ 4(1− λ)

}
=

10λ

λ+ 4(1− λ)
+

24(1− λ)− 10λ

λ+ 4(1− λ)
dR

=
10λ

λ+ 4(1− λ)
+

24− 34λ

λ+ 4(1− λ)
dR.

Similarly,

E{L(θ, d(·|X))|X = B} =
20λ

2λ+ 4(1− λ)
+

24− 44λ

2λ+ 4(1− λ)
dB,

E{L(θ, d(·|X))|X = G} =
70λ

7λ+ 2(1− λ)
+

12− 82λ

7λ+ 2(1− λ)
dG.

(b) When λ = (1/2, 1/2), these become

E{L(θ, d(·|X))|X = x} =



10
7

+ 2dR, x = R,

10
5

+ 2
5
dB, x = B,

70
9
− 58

9
dG, x = G.

It follow that the Bayes rule for the prior λ = (1/2, 1/2) is d = (0, 0, 1).
(c) When λ = 24/44 = 6/11 we see that the posterior risk for x = B is the
same for all values of dB; thus all the rules of the form d = (0, dB, 1) are Bayes for
λ = (6/11, 5/11). Taking dB = 0 gives the nonrandomized rule d = (0, 0, 1) = δ2;
taking dB = 1 gives the nonrandomized rule d = (0, 1, 1) = δ7.
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2. Suppose that X1, . . . , Xn are i.i.d. Exponential(θ), so the X’s have density pθ(x) =
θe−θx1(0,∞)(x). with respect to Lebesgue measure on R, and that θ ∼ Γ(α, β):

λ(θ) = β
(βθ)α−1

Γ(α)
exp(−βθ)1[0,∞)(θ).

(a) Find the Bayes rule dB(X) for estimation of θ with squared error loss
L(θ, a) = |θ − a|2. Find the Bayes rule dBw(X) for estimation of θ with weighted
squared error loss L(θ, a) = (θ−a)2/θ. Is the maximum likelihood estimator among
either of these families of Bayes estimators?
(b) Are the Bayes estimators dB and dBw consistent? What are the limit
distributions of dB and dBw? Compare them with the maximum likelihood
estimator.
(c) Suppose that instead of the Gamma prior distribution, θ has the Pareto(θ0, α)
distribution with density λ given by

λ(θ) = (
α

θ0

)(
θ0

θ
)α+11(θ0,∞)(θ);

here E(θ) = α
α−1

θ0 where α > 1 and θ0 > 0 are known. What can you say about
the Bayes estimator for squared error loss with this prior? For what values of θ0 is
the Bayes rule consistent?

Solution: (a) The posterior distribution is Gamma(α + n, β +
∑
Xi). Thus the

Bayes rule for L(θ, a) = (θ − a)2 is

dB(X) =
α + n

β +
∑
Xi

.

For L(θ, a) = (θ − a)2/θ, the Bayes rule is

dBw(X) =
E(θK(θ)|X)

E(K(θ)|X)
=

1

E(1/θ|X)
=
α + n− 1

β +
∑
Xi

since, for θ ∼ Gamma(α, β) we have

E(1/θ) =
β

α− 1

if α > 1. Thus the MLE 1/Xn is not among either of these families of estimators.
(b) Both dB and dBw are consistent and asymptotically equivalent to the MLE
1/Xn:

√
n
{
dB(X)− 1/Xn

}
=
√
n

{
1 + n−1α

Xn + n−1β
− 1

Xn

}
= n−1/2 αXn − β

Xn(Xn + n−1β)
= O(n−1/2)Op(1) = op(1) ,

and similarly for dBw. Thus, for d = dB or d = dBw we have, since I(θ) = θ−2,

√
n(d(X)− θ) =

√
n(

1

Xn

− θ) + op(1)→d N(0, 1/I(θ)) = N(0, θ2) .
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(c) When the prior is Pareto(θ0, α), the posterior density is of the form

λ(θ|X) =
θn exp(−θ

∑
Xi)(αθ

−1
0 )(θ0/θ)

α+11(θ0,∞)(θ)∫∞
θ0
sn exp(−s

∑
Xi)(αθ

−1
0 )(θ0/s)α+1ds

=
θn−α−1 exp(−θ

∑
Xi)1(θ0,∞)(θ)∫∞

θ0
sn−α−1 exp(−s

∑
Xi)ds

,

which is concentrated on (θ0,∞). Thus the Bayes rule dB(X) = E(θ|X) takes values
in (θ0,∞) a.s.. Similar to the argument in Section 5.8 of the course notes concerning
the Bernoulli(θ) example, Zn = dB(X) = E(θ|X1, . . . , Xn) is a martingale and hence

Zn = dB(X) → E(θ|X1, X2, . . .). But θ̂ = X
−1

n →a.s. θ for each fixed θ ∈ (0,∞),
and hence

PΛ(θ̂n → θ) =

∫
Pθ(θ̂n → θ)dΛ(θ) = 1 .

Hence θ̂n → θ a.s. PΛ, and this implies that θ is F∞ ≡ σ(X1, X2, . . .) measurable.
Therefore E(θ|X1, X2, . . .) = θ a.s. and dB(X) → θ a.s. PΛ. This in turn implies
that dB(X) →a.s. θ for Λ-a.e. θ. this suggests that dB might be inconsistent for
θ ∈ (0, θ0), and this is in fact the case since dB(X) < θ0. When the true θ < θ0,
it is possible to show that dB(X) →a.s. θ0 > θ and that the posterior distributions
converge to point mass at θ0.

3. Suppose that Xn ≡ X ∼ Multinomialk(n, θ).
(a) Suppose that the prior distribution on θ is given by a Dirichlet distribution,
Dirichlet(α):

λ(θ) =
Γ(α1 + · · ·+ αk)∏k

j=1 Γ(αj)
θα1−1

1 · · · θαk−1
k 1[θ:

∑
θi=1] .

Verify the computation of the Bayes estimator for squared error loss given in example
4.3.4
(b) What is the posterior distribution for θ? Find the mode of the posterior
distribution (along the lines of our computations of the MLE of the multinomial)
and compare it with the MLE.
(c) Find a minimax estimator dM of θ.

Solution: (a) If θ ∼ Dirichlet(α) then θj ∼ Beta(αj,
∑

j′ 6=j αj′), and hence

from our computations of the mean of a Beta, E(θj) = αj/
∑k

i=1 αi, and as a vector

E(θ) = α/
∑k

i=1 αi Since the posterior distribution of θ is Dirichlet(α + X), the
posterior mean is

dΛ(X) = E(θ|X) = (α +X)/(
∑
i

αi + n).

(b) As noted in A, the posterior density is Dirichlet(α +X):

λ(θ|X) =
Γ(α1 + · · ·+ αk + n)∏k

j=1 Γ(αj +Xj)
θα1+X1−1

1 · · · θαk+Xk−1
k 1[θ:

∑
θj=1].
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To find the mode of the posterior, we need to find the value of θ which maximizes
λ(θ|X) over the set

∑
j θj = 1, or equivalently which maximizes

k∑
j=1

(αj +Xj − 1) log θj + c(
k∑
j=1

θj − 1).

Thus we need to solve

αj +Xj − 1

θj
+ c = 0, j = 1, . . . , k. (1)

and

k∑
j=1

θj = 1. (2)

The first equation yields

θmodej =
αj +Xj − 1

−c
, j = 1, . . . , k;

substitution of this into (2) yields

1 =
k∑
j=1

θmodej =
1

−c

{
k∑
j=1

αj + n− k

}
,

and hence −c =
∑

j αj + n− k. Thus the mode of the posterior is given by

θmode =
α +X − 1∑
αj + n− k

.

When α = 1 (the vector of all 1’s), then the mode of the posterior equals the MLE
θ̂ = X/n. Note that α = 1 yields a uniform prior over θ.
(c) As shown in class, if X ∼ Multk(n; θ) and θ ∼ Dirichlet(α), then the Bayes
estimator of θ for squared error loss is dΛ(X) = (α+X)/(

∑
αi +n) For α1 = · · · =

αk = α, this yields the Bayes estimator

dΛ(X) =
α1 +X

kα + n
=

kα

kα + n

1

k
+

n

kα + n

X

n
.

Note that dΛ,i(X) = (α +Xi)/(kα + n) has

V arθ(dΛ,i(X) =
nθi(1− θi)
(kα + n)2

,

Eθ(dΛ,i(X)) =
α + nθi
kα + n

,

biasθ(dΛ,i(X)) =
α− kαθi
kα + n

.
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Thus the risk is

R(θ, dΛ) = Eθ|θ − dΛ(X)|2

=
k∑
i=1

{
V arθ(dΛ,i(X)) + bias2

θ(dΛ,i)
}

=
1

(kα + n)2

k∑
i=1

{
nθi(1− θi) + (α− kαθi)2

}
=

1

(kα + n)2

{
n− kα2 + (α2k2 − n)

k∑
i=1

θ2
i

}
since

∑
θi = 1

=
(1− 1/k)

(1 +
√
n)2

if α =

√
n

k
.

which is constant in θ. Hence by corollary 5.6.3

dΛ(X) =

√
n√

n+ n

1

k
+

n√
n+ n

X

n

= (1− λn)
1

k
+ λnp̂n

is minimax for estimation of θ.

4. Find the limit distribution of the minimax estimator dM in problem 3 (i.e.√
n(dM(Xn)−p)→d “something” and find “something”). Is dM a regular estimator

of p?

Solution: Note that
√
n(1− λn) = λn → 1. Hence

√
n(dM(Xn)− θ) =

√
n{λnp̂n + (1− λn)

1

k
− (λn + 1− λn)θ}

= λn
√
n(p̂

n
− θ) +

√
n(1− λn)(

1

k
− θ)

→d Nk(0,Σ) +
1

k
− θ

= Nk(
1

k
− θ,Σ)

where Σ = diag(θ) − θθT . The estimator dM is indeed locally regular since p̂
n

is

locally regular: if θn = θ0 + tn−1/2 where 1T t = 0,

√
n(dM(Xn)− θn) = λn

√
n(p̂

n
− θn) +

√
n(1− λn)(

1

k
− θn)

→d Nk(0,Σ0) +
1

k
− θ0

= Nk(
1

k
− θ0,Σ0)

where Σ0 = diag(θ0)− θ0θ
T
0 .
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5. Optional bonus problem 1: Let Θ = (0,∞), A = [0,∞), let X have the discrete
distribution

p(x, θ) =

(
r + x− 1

x

)
θx(θ + 1)−(r+x), x = 0, 1, 2, . . .

where r is some known positive integer; this is the negative binomial distribution
reparametrized so that EθX = rθ. Suppose that

L(θ, a) =
(θ − a)2

θ(θ + 1)
.

(a) Show that the usual estimator, d0(X) = X/r is an equalizer rule; i.e. show that
it has a risk function R(θ, d0) which is constant in θ.
(b) Show that the usual estimator d0 is generalized Bayes with respect to Lebesgue
measure on (0,∞) provided r > 1. (A generalized Bayes rule is a rule that
minimizes the posterior Bayes risk even when starting with an improper prior; see
e.g. Ferguson, MS, page 50.) (What happens if r = 1?)
(c) Find Bayes decision rules with respect to the prior distributions Λα,β with
densities

λα,β(θ) =
Γ(α + β)

Γ(α)Γ(β)
θα−1(θ + 1)−(α+β)1(0,∞)(θ),

the distribution of θ = Z/(1− Z) where Z ∼ Beta(α, β).
(d) Show that d(X) = X/(r + 1) is minimax. [Note that d0 is not minimax, hence
not admissible.]

Solution: (a) First note that Eθ(X) = rθ and V arθ(X) = rθ(θ + 1); this follows
from the facts that if X has a negative binomial distribution with mass function

p(x; p) =

(
x+ r − 1

x

)
prqx, x ∈ {0, 1, . . .},

then EX = rq/p and V ar(X) = rq/p2 with q ≡ 1 − p. Thus for the weighted
squared error loss L(θ, a) = (θ − a)2/(θ(θ + 1)) the rule d0(X) = X/r has risk

R(θ, d0) =
1

θ(θ + 1)
V arθ(X/r) =

1

r2θ(θ + 1)
rθ(θ + 1) =

1

r
;

since the risk function of the rule d0 is constant in θ, it is “an equalizer rule”.
(b) For λ(θ) = 1(0,∞)(θ) (corresponding to Λ Lebesgue measure on (0,∞), the
(generalized ) Bayes rule is

dΛ(X) =
E{K(θ)θ|X}
E{K(θ)|X}

=
E{(θ + 1)−1|X}

E{θ−1(θ + 1)−1|X}

where the posterior density is

λ(θ|X) =
Γ(X + r)

Γ(X + 1)Γ(r − 1)
θX+1−1(θ + 1)−(r+X).
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Thus we compute the numerator as

E{(θ + 1)−1|X}

=

∫ ∞
0

θX+1−1(θ + 1)−(r+X+1) Γ(X + r + 1)

Γ(X + 1)Γ(r)
dθ · Γ(X + r)

Γ(X + r + 1)
· Γ(r)

Γ(r − 1)

=
r − 1

X + r
,

and the denominator is

E{θ−1(θ + 1)−1|X}

=

∫ ∞
0

θX−1(θ + 1)−(r+X+1) Γ(X + r + 1)

Γ(X)Γ(r + 1)
dθ · Γ(X + r)

Γ(X + r + 1)
· Γ(X)

Γ(X + 1)
· Γ(r + 1)

Γ(r − 1)

=
1

X + r
· 1

X
· r(r − 1).

Putting these together yields dΛ(X) = X/r = d0(X). Thus d0 is a “generalized
Bayes rule” with respect to the (improper) prior given by Lebesgue measure on
(0,∞). This argument works when r > 1 (because of the factor Γ(r − 1) in the
denominator). When r = 1 the corresponding posterior is

λ(θ|X) =
Γ(X + 1)

Γ(X + 1)Γ(0)
θX+1−1(θ + 1)−(1+X) = 0

since Γ(0) =
∫∞

0
x−1e−xdx =∞.

(c) By straightforward calculation the posterior density of θ for the given prior is

λ(θ|X) =
Γ(X + α + r + β)

Γ(X + α)Γ(r + β)
θX+α−1(θ + 1)−(r+X+α+β)1(0,∞)(θ).

The Bayes rule with respect to the loss function L(θ, a) = (θ − a)2/[θ(θ + 1)] ≡
K(θ)(θ − a)2 is given by

dΛ(X) =
E{K(θ)θ|X}
E{K(θ)|X}

=
E{(θ + 1)−1|X}

E{θ−1(θ + 1)−1|X}

By straightforward calculation the numerator and denominator are given by

E{K(θ)θ|X} =
r + β

X + α + r + β
,

E{K(θ|X} =
(r + β + 1)(r + β)

(X + α + r + β)(X + α− 1)
.

Thus the Bayes rule with respect to this weighted loss function and prior Λ is

dΛ(X) =
X + α− 1

r + β + 1
.

Since EθdΛ(X) = (rθ + α− 1)/(r + β + 1) and

V arθ(dΛ(X)) =
rθ(θ + 1)

(r + β + 1)2
,
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The (ordinary) risk of the rule dΛ is

R(θ, dΛ) =

rθ(θ+1)
(r+β+1)2

+
(
rθ+α−1
r+β+1

− θ
)2

θ(θ + 1)

=
1

(r + β + 1)2

{
r +

[α− 1− θ(β + 1)]2

θ(θ + 1)

}
=

1

(r + β + 1)2

{
r +

(α− 1)2

θ(θ + 1)
− 2(α− 1)(β + 1)

θ + 1
+
θ(β + 1)2

θ + 1

}
.

Thus after calculation of∫ ∞
0

1

θ(θ + 1)
λ(θ)dθ =

β(β + 1)

α(α + β + 1)
,∫ ∞

0

1

θ + 1
λ(θ)dθ =

β

α + β
, and∫ ∞

0

θ

θ + 1
λ(θ)dθ =

α

α + β
,

we find the Bayes risk of the Bayes rule dΛ to be

R(Λ, dΛ) =
1

(r + β + 1)2

{
r + (α− 1)2 β(β + 1)

α(α + β + 1)

− 2(α− 1)(β + 1)
β

α + β
+ (β + 1)2 α

α + β

}
→ 1

(r + 1)2
{r + 1} =

1

r + 1
as α→ 1, β → 0. (3)

(d) The rule d(X) = X/(r + 1) corresponding to the limiting Bayes risk in (3) has
risk

R(θ, d) =
1

(r + 1)2

{
r +

θ

θ + 1

}
with supremum risk

sup
θ>0

R(θ, d) =
1

r + 1
.

Thus by theorem 6.2 the rule d is minimax.

6. Optional bonus problem 2: (Compare with Lehmann and Casella, TPE,
Examples 5.1 and 5.2, pages 254-255.)
(a) Let (X|σ2) ∼ N(0, σ2). Show that the conjugate prior for σ2 is the distribution
of 1/Y where Y has a gamma distribution.
(b) Suppose that (X|θ, κ) ∼ N(θ, 1/κ), (θ|κ) ∼ N(µ, τ/κ), and κ ∼ Gamma(α, β).
Show that the posterior distribution of (θ, κ) has the same form as the prior.
(c) Find the marginal posterior distribution for θ in (b).
(d) If X1, . . . , Xn are i.i.d. as X in (b), find the limiting distribution of the Bayes
estimator of θ for squared-error loss.
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Solution: A. Now p(x|σ2) = (2π)−1/2σ−1 exp(−x2/2σ2), so a conjugate prior is of
the form

λ(σ2) = (σ2)−a exp(−b/2σ2).

If Y ∼ Γ(α, β), then Z ≡ 1/Y has density

pZ(z;α, β) =
1

z2
pY (1/z;α, β) =

z−α−1

Γ(α)
βα exp(−β/z).

Identifying a with α + 1 and b with β/2, the claim follows. Equivalently, if we
reparametrize the normal density by κ ≡ 1/σ2 so that

p(x|κ) = (κ/2π)1/2 exp(−(κ/2)x2)

and suppose that κ ∼ Γ(α, β). then

p(x|κ)λ(κ) =
( κ

2π

)1/2

exp(−κx2/2)
κα−1

Γ(α)
βα exp(−βκ)1(0,∞)(κ)

=
κα−1/2βα√

2πΓ(α)
exp(−(β +

x2

2
)κ)1(0,∞)(κ),

and hence (κ|X) ∼ Γ(α + 1/2, β +X2/2).
B. Since it is not more difficult and is needed in part D, we will take X to have
the distribution of Xn with X1, . . . , Xn i.i.d N(θ, 1/κ), namely N(θ, 1/κ). Then the
result for this part follows by taking n = 1. The joint density of Xn, θ, κ is given by

p(x|θ, κ)λ(θ|κ)λ(κ)

=

√
nκ

2π
exp(−nκ

2
(x− θ)2)

√
κ

2πτ
exp

(
− κ

2τ
(θ − µ)2

) κα−1βα

Γ(α)
exp(−βκ)

=
καβα

2πΓ(α)

√
n

τ
exp(−κ(β +

n

2
(x− θ)2 +

1

2τ
(θ − µ)2))

=
καβα

2πΓ(α)

√
n

τ
exp

(
−κ

2
(n+

1

τ
)

(
θ −

nx+ µ
τ

n+ 1
τ

)2
)

· exp

(
−κ
(
β +

1

2

1/τ

(n+ 1/τ)
(x− µ)2

))
,

after some (careful!) algebra, and it follows that

(θ, κ|X) ∼ N(µ(X; τ), κ−1(n+ 1/τ)−1) ·Gamma

(
α +

1

2
,

1/τ

(n+ 1/τ)
(X − µ)2

)
where

µn(x; τ) =
nx+ µ

τ

n+ 1
τ

=
x+ µ/(τn)

1 + 1/(τn)
.

We also define

βn(x, τ) ≡ β +
1

2

1/τ

(n+ 1/τ)
(x− µ)2. (4)
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Hence

λ(θ, κ|Xn) =

√
κ(n+ 1/τ)

2π
exp

(
−κ(n+ 1/τ)

2
(θ − µn(X, τ))2

)
·κ

α−1/2β(X, τ)α+1/2

Γ(α + 1/2)
exp(−βn(X, τ)κ).

C. Thus the marginal posterior distribution of θ is

λ(θ|X) =

∫ ∞
0

λ(θ, κ|X)dκ

=

∫ ∞
0

κα exp

{
−κ
(
βn(X, τ) +

n+ 1/τ

2
(θ − µn(X, τ))2

)}
dκ√

n+ 1/τ

2π

βn(X, τ)α+1/2

Γ(α + 1/2)

=

∫ ∞
0

κα+1−1 β̃α+1

Γ(α + 1)
exp(−β̃κ)dκ · Γ(α + 1)

β̃α+1

√
n+ 1/τ

2π

βn(X, τ)α+1/2

Γ(α + 1/2)

=
Γ(α + 1)

β̃α+1

√
n+ 1/τ

2π

βn(X, τ)α+1/2

Γ(α + 1/2)

=
Γ(α + 1)

Γ(α + 1/2)

√
n+ 1/τ

2π

βn(X, τ)α+1/2

β̃α+1

=
Γ(α + 1)

Γ(α + 1/2)

√
n+ 1/τ

2π

βn(X, τ)α+1/2(
βn(X, τ) + n+1/τ

2
(θ − µn(X, τ))2

)α+1 (5)

with βn(x, τ) as defined in (??)and

β̃ ≡ β̃n(x, θ, τ, β) =

(
βn(x, τ) +

n+ 1/τ

2
(θ − µn(x, τ))2

)
.

To understand this marginal posterior distribution, we first calculate the marginal
prior distribution of θ:

λ(θ) =

∫ ∞
0

λ(θ|κ)λ(κ)dκ

=
βα√

2πτΓ(α)

∫ ∞
0

κα+1/2−1β̃α+1/2

Γ(α + 1/2)
exp(−β̃κ)dκ · Γ(α + 1/2)

β̃α+1/2

=
Γ(α + 1/2)

Γ(α)

1√
2πτβ

βα+1/2

β̃α+1/2

=
Γ(α + 1/2)

Γ(α)

1√
2πτβ

βα+1/2

[β + 1
2τ

(θ − µ)2]α+1/2

=
Γ((2α + 1)/2)

Γ((2α)/2)

1√
π2α

√
α

τβ

1{
1 +

(√
α
τβ

(θ−µ)
)2

2α

}(2α+1)/2

= t2α

(√
α

τβ
(θ − µ)

)
10



where t2α(x) is the t-density with 2α degrees of freedom. Similarly, for the marginal
posterior density derived in (??),

λ(θ|X) =
Γ
(

(2α+1)+1
2

)
Γ
(

2α+1
2

) 1√
π(2α + 1)

√
(2α + 1)(n+ 1/τ)

βn(X, τ)

11 +

(√
(n+1/τ)(2α+1)

βn(X,τ)
(θ−µ(X,τ))

)2

2α+1


(2α+1)+1

2

= t2α+1

(√
(n+ 1/τ)(2α + 1)

βn(X, τ)
(θ − µn(X, τ))

)

where t2α+1(x) is the t density with 2α + 1 degrees of freedom.
D. Since the t distribution is symmetric about zero, the posterior distribution of θ

given X is symmetric about

µn(Xn, nτ) =
Xn + µ

nτ

1 + 1
nτ

=
1

1 + 1/(nτ)
Xn +

1/(nτ)

1 + 1/(nτ)
µ,

and hence for any α > 0 (since the mean of a tr distribution is finite if r > 1) the
resulting Bayes estimator dΛ(X) = E{θ|X} of θ is µn(Xn, τ) But

√
n{E(θ|X)− θ} =

1

1 + 1/(nτ)

√
n(Xn − θ) +

√
n

(
1

1 + 1/(nτ)
θ − θ +

1/(nτ)

1 + 1/(nτ)
µ

)
=

1

1 + 1/(nτ)

√
n(Xn − θ) + o(1)

→d 1 ·N(0, 1/κ),

so the Bayes estimator is again asymptotically equivalent to the usual estimator,
Xn.
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