Statistics 582, Final Exam Solutions
Wellner; 3/18/2015

1. (30 points) Define any three of the following terms. In each case, provide an
appropriate context for your definition.

(a) A level o permutation test (in the setting of m +n = N observations
Xi,..., X, Yq,...,Y, iid. some F € F,.

(b) A Bayes decision rule in a general decision problem with loss function L(#, d).
(c) A uniformly most powerful size a test of H : 6 € O versus K : 0 € O5.

(d) A uniformly most powerful invariant size « test of H : 0 € ©g versus K : 0 €
O, in a testing problem with a group G of transformations on the sample
space X.

(e) An inadmissible decision rule d.
Solution: See Course Notes, Chapters 5 and 6
2. (36 points) State any three of the following results:

(a) The Neyman-Pearson lemma.
(b) The Karlin-Rubin theorem.

(c) A conditional limit theorem about the large sample behavior of posterior
distributions.

(d) A result concerning some optimality property of X,, in the context of esti-
mating the mean p when X, ..., X, are i.i.d. Ny(u,o*I) with ¢ known
and d > 3

(e) The Wald-Wolfowitz-Noether-Hajek finite sampling central limit theorem.

Solution: See Course Notes, Chapters 5 and 6



Do either problem 3 or problem 4.

. (50 points) Suppose that py(z) = 0~ h(x/0), > 0 where h is an even density
function (i.e. symmetric about 0); this is a scale family. Suppose that X1,..., X,
are i.i.d. Py with density py. For inference about 6 we can reduce to | Xy|, ..., |X,]
since these are sufficient for 6.

(a) Show that the density go of the |X;|’s is go(z) = 207 h(x/0)1( o0\ () for
0 > 0.

(b) LetY; =log|X;| fori=1,...,n, and let n = log#. Show that the density
of the Y;’s is given by ¢,(y) = 2h(eV ")e?""=g(y —n) for y € Rand n € R
where g(z) = 2h(e®)e*. [Thus the log-transform converts a positive axis
scale problem into a related location problem.|

(c) Show that the scale family {gy : & > 0} has MLR (monotone likelihood
ratio in z) if and only if g(z) is log-concave; i.e. if and only if —log(g(z)) =
—log2 — log h(e*) + z is a convex function of z; or equivalently if and only
if —logh(e®) is a convex function of z.

(d) Apply (a)-(c) to the Cauchy scale family py(z) = 0~ h(z/0) with h(z) =
a1+ a2?)7h

Solution: This is from Lehmann and Romano, TSH, page 324, Example 8.2.2.
The upshot is that the MLR property is more restrictive for location than for
scale.

(a) If Py has density pg, then it follows that Qy(z) = Pp(|Xi| < x) = Py(X; <
r) — Pp(X; < —x) has density go(z) = po(x) + po(—2) = 20~ h(z/0) for x > 0
since py is symmetric about 0.

(b) Now Qy(y) = P(log | X;| < y) = Qu(|X;i| < e¥), so
n(y) = gole”)e” = 2h(e"[B)e" [0 = 2(eM)er

(c) Let 0 < 0 < @. Then gy (z)/qo(x) = (0/0")h(x/0")/h(x/0) is a monotone
increasing function of x if and only if h(x/0")/h(x/0) is a monotone increasing
function of , and this holds if and only if h(e?~")/h(e?~") is a monotone in-
creasing function of y, and this holds if and only if ¢, (y)/G,(y) is a monotone
non-decreasing function of y. Since ¢,(y) = g(y—n) is a location family, we know
that this has MLR if and only if g is log-concave. But since g(z) = 2h(e*)e?, g
is log-concave if and only if ¥(z) = —log 2h(e®)e* = —log2 — z — log h(e?) is a
convex function. Since — log2 — z is linear, this holds if and only if — log h(e?) is
convex.

(d) When h(z) = 711 + 271, ¥(2) = —log h(e*) = log(m) + log(1 + €2*). But
then ¢'(2) = 2e* /(1 4 €**) = 2 — 2/(1 4 €*?), and hence
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Thus — log h(e?) is convex, and the Cauchy scale family has MLR.

. (50 points) Suppose that an urn contains N balls with the numbers ay(1),...,an(N)
written on the balls. Suppose that a sample of n balls is drawn from the urn
without replacement: let the numbers on the sampled balls be Y7, ... Y, and let
Y,=n" Z?:l Y.

a) What is the mean of Y,,?

b) What is the variance of Y,,?

c) If R=(Ry,...,Ry) is a random permutation of {1,..., N}, what is the

relationship between (Y1,...,Y,) and (an(Ry),...,an(R,))?

(d) Under some condition on the numbers ax(7), a CLT holds for an
appropriately standardized version of Y, and hence also for 2?21 an(R;).
State this condition and the theorem.

(e) Ifan(y) = 1q1,..,py(j), for j =1,..., N and some integer D € {1,... N — 1},

compute the mean and variance in (a) and (b), and make the conclusion of
the CLT in (d) explicit. What is the name of the distribution of >_" | Y; in

N N N
~ —

this case?
Solution: (a) ( n) =ay = 122 Lan(i )
(b) Var(Y,) = n"'o? *11) = 0% where 02 = NP SN (an(i) — an)?.
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(¢) The random vectors Y = (Y1,...,Y,,) and (aN(Rl) ..,an(Ry)) satisty (Yi,...,Y,)
(an(Ra), .-, an(Rn)).
(d) If0 < hminf(n/N) < limsup(n/N) < 1, then with 0% as in (b)

Y,
TN 7~ N(0,1)
ON

if and only if

_ maxlSiSN(aN(z') — EN)Q
MY ) —any " W

() When an(j) = 1q1.. py(j), we have @y = D/N, and N~' 3"V an(i)? = D/N,
so 02 = (D/N)— (D/N)* = (D/N)(1 — D/N), and the Noether condition (1)
holds since

_ max{(1-D/N)* (D/N)’} max{(1—-D/N)* (D/N)*}
"IN = No? - D(1— D/N) -0

if D = Dy — oo and limsup(D/N) < 1. In this case Zf\il Y; is the number of
Red balls in a sample of size n drawn without replacement from an urn containing



D red balls and N — D white balls, and thus has a Hypergeometric(n, D, N)
distribution given by
- (i) i)
PO Yi=k) =~ ke {0V (n—N+D)....DAn}.
i=1

()

Do either problem 5 or problem 6.

. (48 points) Suppose that X7,..., X, are i.i.d. exponential(f) random variables
so that 1 — Fy(z) = exp(—0zx) for x > 0 and 6 > 0.

(a) Find the MLE of 6.

(b) If @ ~ Gamma(a, 5) so that

B Ba@a—l
- T(e)

and F(0) = a/, find the posterior distribution of 6.

(c) Find the Bayes estimator of € for squared error loss. Is it consistent?

(d) What is the asymptotic behavior of the posterior distributions you found in
(b) when appropriately centered and normalized?

A0) exp(—536)1(0,.00)(f)

Solution: (a) The joint density of the data is

pz;0) = [[ O exp(—0z;) = 0" exp(—0 > ;)
i=1 1
solog p(X;60) =nlogfd—0>"7 X;, and we see that this is maximized by 0, =1/X.
(b) The joint density of the data and # with the Gamma prior is
pla; O)M(0) o 0" exp(—0 Y x:)0° " exp(—p6) = 6°7" " exp(— (B + > _ :)6),
1 1

so it follows that (0|X) ~ Gamma(a +n, 3+ > 7 X;).
(c) The Bayes estimator of  is

BOIX) = (a+n)/(B+> X)

14+ a/n 1+0
——%a.s_ o < = 0
X +8/n 1/6 +0



(d) Now

Vn(0 — E(0]X))

G BN xy . adn
\/ﬁ< amma(a—l—nﬁ—l—zlj ) 5+21Xi>

(Yo+Yi+--+Y,— (a+n))

Il

1
‘/ﬁm 21X
_ m%«%—awm—1>+---+<Yn—1>)
Su g2~ NOB) = NOI ) as

where the X; are i.i.d. Exponential(fy). Here Yy ~ Gamma(c, 1) is independent
of Y1,...,Y, which are i.i.d. Gamma(1,1) random variables.

. (48 points) Suppose that conditional on @ = 6, X, ..., X,, are i.i.d. N(6,0?),
and suppose that 8 ~ N(u, 72).

(a) Find the posterior distribution of @ given X = (X, ..., X,).

(b) Find the marginal distribution of X.

(c) Find the Bayes rule dg(X) for estimation of § with squared error loss.

(d) If 6 is the true value of 6 (so that Xi,..., X, are i.i.d. N(6y,0?)), show
that the Bayes rule dg(X) in (c) is biased but consistent.

(e) If 6y is the true value of 6, show that \/n(dg(X) — 0y) —4 something and
identify “something”.

(f) If 6y is the true value of 6, find the distribution of (1/n(6 — X )| X) explicitly
and show that (/n(0 — X,,)|X) —4 N(0,0%) with probability 1.

Solution: (a) We can reduce by sufficiency to X,, ~ N(6,0%/n). If (X|0 = 0) ~
N(6,0%), 8 ~ N(u,0?), then

(0|X)~N( L nfet o 1 )

1/72+n/02'u 1/m24+n/o?2” " 1/72 4+ n/o?

(b) Let Z =X — 601 ~ N,(0,0%I). Then the marginal distribution of X is that
of Z + 61 where Z and 6 are independent. Thus F(X = pl and Cov(X) =
02l + 72117, and the marginal distribution of X is N, (ul, o2l + 72117).

(c) From (a) it follows that for squared error loss the Bayes rule is

1/72 njo?  —

= = Xno
dp(X) = E(6]X) 1/7’2+n/02'u+1/72+n/‘72
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(d) If 6y is the true value of 6, it follows from (c) that
1 2 2
/T it n/o o
1/72 +n/o? 1/72 +n/o?
= Pnp+ (1 - pn)e() 7é to

E(dp(X)) =

so dp is biased, but dg(X) —45 0- 4+ 1-609 = 6y, so dp is a consistent estimator
of 00.

(e) If Oy is the true value of 6, it follows from (c) that with Z ~ N(0,1) and p,
as defined in (d),

Vn(dp(X) —6) = Vn(pap+ (1= pp)Xn — 6o)
= Vn(pap 4 (1= pn) X — pabo — (1 — pa)bo)
= \/ﬁpn(ﬂ - 00) + (1 - pn)\/ﬁ(yn - 00)
—q 0-(u—00) +1-0Z=0Z ~ N(0,0%

since p, — 0, v/np, — 0, and /n(X,, — 6;) Ls2.
(f) If 6y is the true value of 6, then

(Vn(0 — X,,)|X) ~ N(Vnpu(p — X)), 7°npn).

Now npn(it — X)) —vas. 0+ (1 — 60g) = 0, and 72np,, — o2. Thus the posterior
distributions converge to N(0,0?) with probability 1.

Do either problem 7 or problem 8.

. (48 points) Suppose that X; ~ Poisson(ui), i = 1,...,m are independent, and
that Y; ~ Poisson(vj), j = 1,...,n are also independent and independent of the
X;’s. Consider testing H : > v versus K : u < v.

(a) Show that we can reduce by sufficiency to R =3"", X; and S =377 | Y}

(b) What are the distributions of R and S?

(c) Find a level @« UMP - unbiased test of H versus K and indicate exactly how
to carry it out, identifying the relevant conditional distribution explicitly.

(d) Describe the Bayes test of H versus K (for 0 — 1 loss assuming a prior
distribution A of (u,v). Can you describe the rejection region of this test
when A is the product of two independent I' priors (i.e. pu ~ I'(a, ) and
v~ T(v,0))?



Solution: (a) Note that the joint mass function of the X;’s is given by

) 1

H exp ZM) eXp('r’L 10g<2/jl>> 2.1
i=1

'L'

pu(z) = HeXp w

= ’Ll 11
exp(— Zz—ier ogu—l—Zx ogz Z 11131
= c(p) exp(z xi(log i) h(),
1

and hence R = > " X, is sufficient for p. Similarly, S = E?Zl Y; is sufficient
for v.
(b) Since sums of independent Poisson random variables are again poisson with
intensity parameter the sum of the intensity parameters of the summands, we see
that

R= Z X; ~ Poisson(u Zz) = Poisson(um(m + 1)/2) = Poisson(apu)

i=1 1

where a = m(m + 1)/2. Similarly, S = 77| Y; ~ Poisson(bv) where b =
n(n+1)/2.
(¢) The joint mass function of R and S is
—ap (alj“)r €7bl/ (bl/)s

r! s!
(1, v) exp(rlog(ap) + slog(bv))h(r, s)
(1, v) exp(rlog(11) + 5 log(v))(r, 5
= c(p,v) exp(s(logv — log ) + slog pu + rlog p)h(r, s)
(1, v) exp(Os +n(r + s))h(r, s)

p(r,s;p,v) = e
= c(p,v)e

= C

= c(m,v)e

where 0 = log(v/u), n = logpu, and we see that T = R + 5 is sufficient for
Op = Oy N O, and testing H versus K is equivalent to testing # < 0 versus
6 > 0. Thus the UMP unbiased test of H versus K is of the form

¢<S) = 1{8 > CT} + le{S = CT}.

where ¢ and 7 are determined so that E{¢(S5)|T} = a. But

(S|T) ~ Binomial (T, v ) — Binomial (T L)
pa + vb +0b

under p = v.
(d) When (u,v) have the prior distribution A, the Bayes test of H versus K
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is “reject H if P(v > plR,S) > P(v < u|R,S)”, or, equivalently, if P(v >
u|R,S) > 1/2. When A has density A(u, ) given by the product of two Gamma
densities as described, then

(ap)" - B(Bu)t e
rl ()
o< pu " exp(—(a+ B)p),

Pu(r)dap(p) = exp(—ap)

so we see that the posterior density of y given R = r is Gamma(a + r,a + ).
Similarly, the posterior density of v given S = s is Gamma(y + s,b + d). Thus
we find that the posterior probability in question is, with a = m(m + 1)/2,
b=n(n+1)/2,

P(v > p|R,S) = P(Gamma(y + S,b+ §) > Gamma(a + R,a + f3))
where the two Gamma random variables are independent.

. (48 points) Suppose that
Vi~ N(pu+AG—(n+1)/2),0%) = N(u+ Ax;,0%), i=1,...,n,
are independent with A € R, p € R, and 02 >0 .

(a) Consider testing H : A =0 versus K : A # 0. Relate this testing problem
to our theory of the general linear model in Example 6.3.15 of the course
notes. What is the subspace L7 What is the subspace L;? Identify k£ and
r explicitly. Find the least squares estimators of p and A under both the
larger model and the smaller model specified by the null hypothesis.

(b) Find the UMP - G invariant test of H versus K (where G is the group of
transformations discussed in Example 3.15). Describe the distribution of
your test statistic under the general model.

(c) If the hypotheses are changed to H : A < 0 versus K : A > 0, find the
UMP unbiased level a test of H versus K. Can you carry out the test
unconditionally?

(d) Describe the power function of the test in (c).

Solution: This is a special case of the third example (Example 3.18) in the
handout in class on 13 March, but with X; renamed as Y;, z; =i — (n + 1)2, S
called p, and S called A here.

(a) The subspace L of R™ is spanned by the two vectors 1 and z where z has
components z; = i — (n + 1)/2, so k = 2. The subspace L; is the subspace
spanned by the single vector 1, and hence r = 1. The least squares estimators



under the larger model are i = Y, and A, = S zYi/ > 22 The least

7
squares estimator under the null hypothesis is just i = Y.

(b) The UMP G-invariant level a test of H : A = 0 versus K : A # 0 is given
by “reject H if I > F},_5,” where

b > (Az)?
S (Y=Y = Az)2/(n - 2)

which has an Fy, 5(6%) distribution under the general hypothesis where §* =
n .2/ 2
12 /0
(c¢) To find the UMP unbiased test of H : A < 0 versus K : A > 0, we first
consider the joint density of the observations: this is given by

prsly) = <2m2>—1/2e><p(

1(y = A%))

20 2

- ! + Azz 2
= (27TU2) 1/2 exp ( 29 59 2 Zyl 2 Z M+ Azz)yz - Zl (MQO-Q ) )

= O(/L,A,O' 6Xp< QZZzyz %Zyz—%z:?ﬁ)
1 1

Thus we see that under Op = {(1,0,0%) : p € R, 02 > 0} wehave T = (T}, T) =
(31 Y:, >o1Y?) is sufficient and complete for n = (n1,m2) = (u/0?, —1/(20%)),
and the level  UMP unbiased test of H versus K rejects H if U(Y) = ] zY; >
c(T) where c( ) is determined by Pe,(U(Y) > ¢(T)|T) = a. But note that
A =U/3 22 =30 2Y;/ 31 22 is a monotone increasing function of U, and

"2ZA

ST - Ran - 2)
(n—2) 31 A

VS V- - Ry )

is a monotone increasing function of U (and A) for fixed values of T’ = 1Y, > YA,
Moreover, 7 is ancillary under A = 0 (with a ¢, distribution), and hence is in-
dependent of T" under A = 0 by Basu’s theorem. Thus the UMP unbiased test

of H versus K can be carried out unconditionally as “reject H if 7 > ¢,,_2,".




