Statistics 582, Problem Set 5 Solutions
Wellner; 2/9/2011

1. Suppose that X,, = X ~ Multinomialy(n, 0).
(a) Suppose that the prior distribution on 6 is given by a Dirichlet distribution,
Dirichlet(a):

F(Ct1+"'+&k)

H§:1 I'(a;)

Verify the computation of the Bayes estimator for squared error loss given in
example 4.3.4

(b) What is the posterior distribution for 7 Find the mode of the posterior
distribution (along the lines of our computations of the MLE of the multinomial)
and compare it with the MLE.

(¢) Find a minimax estimator dy; of 6.

Solution: (a) If § ~ Dirichlet(a) then 6; ~ Beta(ay, > . a;), and hence
from our computations of the mean of a Beta, E(6;) = a;/ S F_ a;, and as a

vector E(8) = a/ 21, a; Since the posterior distribution of @ is Dirichlet(a+ X),
the posterior mean is

R/ ISP

A@) =

dy(X) = B(0]X) = (g+&)/<z a; +n).

(b) As noted in A, the posterior density is Dirichlet(a + X):

I'(ow+--+ o, +n)
15 Ty + X;)

J=1

MNOIX) = R

0: > 0;=1]

To find the mode of the posterior, we need to find the value of § which maximizes
A(@|X) over the set 3, 0; = 1, or equivalently which maximizes

k

> (o + X; = 1)logh; +c(>_0; - 1).

=1 j=1
Thus we need to solve

()éj+Xj—1

+c=0, j=1,... k. (1)
0



and

The first equation yields

4+ X -1
grote ZUT T2y
—C

substitution of this into (2) yields

k k
moae 1
1= o ___C{ZajJrn—k},
j=1 j=1
and hence —c = >’ ;j +n — k. Thus the mode of the posterior is given by

Qmode_ Q‘I‘X_l
S Yajtn—k

When o = 1 (the vector of all 1’s), then the mode of the posterior equals the
MLE § = X /n. Note that o = 1 yields a uniform prior over 6.

(¢)  As shown in class, if X ~ Multg(n;0) and § ~ Dirichlet(a), then the
Bayes estimator of  for squared error loss is dy(X) = (a + X)/(>_ a; + n) For
a1 = -+ = q = «, this yields the Bayes estimator

al + X ko
dp(X) = —— =
A(X) ka+n ka+n

1 L " X
ko ka+nn
Note that dy ;(X) = (o + X;)/(ka + n) has

(ka +mn)?’

o + nb;
Ep(dpi(X)) = o

a — kab;
ka+n

VCLT’Q(CZAJ (X) =

biaSQ(dA,i (X)) =



Thus the risk is
R(0,dy) = Epl0 —d\(X)?

- Z {Varg(d (X)) + biasg(da ) }
- ka—l—n Z{n@ (a—kaﬁ)}

1 24 (0212 — 2 . _
— m{n—k’a + (a“k 29} since Zei—
A-yK v

A

which is constant in §. Hence by corollary 5.6.3

dy(X) = vn 1 n X
M \/ﬁ+nk: Vn+nn
1
= (1=XA)=+N\p
(L=Au)7 4D,

is minimax for estimation of 6.

. Find the limit distribution of the minimax estimator dj; in problem 1 (i.e.
Vn(dy(X,) — p) —4  “something” and find “something”). Is dj; a regular
estimator of p?

Solution: Note that v/n(1 —\,) = A, — 1. Hence

Vildw(X,) = 8) = VA, + (1= AT~ O +1-200)
= A, —8) + VAl - A ()
—d N;AO,ZH—%—Q
1
= Nk(%—Q,E)

where ¥ = diag(d) — 00"

. Suppose that Xi,..., X, are i.i.d. Exponential(f) (so the X’s have density

po(z) = 0e 1oy (x). with respect to Lebesgue measure on R, and that
0 ~T(a,B):
(66)>~"
AO) = —p0)1 0).
(0) =5 (o) exp(—[6) 10,00 (0)
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(a) Find the Bayes rule dg(X) for estimation of ¢ with squared error loss
L(6,a) = |6 — al*. Find the Bayes rule dp,,(X) for estimation of § with weighted
squared error loss L(f,a) = (6 — a)?/6. Is the maximum likelihood estimator
among either of these families of Bayes estimators?
(b) Are the Bayes estimators dg and dp,, consistent? What are the limit distri-
butions of dg and dg,? Compare them with the maximum likelihood estimator.
(c) Suppose that instead of the Gamma prior distribution, 6 has the Pareto(fy, «)
distribution with density A\ given by

(0% 90

A6) = (5)(5 ) (g.00) (0);

here FE(f) = -*50y where o > 1 and 6 > 0 are known. What can you say about
the Bayes estimator for squared error loss with this prior? For what values of 6
is the Bayes rule consistent?

Solution: (a) The posterior distribution is Gamma(a 4+ n, 8 + > X;). Thus
the Bayes rule for L(6,a) = (0 — a)? is

dp(X) = % :

For L(A,a) = (6 — a)?/0, the Bayes rule is

_BOK@O)IX) 1 _a+n-1
el = BEROX) BN BTy,

since, for § ~ Gamma(c, 5) we have

B

a—1

E(1/6) =

if « > 1. Thus the MLE 1/X,, is not among either of these families of estimators.
(b) Both dp and dp,, are consistent and asymptotically equivalent to the MLE
1/X

Vil - 1%} = V{2

X,+n13 B Y_n
— U2 oXn = f =0(n%0,(1) = 0,(1
n 771(7”_’_”716) (n ) p( ) Op( )7

and similarly for dp,,. Thus, for d = dg or d = dpg,, we have, since () = 672,

V(d(X) - 6) = \/ﬁ(% —0) + 0,(1) —q N(0,1/1(6)) = N(0,6?).
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(¢) When the prior is Pareto(fy, ), the posterior density is of the form

0" exp(—0 37 Xi)(aflg ) (00/0)* " 1(gy,00) (6)

fgio shexp(—s > X;)(aby ) (0o/s)ds
gn—a-l exp(—Q Z Xi)l(go,oo)(e)

Jor s"o texp(—s 3 Xi)ds
which is concentrated on (6y,00). Thus the Bayes rule dg(X) = E(0|X) takes
values in (6p, 00) a.s.. Similar to the argument in class in the Bernoulli(f) exam-
ple, Z, = dg(X) = E(0|Xy,...,X,) is a martingale and hence Z, = dg(X) —
E(0]X1, Xs,...). But § = 7;1 —q.s. 0 for each fixed 6 € (0,00), and hence

A(01X)

Pr(0, — 0) = /P9(§n — 0)dA(0) = 1.

Hence é\n — 0 a.s. Py, and this implies that 0 is Fo, = (X1, X, ...) measurable.
Therefore E(0| X1, Xs,...) =6 a.s. and dg(X) — 6 a.s. Py. This in turn implies
that dg(X) —as 0 for A-a.e. 6. this suggests that dg might be inconsistent for
6 € (0,6p), and this is in fact the case since dg(X) < #y. When the true < 6y, it
is possible to show that dg(X) —,.s 6o > 6 and that the posterior distributions
converge to point mass at 6.

. Let © = (0,00), A =[0,00), let X have the discrete distribution

p(z,0) = (

where 7 is some known positive integer; this is the negative binomial distribution
reparametrized so that EyX = rf. Suppose that

(0 —a)?
0(60+1)

(a) Show that the usual estimator, do(X) = X/r is an equalizer rule; i.e. show
that it has a risk function R(0,dy) which is constant in 6.

(b) Show that the usual estimator dy is generalized Bayes with respect to
Lebesgue measure on (0,00) provided r > 1. (A generalized Bayes rule is a rule
that minimizes the posterior Bayes risk even when starting with an improper
prior; see e.g. Ferguson, MS, page 50.) (What happens if r = 17)

(¢) Find Bayes decision rules with respect to the prior distributions A, g with
densities

r+x—1

)efc(e + 1)~ 0+, r=0,1,2,...
x

L(0,a) =

I+ B)

_ a1 —(a+B)
@ O+ D 0 (),



the distribution of §# = Z/(1 — Z) where Z ~ Beta(a, 3).
(d) Show that d(X) = X/(r + 1) is minimax. [Note that dy is not minimax,
hence not admissible.

Solution: (a) First note that Eyp(X) = r0 and Varg(X) = r8(6+1); this follows
from the facts that if X has a negative binomial distribution with mass function

r+r—1\ , .,
p(x;p)z( . )pq,xG{O,l,---},

then EX = rq/p and Var(X) = rq/p* with ¢ = 1 — p. Thus for the weighted
squared error loss L(0,a) = (6 — a)?/(6(6 + 1)) the rule do(X) = X/r has risk

1 1
ré(0 + 1)

BB, do) = EESY =

1
MVCLTQ(X/T) =

since the risk function of the rule dy is constant in 6, it is “an equalizer rule”.
(b) For A(f) = 1(0,00)(#) (corresponding to A Lebesgue measure on (0, 00), the
(generalized ) Bayes rule is

E{K(0)0|X} _ E{(0+1)'|X}
E{K(0)|X}  B{6-1(0+1)71X}

da(X) =

where the posterior density is

(X +r)
X+ 1)I'(r—1)

AB|X) = GXTIH O + 1),

Thus we compute the numerator as

E{(6+1)7'X}

o > X+1-1 —(r+X+1 F(X +r+ 1) F(X + T) F(r)
= / GO+ 1) )P(X+1)F(r)d9'r(x+r+1)'r(r—1)

r—1
X 47’

and the denominator is

E{01(0+1)""X}

_ / 6X-1(9 1 1)~ 7,JFXH)F(X+7°+1)al0' I'X+r)  T(X) T@r+1)
0 LNX)r(r+1) NX+r+1) I'(X+1) I'(r—1)
1 1
X +r X r(r=1).
Putting these together yields dx(X) = X/r = dy(X). Thus dp is a “generalized
Bayes rule” with respect to the (improper) prior given by Lebesgue measure on
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(0,00). This argument works when r > 1 (because of the factor I'(r — 1) in the
denominator). When r = 1 the corresponding posterior is

T(X +1)

—0X+1*1 9 1 —(14+X) =0
I(X + DI(0) (6+1)

A(01X)
since '(0) = [;¥ 7 e ™"dx = oo.
(c) By straightforward calculation the posterior density of 6 for the given prior is

F(X+a+r+ﬁ)8X+a_1

AOIX) = ['(X +a)l(r+p)

(8 + 1)—(T+X+a+5) 1(0700) ((9)

The Bayes rule with respect to the loss function L(#,a) = (6 —a)?/[0(0 + 1)] =
K(0)(0 — a)?* is given by

1y - EAE0)61X} E{(6+1)71X}
A(X) = E{K(0)|X} ~ E{6-16+1)'X}

By straightforward calculation the numerator and denominator are given by

B{K(O)X} = — B+ +5)

X +ta+tr+8)(X+a-1)
Thus the Bayes rule with respect to this weighted loss function and prior A is

X+a-1
WX)="T77 T

Since Epdp(X) = (r0 +a—1)/(r + 5+ 1) and

rg(0+1)

Varg(da(X)) = m,

The (ordinary) risk of the rule dj is

rOO+1) <r0+a—1 _ 9)2

R(Q,dA) _ (r+B8+1) Q(Q:rlﬁ;rl
1 f  la—1-6(B+ 1P
N (r+ﬁ+1)2{ * 060 +1) }
_ 1 {T (=12 2(@-1)(B+1) 9(5+1)2}
 (r+B8+1)2 0(0+1) 0+ 1 6+1 [
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Thus after calculation of

* 1 BB+
/0 9(9+1))\(0)d0_a(a+/3+1)’
1

> _ b
/0 m (9)d9—a+5, and

< 9 «Q
—\(0)do =
/0 0+1 () a+ B’

we find the Bayes risk of the Bayes rule dy to be

B 1 2 5(B+1)
R(A,dy) = m{r“a_ Saa+8+D
s

— 2(a—1)(5+1)m+(5+1)2aiﬁ}
1

1
m{7~_|_1}:m as a—1, §—=0. (3)

(d) The rule d(X) = X/(r + 1) corresponding to the limiting Bayes risk in (3)
has risk

R0, d) = ﬁ {r—i— 9%}

with supremum risk

1
R(9,d) = .
sup (0, d) = =

Thus by theorem 6.2 the rule d is minimax.



