
Statistics 582, Problem Set 7 Solutions

Wellner; 2/24/2010

1. Continuation of problem 4, problem set 5: Suppose that X1, . . . , Xn are i.i.d.
Exponential(θ) (so the X’s have distribution Pθ and density pθ(x) = θe−θx1(0,∞)(x).
with respect to Lebesgue measure on R, and that θ ∼ Γ(α, β):

λ(θ) = β
(βθ)α−1

Γ(α)
exp(−βθ)1[0,∞)(θ).

In problem set 5 we found the Bayes rules with respect to squared error loss
L(θ, a) = (θ − a)2 and weighted squared error loss L(θ, a) = (θ − a)2/θ.

(a) Prove a (conditional) limit theorem for the posterior distributions given X.
(b) What does theorem 5.8.2 say about the limiting distribution of the Bayes
rule for squared error loss (assuming that X1, . . . , Xn are i.i.d. Pθ0 ≡ P with
θ0 ∈ (0,∞))?

Solution: (a) There are several possible ways of proceeding here: (i) verify
the hypotheses of Theorem 8.1 of the notes; (ii) verify the hypotheses of The-
orem 10.1 of van der Vaart’s Asymptotic Statistics; (iii) give a direct proof in
this special case of convergence in distribution; or (iv) give a direct proof in
this special case of convergence in total variation distance by showing that the
densities converge pointwise followed by Scheffé’s lemma. Both (i) and (ii) are
made difficult by conditions B2 and B3 (in the case of Theorem 8.1) and by the
“separation by tests” condition in van der Vaart’s Theorem 10.1. Thus proceed
directly as in (iii). First, note that

θ ∼ Gamma(α + n, β +
∑

Xi) =d (β +
∑

Xi)
−1Gamma(α + n, 1)

=d (β +
∑

Xi)
−1(Y0 +

n∑

i=1

Yi)

where Y0 ∼ Gamma(α, 1), and Yi ∼ Gamma(1, 1) = Exp(1), i = 1, . . . , n are all
independent. Thus conditionally on the Xi’s we have, with Z ∼ N(0, 1) and with
θ0 the true value of θ,

√
n(θ − E(θ|X)) =d

√
n

Y0 +
∑n

i=1 Yi − (α + n)

β +
∑n

i=1 Xi

=
√

n(Y n − 1)
1

Xn + n−1β
+
√

n(Y0 − α)
1/n

Xn + n−1β

→d Z
1

θ−1
0

∼ N(0, θ2
0)
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almost surely with respect to the distribution of X1, X2, . . .. Note that the
posterior mean E(θ|X) can be replaced here by either the MLE 1/Xn or by
Tn = θ0 + (nI(θ0))−1

∑n
i=1 l̇θ(Xi) = 2θ0 − θ2

0Xn since

√
n(E(θ|X) − 1/Xn) = op(1)

and similarly with Tn in place of 1/Xn.
To show that the densities of

√
n(θ − E(θ|X) converge pointwise, first consider

the distribution function and density of the unscaled version of the lead term,√
n(Y n − 1): since nY n =

∑n
1 Yi ∼ Gamma(n, 1),

F√
n(Y n−1)(z) = P (Y n ≤ 1 + n−1/2z) = P (

n∑

1

Yi ≤ n +
√

nz)

=

∫ n+
√

nz

0

tn−1

Γ(n)
exp(−t)dt.

Thus, differentiating and then using

Γ(n) = (n − 1)! ∼
√

2π(n − 1)

(
n − 1

e

)n−1

by Stirling’s formula, we find that

√
n(Y n − 1) =

(n +
√

nz)n−1

Γ(n)
exp(−(n +

√
nz))

√
n

∼ (n +
√

nz)n−1

√
2π(n − 1)

(
n−1

e

)n−1 · exp(−(n +
√

nz)) ·
√

n

=
1√
2π

√
n

n − 1
·
(

1 +
1 +

√
nz

n − 1

)n−1

· exp(−(1 +
√

nz))

→ 1√
2π

exp(−z2/2).
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Here the convergence follows by letting an ≡ 1 +
√

n + 1z and noting that
(

1 +
1 +

√
n + 1z

n

)n

· exp(−(1 +
√

n + 1z))

=
(
1 +

an

n

)n

· exp(−an)

=
{(

1 +
an

n

)
· exp(−an/n)

}n

≈
{(

1 +
an

n

)(
1 − an

n
+

1

2

a2
n

n
+ O(n−3/2)

)}n

=

{
1 − 1

2

a2
n

n2
+ O(n−3/2)

}n

=

{
1 − 1

2

(1 +
√

n + 1z)2/n

n

}n

→ exp(−z2/2).

Since Xn + n−1β →a.s. θ
−1
0 and

√
n(Y0 − α) 1/n

Xn+n−1β
→a.s. 0, it follows (via the

convolution formula) that the density of
√

n(θ − E(θ|X) converges pointwise to
φ(z/θ0)/θ0, the density of N(0, θ2

0).

(b) In the present case Theorem 5.8.2 says that
√

n(E(θ|X) − θ0) →d N(0, 1/I(θ0)) = N(0, θ2
0)

since I(θ0) = 1/θ2
0. This also follows from a direct argument since

√
n(E(θ|X) − θ0) =

√
n

(
1 + α/n

Xn + β/n
− θ0

)

=
√

n(α/n + 1 − θ0(β/n + Xn))/(β/n + Xn)

=
{
−θ0

√
n(Xn − 1/θ0) + n−1/2(α− θ0β)

}
/(βn + Xn)

→d θ2
0N(0, θ−2

0 ) = N(0, θ2
0).

2. Let Θ = (0,∞), A = [0,∞), let X have the discrete distribution

p(x, θ) =

(
r + x − 1

x

)
θx(θ + 1)−(r+x), x = 0, 1, 2, . . .

where r is some known positive integer; this is the negative binomial distribution
reparametrized so that EθX = rθ. Suppose that

L(θ, a) =
(θ − a)2

θ(θ + 1)
.

3



(a) Show that the usual estimator, d0(X) = X/r is an equalizer rule (i.e. a
decision rule such that R(θ, d) is constant in θ).
(b) Show that the usual estimator d0 is generalized Bayes with respect to
Lebesgue measure on (0,∞) provided r > 1. (What happens if r = 1?) (An
estimator is called a “generalized Bayes rule” if the posterior distribution (and
any conditional expectations needed to define the Bayes rule) is (are) well de-
fined, even though the prior distribution is not a “proper” prior with total mass
1.)
(c) Find Bayes decision rules with respect to the prior distributions Λα,β with
densities

λα,β(θ) =
Γ(α + β)

Γ(α)Γ(β)
θα−1(θ + 1)−(α+β)1(0,∞)(θ),

the distribution of θ = Z/(1 − Z) where Z ∼ Beta(α, β).
(d) Show that d(X) = X/(r + 1) is minimax. [Note that d0 is not minimax,
hence not admissible.]

Solution: (a) First note that Eθ(X) = rθ and V arθ(X) = rθ(θ+1); this follows
from the facts that if X has a negative binomial distribution with mass function

p(x; p) =

(
x + r − 1

x

)
prqx, x ∈ {0, 1, . . .},

then EX = rq/p and V ar(X) = rq/p2 with q ≡ 1 − p. Thus for the weighted
squared error loss L(θ, a) = (θ − a)2/(θ(θ + 1)) the rule d0(X) = X/r has risk

R(θ, d0) =
1

θ(θ + 1)
V arθ(X/r) =

1

r2θ(θ + 1)
rθ(θ + 1) =

1

r
;

since the risk function of the rule d0 is constant in θ, it is “an equalizer rule”.
(b) For λ(θ) = 1(0,∞)(θ) (corresponding to Λ Lebesgue measure on (0,∞), the
(generalized ) Bayes rule is

dΛ(X) =
E{K(θ)θ|X}
E{K(θ)|X} =

E{(θ + 1)−1|X}
E{θ−1(θ + 1)−1|X}

where the posterior density is

λ(θ|X) =
Γ(X + r)

Γ(X + 1)Γ(r − 1)
θX+1−1(θ + 1)−(r+X).

Thus we compute the numerator as

E{(θ + 1)−1|X}

=

∫ ∞

0

θX+1−1(θ + 1)−(r+X+1) Γ(X + r + 1)

Γ(X + 1)Γ(r)
dθ · Γ(X + r)

Γ(X + r + 1)
· Γ(r)

Γ(r − 1)

=
r − 1

X + r
,
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and the denominator is

E{θ−1(θ + 1)−1|X}

=

∫ ∞

0

θX−1(θ + 1)−(r+X+1) Γ(X + r + 1)

Γ(X)Γ(r + 1)
dθ · Γ(X + r)

Γ(X + r + 1)
· Γ(X)

Γ(X + 1)
· Γ(r + 1)

Γ(r − 1)

=
1

X + r
· 1

X
· r(r − 1).

Putting these together yields dΛ(X) = X/r = d0(X). Thus d0 is a “generalized
Bayes rule” with respect to the (improper) prior given by Lebesgue measure on
(0,∞). This argument works when r > 1 (because of the factor Γ(r − 1) in the
denominator). When r = 1 the corresponding posterior is

λ(θ|X) =
Γ(X + 1)

Γ(X + 1)Γ(0)
θX+1−1(θ + 1)−(1+X) = 0

since Γ(0) =
∫ ∞
0 x−1e−xdx = ∞.

(c) By straightforward calculation the posterior density of θ for the given prior is

λ(θ|X) =
Γ(X + α + r + β)

Γ(X + α)Γ(r + β)
θX+α−1(θ + 1)−(r+X+α+β)1(0,∞)(θ).

The Bayes rule with respect to the loss function L(θ, a) = (θ − a)2/[θ(θ + 1)] ≡
K(θ)(θ − a)2 is given by

dΛ(X) =
E{K(θ)θ|X}
E{K(θ)|X}

=
E{(θ + 1)−1|X}

E{θ−1(θ + 1)−1|X}

By straightforward calculation the numerator and denominator are given by

E{K(θ)θ|X} =
r + β

X + α + r + β
,

E{K(θ|X} =
(r + β + 1)(r + β)

(X + α + r + β)(X + α− 1)
.

Thus the Bayes rule with respect to this weighted loss function and prior Λ is

dΛ(X) =
X + α− 1

r + β + 1
.

Since EθdΛ(X) = (rθ + α− 1)/(r + β + 1) and

V arθ(dΛ(X)) =
rθ(θ + 1)

(r + β + 1)2
,
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The (ordinary) risk of the rule dΛ is

R(θ, dΛ) =

rθ(θ+1)
(r+β+1)2 +

(
rθ+α−1
r+β+1 − θ

)2

θ(θ + 1)

=
1

(r + β + 1)2

{
r +

[α− 1 − θ(β + 1)]2

θ(θ + 1)

}

=
1

(r + β + 1)2

{
r +

(α− 1)2

θ(θ + 1)
− 2(α− 1)(β + 1)

θ + 1
+

θ(β + 1)2

θ + 1

}
.

Thus after calculation of
∫ ∞

0

1

θ(θ + 1)
λ(θ)dθ =

β(β + 1)

(α− 1)(α + β)
,

∫ ∞

0

1

θ + 1
λ(θ)dθ =

β

α + β
, and

∫ ∞

0

θ

θ + 1
λ(θ)dθ =

α

α + β

(corrected on 2/24/07, thanks to Krisztian Sebestyen), we find the Bayes risk of
the Bayes rule dΛ to be

R(Λ, dΛ) =
1

(r + β + 1)2

{
r + (α− 1)2 β(β + 1)

(α− 1)(α + β)

− 2(α− 1)(β + 1)
β

α + β
+ (β + 1)2 α

α + β

}

=
1

r + β + 1
(1)

→ 1

r + 1
as β → 0. (2)

(d) The rule d(X) = X/(r + 1) corresponding to the limiting Bayes risk in (2)
has risk

R(θ, d) =
1

(r + 1)2

{
r +

θ

θ + 1

}

with supremum risk

sup
θ>0

R(θ, d) =
1

r + 1
.

Thus by theorem 6.2 the rule d is minimax.
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3. Specialize the decision rule in Theorem 5.2 of the course notes to the case when
Pi is the normal distribution Nd(µi, I), i = 1, . . . , k where µ1, . . . , µk are distinct
vectors in Rd, µi *= µj for i *= j. What happens if we replace I by Σ?

Solution: When Pi = Nd(µi, I), the inequality λipi(x) > λjpj(x) can be written
as

λi exp(−1

2
(x − µi)

T (x − µi)) > λj exp(−1

2
(x − µj)

T (x − µj)),

or, equivalently, assuming that pi *= 0 and pj *= 0,

(µi − µj)
T x >

1

2
(µT

i µi − µT
j µj) + log(pj/pi).

When µi *= µj, this set of x’s corresponds to a half-space bounded by a hyperplane
orthogonal to µi − µj. Moreover, if pi = pj , this hyperplane is the bisector of the
line segment from µi to µj. When we consider all the k− 1 mean vectors µj with
j *= i, it becomes clear that the set of x’s for which d(i|x) = 1 is the intersection
of k−1 half spaces, and this yields a convex polyhedron with at most k−1 faces.
When λi = 1/k for i = 1, . . . , k, then we classify X as belonging to the (normal)
distribution with mean µi that is closest to X. When the identity covariance
matrix I is replaced by an arbitrary nonsingular covariance matrix Σ, this remains
true with ordinary Euclidean distance replaced by d2

Σ(x, µ) ≡ (x−µi)TΣ−1(x−µi).

4. Suppose that Xn ≡ X ∼ Multinomialk(n, θ).
(a) Suppose that the prior distribution on θ is given by a Dirichlet distribution,
Dirichlet(α):

λ(θ) =
Γ(α1 + · · ·+ αk)∏k

j=1 Γ(αj)
θα1−1
1 · · · θαk−1

k 1[θ:
P

θi=1] .

Verify the computation of the Bayes estimator for squared error loss given in
example 4.3.4
(b) What is the posterior distribution for θ? Find the mode of the posterior
distribution (along the lines of our computations of the MLE of the multinomial)
and compare it with the MLE.
(c) Find a minimax estimator dM of θ.

Solution: (a) If θ ∼ Dirichlet(α) then θj ∼ Beta(αj ,
∑

j′ $=j αj′), and hence

from our computations of the mean of a Beta, E(θj) = αj/
∑k

i=1 αi, and as a
vector E(θ) = α/

∑k
i=1 αi Since the posterior distribution of θ is Dirichlet(α+X),

the posterior mean is

dΛ(X) = E(θ|X) = (α + X)/(
∑

i

αi + n).
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(b) As noted in (a), the posterior density is Dirichlet(α + X):

λ(θ|X) =
Γ(α1 + · · ·+ αk + n)

∏k
j=1 Γ(αj + Xj)

θα1+X1−1
1 · · · θαk+Xk−1

k 1[θ:
P

θj=1].

To find the mode of the posterior, we need to find the value of θ which maximizes
λ(θ|X) over the set

∑
j θj = 1, or equivalently which maximizes

k∑

j=1

(αj + Xj − 1) log θj + c(
k∑

j=1

θj − 1).

Thus we need to solve

αj + Xj − 1

θj
+ c = 0, j = 1, . . . , k. (3)

and

k∑

j=1

θj = 1. (4)

The first equation yields

θmode
j =

αj + Xj − 1

−c
, j = 1, . . . , k;

substitution of this into (4) yields

1 =
k∑

j=1

θmode
j =

1

−c

{
k∑

j=1

αj + n − k

}

,

and hence −c =
∑

j αj + n − k. Thus the mode of the posterior is given by

θmode =
α + X − 1∑
αj + n − k

.

When α = 1 (the vector of all 1’s), then the mode of the posterior equals the
MLE θ̂ = X/n. Note that α = 1 yields a uniform prior over θ.
(c) As shown in class, if X ∼ Multk(n; θ) and θ ∼ Dirichlet(α), then the Bayes
estimator of θ for squared error loss is dΛ(X) = (α + X)/(

∑
αi + n) For α1 =

· · · = αk = α, this yields the Bayes estimator

dΛ(X) =
α1 + X

kα + n
=

kα

kα + n

1

k
+

n

kα + n

X

n
.
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Note that dΛ,i(X) = (α + Xi)/(kα + n) has

V arθ(dΛ,i(X) =
nθi(1 − θi)

(kα + n)2
,

Eθ(dΛ,i(X)) =
α + nθi

kα + n
,

biasθ(dΛ,i(X)) =
α− kαθi

kα + n
.

Thus the risk is

R(θ, dΛ) = Eθ|θ − dΛ(X)|2

=
k∑

i=1

{
V arθ(dΛ,i(X)) + bias2

θ(dΛ,i)
}

=
1

(kα + n)2

k∑

i=1

{
nθi(1 − θi) + (α− kαθi)

2
}

=
1

(kα + n)2

{

n − kα2 + (α2k2 − n)
k∑

i=1

θ2
i

}

since
∑

θi = 1

=
(1 − 1/k)

(1 +
√

n)2
if α =

√
n

k
.

which is constant in θ. Hence by corollary 5.6.3

dΛ(X) =

√
n√

n + n

1

k
+

n√
n + n

X

n

= (1 − λn)
1

k
+ λnp̂

n

is minimax for estimation of θ.

5. Find the limit distribution of the minimax estimator dM in problem 4 (i.e.√
n(dM(Xn) − θ) →d “something” and find “something”). Is dM a regular

estimator of θ?

Solution: Note that
√

n(1 − λn) = λn → 1. Hence

√
n(dM(Xn) − θ) =

√
n{λnp̂

n
+ (1 − λn)

1

k
− (λn + 1 − λn)θ}

= λn

√
n(θ̂n − θ) +

√
n(1 − λn)(

1

k
− θ)

→d Nk(0,Σ) +
1

k
− θ

= Nk(
1

k
− θ,Σ)
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where Σ = diag(θ) − θθT . To see that dM(Xn) is a regular estimator of θ, let
θn = θ0 + tn−1/2 where 1′t = 0 (so that 1′θn = 1). Then since p̂n is a regular
estimator of θ with

√
n(p̂n − θn) →d Z ∼ Nk(0, diag(θ0) − θ0θ

′
0)

under Pθn (which follows from the Liapunov CLT together with the Cram’er-
Wold device, or from contiguity theory), it follows that

√
n(dM(Xn) − θn) =

√
n((1 − λn)(1/k) + λnp̂n − θn)

= λn

√
n(p̂n − θn) +

√
n(1 − λn)(1/k − θn)

→d 1 · Z + 1 · (1/k − θ0)

∼ Nk((1/k − θ0), diag(θ0) − θ0θ
′
0),

where we used
√

n(1−λn) = λn → 1 and θn → θ0. Since this limiting distribution
does not depend on t, dM(Xn) is regular.
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