Statistics 582, Problem Set 3 Solutions
Wellner; 1/27/2010

1. Human beings can be classified into one of four blood groups (phenotypes) O, A, B,
AB. The inheritance of blood groups is controlled by three genes, O, A, B, of which
O is recessive to A and B. If r, p, ¢ are the gene probabilities in the population
of O, A, B respectively, then the probabilities of the six possible combinations
(genotypes) in random mating (where two individuals drawn at random from the
population contribute one gene each) are shown in the following table:

Phenotype | Genotype | probability
O 00 r?
A AA p?
A AO 2rp
B BB q°
B BO 2rq
AB AB 2pq

We observe among N individuals the phenotype frequencies No, Na, N, Nag,
and wish to estimate the gene probabilities from such data. A simple approach is
to regard the observations as incomplete, the complete data set being the genotype
frequencies Noo, NAA; NA(), NBB; NBO; NAB‘

A. Derive the EM algorithm for estimation of (p,q,r).

B. Estimate (p,q,r) from No = 176, Ny = 182, Ng = 60, Nap = 17.

C. Estimate the covariance matrix of the estimator (p, ¢, 7).

Solution: A. The complete data is N = (Noo, Naa, Nao, Ngs, Ngo, Nag) with
multinomial distribution Multe(N; (7%, p%, 2rp, ¢%, 2rq, 2pq)). Thus

P(N =n) =

N!
v

noo'naalnaongs!npo!nag!
_p2nAA+TlAO+nAB q2nBB+nBo+nAB r2noo+nAo+nBo onaotnpotnas.

This is proportional to a Mult3(2N; (p,q,r)) distribution, and hence the MLE’s
based on the complete data are

1
(9,4, 7) = ==(2Naa + Nao + Nap,2Ngg + Npo + Nap,2Noo + Nao + Npo) -

T 2N
This forms the basis of the “M - step”of an E-M algorithm. The incomplete data Y
is (Na, N, No, Nag) = (Naa + Nao, Ngs + Npo, Noo, Nap); thus

2
. p p
NgalY) = (Ngua|Ny) ~ B I(Ny, —— E(Njs4qlY)=N
(Naa|Y) = (Naa|Na) ~ Binomial( A’p2+2rp)’ (NaalY) Lo

2rp 2r

NaolY) = (Nao|N4) ~ Br al(Ny, ———— E(NgolY)=N
(NaolY') = (Nao|Na) ~ Binomial( A’p2+2rp)’ (NaolY) o




2
(NBplY) = (Npp|Ng) ~ Binomial(Np, qi)’ E(NgpglY) = Ng q

q> +2rq q+2r’
Y) = ~ Binomia E Y)= :
BO BO|VB By 2 forg) BO B oy

This gives the basis of the "E - step” for an E - M algorithm. Hence, starting from
(p©, ¢ 7O = (1/3,1/3,1/3) say, we take

~(m A 1 ~(m r(m \r(m \r(m
(60,4 = S @NEY + NG+ Nag, 2853 + Nigo) + Nag).

plm+1) 1 _ Z3(m+1) _ cj(mH)
where o)
Glm) _ p™ Gm) _ o xr(m)
NAA _NAﬁ(m)—i—QTA’(m)’ NAO = Na NAA?
r(m 5m) (r(m (r(m
R — N = Ny — NG

G0 1 27(m)”

B. For the given data, the E - M algorithm in A yields:

Iteration | p(™ | g™
0 333 | .333
1 298 | 111
2 271 | .094
3 .266 | .093
4 .265 | .093
5 .264 | .093
6 .264 | .093

Thus the estimator is (p, ¢, 7) = (.264, .093, .642).

C. Method 1:  Direct calculation from the (incomplete) data Y
(NA7N37N07NAB)'

The likelihood of the observations (N4, Np, No, Nap) = (Naa + Nao, Npp +
Npo, Noo, Nag) is

In(p.q) = Nalog(p”+2p(1—p—q))
+Nglog(¢® +2q(1 —p—q))
+Nolog(1 —p—q)* + Naplog(2pq) .

Thus
0? 1 2(1 —p—q)2
—25In(p.q) = 2Na +
op? w(p.9) {219 —p?—2pq  (2p—p*— 2pq)2}
4q2
+ Np
(2¢ — ¢ — 2pq)?
N Nag 2No

+ ;
P (1—-p—q)?
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o 1 2p(1 —p—q)
In(p,q) = 2N -
dpdq wip.9) A{2p —p2—2pg (2p—p?— 2pq)2}
1 4q?
}

ON
-+ B{2q

2N,
(1—-p—q)?’

—q*—2pq (29— ¢* — 2pq)?

+

2

0? 4p
—==In(P,q) = Na
d¢? vip.0) (2p — p? — 2pq)?
1 2(1—p—q)?
1 2Np
{2(1 —q*—=2pg (29— ¢* — 2pq)2}
Nap 2No

+ + .
? (1-p—q)?

Since
E(N4)=N@* +2p(1—p—q)),
E(Ng) = N(2q—¢* — 2pq) ,
E(Nap) = N(2pq),

and
E(No) =N(1-p—q)*,
it follows that
212 2q2 q
Li(p,q) = 2N{1 + — + =+ 1},
u(p.q) { 2p—p*—2pq 2¢—q*—2pqg p J
2p(1—p—q) 2¢(1-p—2q)
12(p:4) { (2p —p* —2pq)* (29— ¢* — 2pq)? J
212 2p?
D +]—9+1}

Io(p,q) = 2N{1 + -
20—q¢*—2pqg 2p—p*—2pq q

and hence the estimated Fisher information matrix is

. 9.01584 2.47553
Ip.a) = N( 2.47553 23.2541 )

so that

1
9 =5\ Zo0121631 0044208

A~

Furthermore, since 7 =1 — p — ¢,
Var(r) = Var(p) + Var(q) + 2Cov(p, q),

Cov(p,7) = =Var(p) — Cov(p,q),

Cov(q,7) = —Var(q) — Cov(p,q);

=D

1 0.114256  —0.0121631 _ 103, 0.262657 —0.027961
N —0.027961 0.101834

)



and hence we estimate Cov(p, ¢, 7) by

- 0.262657 —0.027961 —0.234695
Cov(p,4,7) =107 [ —0.027961 0.101834 —0.073873
—0.234695 —0.073873  0.308569

See the end of this solution set for the Mathematica code I used to carry out these
calculations.

Method 2: Via Louis’s formula
Louis (1982) gives the formula

Iy (0) = Eg{—lgo(X)[Y} — Couvg(ly(X), 1p(X)[Y).

I will apply this to the complete data model for X =
(Naa, NAO, N, Npo, No, Nap) parameterized by 6 = (p,q), and hence
r =1 —p — q. Thus the scores for p and ¢ are given by

o (48)-(1:1)

N, =2Ng4 + Nao + Nap,
Nq:2N33+NBo+NAB,
N, =2Noo + Nao + Npo.

where

Furthermore, minus one times the matrix of second derivatives is
Ny | N, N,
v =+ 5 =3
o _ p2 r r
lgo(X) = < N, Ny N |
,r.2 2 ,r.2

To compute the terms in Louis’s formula we need Ey(X)|Y) and Covg(X|Y) where
Y = (N4, N, No, Nag). To this end we calculate

AA A A 2 2 7“’ AO A A 2 2 7“’

Furthermore, since the conditional distribution of X given Y is given by

2 2
P 2pr q 2qr
Multy [ N Mult, ( N Oxeryn-Oxne
! 2( v (p2+2pr’p2+2pr)) ! 2( v (q2+2qr’q2+2q7°)) e e

the conditional covariance matrix of the complete data scores given Y is given by

Covg(lg(X)[Y) (1)
_ ( Varg(Ny/p — N;/r|Y) Covg(Np/p — Np/1r, No/q — N [r[Y) )
Covg(Np/p = Ny /1, Nofq = Ny fr|Y) Varg(Ny/q — Ny /7Y)
2
B vp<}o+$) + 5, vp<}2+$)+vq<r%+r—1q)
- 2
vp<r%+$)+vq<%2+r—1q) vq<§+%) + v,



since, by noting that Vare(N,

Varg(—NpolY'), we have

Varg(N,|Y)

Y) = Varg(—NaolY) and Varg(N,Y)
p? 2pr
= . =0
Ap2 + 2pr  p?+ 2pr P
2
q 2qr
=N . =
P2 @2 "
= Varg(N,|Y) + Varg(N,Y),
)Y) =0,
|Y) = —Varg(N,|Y),
|Y) = —Vary(N,|Y).

Combining these pieces and computing, we find that

. 8.99267 2.45797
Ip.9) _N( 2.45797 23.2005)
so that
=y )_i 0114518 —0.0121325 \ _ | 5 ( 0.26326  —0.027891
PO=5\ 00121325 00443878 )~ —0.027891  0.102041 )

Furthermore, since 7 =1 — p — ¢,

Var(r) = Var(p) + Var(q) + 2Cov(p, q),

- 0.26326  —0.027891 —0.235369
Cov(p,q,7) =107 [ —0.027891 0.102041 —0.074150
—0.235369 —0.074150  0.309095

See the end of this solution set for the Mathematica code I used to carry out these
calculations.

. Lehmann and Casella, TPE, Problem 4.9, page 504: Consider
the following 12 observations from a bivariate normal
distribution with parameters pu; = gy = 0, o2, o032, and p

(17 1)7 (17 _1)a (_L 1): (_17 _1>7 (2a *)a (27 *)7 (_27 *)7 (_27 *)7 (*a 2): (*a 2>> (*’ _2)’ (*7 _2>
where “x” represents a missing value.

(a) Show that the likelihood function has global maxima at p
0? = 02 = 8/3, and a saddlepoint at p =0, 67 = 05 = 5/2.

(b) Show that if an EM sequence starts with p = 0, then it remains with p = 0 for
all subsequent iterations.

(c) Show that if an EM sequence starts with p bounded away from zero, it will

converge to a maximum. [This example is due to Murray (1977), and is discussed
by Wu (1983).]

+1/2,



Solution: (a) The density of a bivariate normal random vector (X,Y") with p; =
pe = 0, variances o7 = o2, 03 = 72, and correlation p (so that § = (0,7, p)) is given
by

| 5wy
Polx, - €exXp -7 o7 )
ol,y) 21\/?72(1 — p?) 2(1—p? )

and the marginal densities of X and Y respectively are given by

( ) 1 x?
x) = exp | —=—
P16 27‘(‘0’2 p 20_2 )

1 2
Y
p2,0(y) = \/Wexp (_ﬁ) .

Thus the contributions to the log-likelihood are of the form

o 2y 4 o2

1
log pg(z,y) = —logo — log T — 5 log(1 — p?) — & 2(10_ pr

and —log o —2?/(20?), —log T — 2 /(27?%), respectively. Thus for the given data the
log-likelihood is given by

1,(0) = —4logo —4logt —2log(1 — p?)
1 1 2 1 1 2 1
7{? Pl S R

1 2 2 8 8
= —8logo —8logT — 2log(1 — p?) — e S
ogo — 8logT — 2log(1l — p7) =2 {02 +T2}

We compute

0 8 4 16 1 4 16

GO = Tt = O A e )

0 8 4 16 1 4 16

B @ =2 st w = T A )
2

0 A 2p 2 2 1 2 2
oo = 1= (1—p2)2{02+72}_(1—p2){2 1—p2{02+72}}'

It is easily seen that these scores are zero at both 6 = (1/8/3,+/8/3,£1/2) and

at 0 = (/5/2,1/5/2,0). Furthermore 1,,(/8/3,+/8/3,£1/2) = —15.2713... while

Ln( 5/2, V/5/2,0) = —15.3303.... Thus it seems that the first pair of points 0 =

(/8/3,4/8/3,£1/2), yield a (non-unique) maximum, and that 8 = (1/5/2, 1/5/2,0)

corresponds to a saddle point. The plot below shows the (exponentlal of the)
likelihood function (o, p) — expll, (o, o, p)].



Figure-1:

1 1.2 1.4 1.6 1.8 2 2.2 2.4
Figure 2: Contour plot of (o, p) — expll, (o, 0, p)].

(b) A natural EM - algorithm for estimation of 6 proceeds as follows. Let the
complete data X be

X = (X1, Y1),...(Xu, Yo)) with n =12,
and let the incomplete data be

Y = ((X1>}/1)7"'7(X47Y21)7X57'"7X87}/§7"'>}/12)-



Then, since
E(Yj|X;) = prX;/o,  E(Y}P|IX;)=7(1-p) + (p7X;/0)*,  j=5,....8,
E(X;Y)) = poYi/7,  EXJ|Y;) =0*(1=p*) + (poY;/7)°,  j=9,...,12,
the conditional expectation of the complete data log-likelihood given Y is given by
E {log pg(X)[Y'}
= —12log{o7(1 — p*)*?}
1 {E( CXRY) 2B XYY) | B(EY Yfm}
p?)

2(1 — p? 02 oT T2
1 T (Y)  2pT1a(Y)  Tho(Y)
= —-121 1— 2\1/27 1,1 . , ,
og{or(1 = p7)"} 2(1 = p?) 02 oT + T2

where

Ti1(Y) = Tia(Y,0) = (ZX2|Y>

= ZX3+ZE(XEM)

- i:xf + i{aQ(l —p") + (poYi/7)"},
Tio(Y) = Tio(Y,0) = (ZXY]Y)

— ZXZ-YZ- + ZXZE(YZ-\XZ) + iYiE(XAYi)

1=1 1=5 1=9

4 8 12
- me + Z Xi(prXi/o) + > YilpoYi/T),
1= ] =9

Too(Y) = Too(Y,0) = ZYQ]Y

12
= ZYE + ZE(Y?M +) Y
=1 1=5 =9
4 8

= YV AT ) (pr /o)y + Y

Furthermore, the MLE’s § = é(X) = (6,7,p) of 0 = (0,1, p) for the complete data
are given by



p=n""To(X)/(67) =n"" Z X,Y;/(67)

We find that the E—step of an EM - algorithm is given by
T = (T4(Y,00), Tia(Y,007), Toa(Y.6)) = (17 T3 133)).
Here 0 = (5© 7 50) is an initial point to start the algorithm, and, for m > 0,
Him+1) _ é(T(m )= <n’1T1(T), n’lﬂ(g), nfljvl(gl)/(&(m)%(m)))
gives the M-step.
Note that when p® = 0 we have T(m) S, X;Y; = 0 for all m > 1, and hence
P =0 for all m > 0.
(¢) To show that if an EM sequence starts with p bounded away from zero, it
converges to one of the two maximizing points 07 = (\/8/3,4/8/3,£1/2), note

that if we start with (%) > 0, then the sequence p{™ stays positive for all m. This

follows because ()  (m)
" sm
=) + 16p = > 0.

Furthermore, if we start at 0O with 0(0 = 70 then by symmetry of the data, the
whole sequence 0™ satisfies (™) = 7(m Thus

T =0+ 16p

A

T = 204+ 4E™P(1 - (™)) + 16()
= 20+ 472 (1= (p"™)%) +16(p™) = T3y

and
Tia =16 + 16 = 3250
Since
me1y _ 320" /12 3290 /12
P G(m)7(m) (6(m)2
(s = 20+ 4EM)( — (")) + 16(p™)”
12 ’
it follows that any limiting point (s, Too, Poo) must satisfy
32 Poo
Poo = EO_—Q, and
20 1 A
2
J— 1 _
Opo = 19 + 3000( poo) + 3poo

The first of these implies that o2 = 8/3, and plugging this into the second
relation we find that p2 = 1/4, or pe = =£1/2. The resulting two points
QE_LOO) = (1/8/3,1/8/3,%1/2) are exactly the points of maximum of the incomplete
data log-likelihood. This argument extends to the case in which 6© £ 7).

It is straightforward to implement the algorithm in Mathematica or R, and numerical
experimentation confirms these conclusions.

9



3. Lehmann and Casella, TPE, Problem 4.12, page 505.

Solution: Suppose X;,i =1,...,nareii.d. with density ps(z) = Og(x)+(1—0)h(z)
where g and h are known densities with respect to some dominating measure pu.
Suppose that Z; are i.i.d. Bernoulli(#) and that conditionally on Z;, (X;|Z;) has
conditional density g(x)Zih(z) =%

(a) It follows immediately that the joint density gg of (X;, Z;) is

QQ(JJZ-, zi) = g(xi>z¢h(xi)1fziezz~(1 _ 9)17@7
and the joint density of the complete data is

n

qw(z.z) = []Og(x)) (1 - 0)h(x)) = = [ [{zg(z:) + (1 — 2)h(z:)}67 (1 - 6)™.

i=1 i=1
Thus the complete data likelihood is given by

n

L(0|X, Z) = [ [(09(X:))7((1 = O)h(X;))' 7.

i=1
(b) To show that

0g(Xi)

P00 = Gy (- iy .

it suffices to show that

09(X:) _
{0 o ey B0 )

for all Borel sets B. But since the marginal density of X; is given by py, we see that
the left side in the last display is equal to 0 [ 1p(x)g(z)du(z), and this equals the
right side by direct calculation. Thus (3) holds.

For the complete data (X1, Z1),...,(X,, Z,), the MLE of 0 is 0, = Z,. Hence the
EM algorithm for estimation of # is given by

guth = ZZ 6Y), X, (5)
_ 1 n)g(Xz‘)
o ; 0 g(X:) + (1 — 09R(X,) ©)

(c) The expected complete data log-likelihood given the observed (or incomplete)
data is

Q(010, X)

= Ejy, <Z {Zi(log 0 +log g(X;)) + (1 — Z;)(log(1 — ) + log h(X;))} ’X)

i=1

N fog(X,)
E ; {909(?@) (1= Gyn(xy) (lo8f Flos (X))

Oog(X;)
" (1  0g(X:) + (1= 0)h(X,)

10

) (log § + log g(Xi))} .



This is a continuous function of #y and 6 € (0, 1). Thus by Theorem 4.12, Lehmann
and Casella page 460, all limit points of an EM sequence {Q(j )} are stationary points
of L(|X), and L(6Y|X) converges monotonically to L(f|X) for some stationary
point 6.

In this case, the log-likelihood function for the incomplete data is (strictly) concave:
note that

1,(0]X) = Z log{0g(X;) + (1 — 0)h(X;)}

is a concave function of 6 since the individual terms in the sum are logarithms of
linear functions. Here we compute

. B - g(Xi) - h(Xi)
1(0) = ; 09(X;) + (1 — (X))

oo (9(Xi) — h(X3))
WO) = =) G+ T (X))

=1

with strict inequality if g(X;) # h(X;) for some i. In the latter case, the MLE
¢ exists and is the unique stationary point of the log-likelihood. Note that if 6\
converges to, say ), then by (5), #) satisfies

<0

n 2(00)
gloo) — 1 Z On " g(Xi)
n 00 g(X) + (1 - 6°)h(X,)

But this is just another way of writing the score equation z'n(é(m)) = 0. Thus
09 — @, the MLE of 6 based on X.

. Lehmann and Casella, TPE, Problem 4.16, page 506, modified as follows (It seems
to me that (; in the third line of the problem statement should be just (.)

We observe independent Bernoulli variables Xi,..., X, which depend on
unobservable variables Z; distributed independently as N (¢, 0?) where

07 if Zzguza
Xi_{ 1 i Z > u

Assuming that uq,...,u, are known, we are interested in obtaining Maximum
Likelihood estimates of ¢ and o2.

(a) Show that the likelihood function is [, p; (1 — p;)'~*¢ where p; = P(Z; >
u;)) = (¢ —u;)/o), i = 1,...,n. You will need to make further appropriate
changes in Lehmann and Casella parts (c)-(e) as well. (I claim that ¢ and o? are

not identifiable if u is a constant as stated the problem as given.)

Solution: (a) Here Z; ~ N((,0%),i=1,...,nareiid., and then X; = 1(,, )(Z;)
for i =1,...,n. Thus X; ~ Bernoulli(p;) with

pi = pi(C,U):PQU(Z>uZ-):1—CI>(ui_g)

o
_ (I)(C—Ui)'
o

11




(a) Thus the likelihood of the X;’s (the incomplete data) is
L(¢,0]X) = sz I
(b) The likelihood of the Z;’s (the complete data) is

weol2) =TTz ove (~5(4= 7).

and the expected complete data log-likelihood given the observed (or incomplete
data) iS, with 0 = (C,O’), 90 = (C0,0'(]),

1 n
Q(016y, X) = —g log(27T02) ~ 5.2 ; {Eeo(ZﬂXi) — 20 By, (Z;] X)) + CQ} .

(c) Since the MLE’s for the complete data (the Z;’s) are the usual

f: A and
N 2= =0ty 22 -7,
=1 i=1

it follows that the EM sequence is given by

s T~ g s
(U = - Zt(C(]),U(J),Xi,Ui),
i=1

GUY = S 0,69, X, ) — (COY,
=1

where

t(¢,0,X,u) = E(Z|u, X, (,0),
v((,0,X,u) = B(Z%u, X,(,0).

(d) To find explicit expressions for the conditional expectations in the last display,
we proceed via the following two claims:
Claim 1. Let W ~ N(0,1) and Y = 1(;5)(W). Then

(1) —o(t) _
E(W2Y) =1 +tE(W[Y) = 1 + tH(t,Y).

EW|Y) =Y +(1-Y)

Claim 2. If Z ~ N(¢,0%) and X = 1(,00)(Z), then
E(Zlu, X,¢,0%) = <+aH( < )
o
E(Z%u, X,(,0%) =+ o> +o(u+OH (U__C’X) '
o

12



Proof of Claim 1: To prove the first part of Claim 1 we need to show that

E {1B(Y) (Y% +(1- Y)%g)) } = B{1;(Y)W}

for all Borel sets B; see e.g. Lehmann and Romano, TSH, pages 36 - 37, or Shorack,
Probability for Statisticians, page 158. Since Y takes values in {0, 1}, it suffices to
show this for B = {0} and for B = {1}. For B = {1}, the left side equals

(t)
E{Y———) =0o(t
{2} = o
while the right side equals

E{1g(Y)W} = E{Wlwsq} = / z2¢(2)dz = —/ ¢ (2)dz = o(t),
t t
so the required identity holds. For B = {0} the left side equals

la-ngEh = -on.

and the right side equals

EWiwa) = [ soa)z=— [ o)z =—o(0),

so the identity holds in this case as well, and this completes the proof of the first
part of the claim. To prove the second part of claim 1, we need to show that

E{Lp(Y)(1 +tE(W|Y))} = E{15(Y)W?)

for all Borel sets B. As before, since Y takes values in {0, 1} it suffices to consider
B = {0} and B = {1}. For B = {1}, we use the calculations above to see that the
left side equals

p+to(t)
while the right side equals

EW? 1lysy) = /00 2o(2)dz = — /00 2¢'(2)dz = — /OO udv

— —{uy|f°—/ vdu} with u =z, v=¢(z),
t

= to(t) + 1 — 0(t) = to(t) +p,

so the required identity holds. The verification for B = {0} is similar, and this
completes the proof of Claim 1.

Proof of Claim 2: This proceeds by reduction to Claim 1: note that (Z — ()/o =4
W~ N(O, 1), and X = 1[Z>u} = 1[(Z—C)/a>(u—<)/a} =, Y with t = (u — C)/O’ Thus

t((,0,X,u) = E(Zu,X,(,0)
= crop (X =1z - Ol > (=)o)

— (+oH (U—_QX)
o

13



and (with t = (u — () /o),

v(¢,0,X,u) = E(Z%u, X,( 0) = E((C+oW)?Y)
C+20CEW|Y) + > E(W?Y)

= (*+20 gH( C )+02(1+U_€H(U_€,X))
g g g

= CHo’+ou+H (UT_C,X).

(e) To see that the EM iterates converge to the ML estimates ¢ and & of ¢ and
o, note that ¢((, o, X,u) and v({, 0, X, u) are continuous functions of ¢ and o, and
hence the expected complete data log-likelihood Q(6]6y, X) is continuous in both
0 = (¢,0) and 0y = (o, 00). It follows from Theorem 4.12 of TPE page 460 that
all the limit points of an EM iteration sequence are stationary points of L((, o|X).
This is consistent with what we get by writing down the score equations for the
incomplete data version of the model: In this case

1(¢,0]X) = Z{Xlogpzcw (1= X,) log(1 = pi(¢,0))},

SO
) " X; 1—-X; Op; = Op; /¢
(¢, 0| X) = — — = X —pi(¢,0))———,
(o) = 2 s T % 2 Xi=nlG o
lo’ ) X = - - X’L — Ds 5 _—.
(¢l X) ; {pi(CaU) 1 —pi(C,U)} do ;( pil6 J))Pi(l — i)
Note that if all the u;’s are equal, then the ratios
pi/ ¢ . and Opi/ 0o
pi(1 —pi) pi(1 —pi)

are constant in ¢ and the two score equations above degenerate to the same equation
and yield p = n~'>"" | X,. But this is not enough to be able to estimate both ¢ and
o. Thus it seems that the u;’s need to take on at least two distinct values in order
for both ( and o to be identifiable. Also note that this problem is a parametric
version of the model discussed in Example 4.6.5, page 40, Chapter 4 notes (with Y;
there being the current (deterministic) w;, and X; there being the current Z;).

. Suppose that the ”"complete data” X is given by three independent multinomial
random vectors,

N(1)=(Ny(1):i=1,...,m7=1,...,5) ~ Mult,s(ny;p = (
N(2)=(N;2):i=1,....,m7=1,...,5) ~ Mult,s(ng; p = (

Suppose that the ”incomplete data” Y consists of N(1), (N;.(2) : 1 <i <7),(N,(3):
1 <j <s). Thus N(1) gives cell counts for a two-way table, while (IV;.(2) : 1 <i <
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r)and (N;(3) : 1 < j <s) give additional information on the marginal distributions
of the table. (If ny and ng are very large relative to ny, we might regard the marginal
distributions as “known”.)

A. What are the distributions of N(1),(N;.(2) : 1 <i <r)and (N,;3):1<j5<
s)?

B. Find the conditional distribution(s) of X given Y.

C. Suggest an EM - algorithm for estimation of p.

Solution: A. By elementary considerations,
(N:.(2): 1 <i<r)~ Mult,(ng; (pi. : 1 <1 <))
and
(N;(3):1<j<s)~ Mults(ng;(p;:1<7<s)).
B. First note that if
(Nij) ~ Multys(n; (pi;)),
then
(N:) ~ Malt, (n; (p;.)

as in A (since the components of (N;.) give the number of times outcome i occurred
in n independent trials with probability p; on each trial). Furthermore

(N HMult i (P /i) - (7)

(6) can be proved most easily by direct calculation of the conditional distribution:

p(Nij:kij,izl,...,T,j:1,...,S’NZ’.:ki.,izl,...,r

- n'HH k;]l

i=1 j=1

_ H{’“H pm/pz }

=1

i=1

on the set k;. = 25‘:1 kij, v =1,...,7. The terms inside the first product are just
the Mult,(k;.; (pij/pi.)) probabilities.

Hence conditional on (N;.(2) : 1 < ¢ < r) the vectors (N;;(2) : 1 < j < ),
i=1,...,r are independent with (N;;(2) : 1 < j < s)|N;. ~ Mults(N;; (pij/pi;J =
1,...,s)). Similarly, conditional on (N;(3) : 1 < j < s) the vectors (N;;(3) :
1 <i <),y =1,...,s are independent with (N;(3) : 1 < i < r)|N; ~
Mult, (N.;; (pij/p.j;i=1,...,7)).

C. If we had the complete data N;;(1), N;;(2), N;;(3) for all 4, j, then N;; = N;;(1)+
Ni;(2)+ N;;(3) has a multinomial distribution with number of trials n = ny +nq+ng,
and hence the MLE p = (p;;) of p = (pi;) is given by

b= i _ Nij (1) + Nij(2) + Ny, (3)
* n ny + N9 + N3 '
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This is the basis of the “M - step” of an E-M algorithm. But from B it follows that

Pij Dij
E(Ni;(2)|Ni.(2)) = Nz’-(2)p—7 o E(N;(3)[IN;(3)) = N-j(3)p—], :
(A -J
This is the basis of the “E - step” of an E-M algorithm. Thus, for some reasonable
preliminary estimator like @(O) = (ﬁg?)) = (N;;(1)/n), a natural E - M algorithm is
defined by
A(m+1) . Nij(l) + Ni(]m)(Q) + Ni(]m)(g)

ny + Ng + N3

where
o A P
m _ v m = *J
N"@=N@)y, NG ) = N6) 5
;. j
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Mathematica code used in problem 1C, method 1:

pAlp_, q_] :=
pBlp_, q_] :=
pOlp_, q_1 :=
pAB[p_, q_]
LpAlp_, q_]
LpBlp_, q_]
LpOlp_, q_]
LpAB[p_, q_]

LL[p_, q_, nA_

:= Derivative[l, 0, 0, 0, O,
:= Derivative[O, 1, 0, 0, O,
:= Derivative[2, 0, 0, 0, O,

:= Derivative[O, 2, 0, 0, O,

LL10[p_, q_,
LLO1[p_, q_,
LL20[p_, q_,
LLO2([p_, q_,
LL11[p_, q_,

:= Derivative[1l, 1, 0, 0, O,

LL10[p, q, nA
LLO1[p, g, nA
LL20[p, g, nA
LLO2[p, g, nA
LL11[p, q, nA

EnAlp_, q_
EnBlp_, q_
EnO[p_, q_
EnAB[p_, q_]

—_

ELL20([p_, q_]
ELLO2[p_, q_]
ELL11[p_, q_]

ELL20[p, q]
ELLO2[p, q]
ELL11[p, q]

a = .264

pP"2 + 2%px(1 - p - q)
Q"2 + 2xgx(1 - p - q)
(1-p-q-~2

1= 2%pxq

:= LoglpAlp, qll
:= Log[pBlp, qll
:= Log[p0lp, qll

:= Log[pAB[p, qll
, nB_, nO_, nAB_]

nAxLpA[p, q] + nB*LpB[p, q] + n0*LpO[p,

nA_, nB_, n0O_, nAB_]
nA_, nB_, nO_, nAB_]
nA_, nB_, nO_, nAB_]
nA_, nB_, n0O_, nAB_]
nA_, nB_, nO_, nAB_]
, nB, n0, nAB]
, nB, n0, nAB]
, nB, n0, nAB]

, nB, n0, nAB]
, nB, n0, nAB]

pP"2 + 2xpx(1 - p - q)
qQ°2 + 2%qx(1 - p - q)
1-p-9°~2

1= 2%p*q

0] [LL] [p,
0] [LL] [p,
0] [LL] [p,
0] [LL] [p,

o] [LL] [p,

q,

g9,

q,

g9,

g9,

q] + nAB*LpAB[p,

nA, nB, n0, nAB]
nA, nB, n0, nAB]
nA, nB, n0, nAB]
nA, nB, n0, nAB]

nA, nB, n0, nAB]

ql

:= LL20[p, q, EnAlp, ql, EnB[p, ql, EnO[p, ql, EnAB[p, qll
:= LLO2[p, q, EnAlp, ql, EnBlp, ql, EnO[p, ql, EnAB[p, ql]
:= LL11[p, q, EnAlp, ql, EnBlp, ql, EnO[p, ql, EnAB[p, ql]
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b = .093

-ELL20[a, b]
-ELLO2[a, b]
-ELL11[a, b]

-ELL20[a, bl/2
-ELL02[a, bl/2
-ELL11[a, b]/2

IfM = {{-ELL20[a, b], -ELL1i[a, bl}, {-ELL1i[a, b]l, -ELLO2[a, bl}}
IfMI = Inverse[IfM]

Ntot = 176 + 182 + 60 + 17
IfMIN = IfMI/Ntot

Vr = (IfMI[[1, 1]] + IfMI[[2, 2]] + 2«IfMI[[1, 2]])/Ntot
CovPR = (-IfMI[[1, 1]] - IfMI[[1, 2]]1)/Ntot
CovQR = (-IfMI[[2, 2]] - IfMI[[1, 2]]1)/Ntot

IfMINwR = {{IfMIN[[1, 1]], IfMIN[[1, 2]], CovPR},
{IfMIN[[1, 2]], IfMIN[[2, 2]], CovQR},
{CovPR, CovQR, Vr}}

Mathematica code used in problem 1C, method 2:

MinHCX[p_, q_, r_, n0O_, nAA_, nAO_, nBB_, nBO_, nAB_] :=
{{(2*nAA + nAO + nAB)/p~2 + (2+n0 + nAO + nBO)/
r~2, (2*n0 + nA0 + nB0)/r~2}, {(2*n0 + nAO + nB0)/

r~2, (2*nBB + nBO + nAB)/q"2 + (2#n0 + nAO + nB0)/r~2}}

EnAA[nA_, p_, q_,
EnAO[nA_, p_, q_,
EnBB[nB_, p_, q_,
EnBO[nB_, p_, 9_,

] := nAxp~2/(p~2 + 2xp*r)
1 = nAx2*p*xr/(p~2 + 2*p*r)
] := nBxq~2/(q"2 + 2x*qg*r)
] = nBx2*qxr/(q"2 + 2xq*r)

EMinHCY[p_, q_, r_, nA_, nB_, n0_, nAB_] :=

MinHCX[p, q, r, n0O, EnAA[nA, p, q, r]l, EnAO[nA, p, q, 1],
EnBB[nB, p, q, r], EnBO[nB, p, gq, r]l, nAB]

VarNp[nA_, p_, q_, r_] nA*2xp~3*%r/(p~2 + 2%p*r) "2
VarNq[nB_, p_, q_, r_] nB*2xq~3*%r/(q"2 + 2%g*r) "2
VarNr[nA_, nB_, p_, q_, r_] :=

nA*2%p~3*xr/(p~2 + 2%p*r) 2 + nB*2%q~3*r/(q"2 + 2*q*r) "2
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—nAx2*p~3xr/(p~2 + 2%xpx*r) "2
-nBx2*q~3xr/(q"2 + 2xq*r) "2

CovNpr[nA_, p_, q_,

r_]
CovNgr[nB_, p_, q_, r_]

EMinHCXgY[p_, q_, r_, nA_, nB_, n0_,
nAB_] := {{VarNp[nA, p, q, rl*x(p~(-1) + r~(-1))"2 +
VarNq[nB, p, q, r]l/r"2,
VarNp[nA, p, q, rl1*(x"(-2) + p~(-1)*r~(-1)) +
VarNq[nB, p, q, rl*(r"(-2) + q"(-1)*r~(-1))}, {VarNp[nA, p, q,
r]*x(r~(-2) + p~(-D)*r~(-1)) +
VarNq[nB, p, q, rl*(r"(-2) + q~(-1)*r~(-1)),
VarNq[nB, p, q, rl*(q~(-1) + r~(-1))"2 + VarNp[nA, p, q, rl/r"2}}

InfEst2[p_, q_, r_, nA_, nB_, n0_, nAB_] :=
EMinHCY[p, q, r, nA, nB, n0, nAB] -
EMinHCXgY[p, g, r, nA, nB, n0, nAB]

a = .264
b = .093
c = .642
NA = 182
NO = 176
NB = 60
NAB = 17

Ntot = NA + NB + NO + NAB

NInfEst2 = InfEst2[a, b, c, NA, NB, NO, NAB]/Ntot
IfMI = Inverse[NInfEst2]

Vr = (IfMI[[1, 111 + IfMI[[2, 2]]1 + 2+«IfMI[[1, 211)
CovPR = (-IfMI[[1, 1]1] - IfMI[[1, 2]11)
CovQR = (-IfMI[[2, 211 - IfMI[[1, 211)

IfMINwR = {{IfMI[[1, 111, IfMI[[1, 2]], CovPR}, {IfMI[[1, 2]],

IfMI[[2, 2]], CovQR}, {CovPR, CovQR, Vr}}
IfMINwR/Ntot
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nAB 2 no 2nA (1-p-q) 2nBqg
Oout[183]= —— — + . _ -
p l-p-g p°+2p(l-p-q) 2(l-p-qg)a+q

2nAp 2no nAB 2nB (1-p-q)
Out[184]= — . - + + 5
p’+2p(l-p-q) 1l-p-a g 2(l-p-q)a+gq

nAB 2 nA 2 no 4nA (1-p-q)? 4nBq?
Ouf[18sl= -~ —— - — - 5 S 3
p p*+2p (l-p-q) (l-p-q) (p?+2p (1-p-q)) (2(1-p-q) q+q?)
4 nA p? 2 no nAB 4nB (1-p-q)? 2 nB
out[186]= - 5 P 5 2
(p*+2p(1-p-q)) (l-p-q) q (2(1-p-a) q+q?) 2(l-p-q)g+gq
2 nA 2 no 4nAp (l-p-9) 4nB (1-p-49) gq 2nB
Out[187]= — ; - p + 2 + 5 ;
p°+2p (l-p-q) (l-p-q) (p?+2p (1-p-q)) (2(1-p-q) a+q?) 2(l-p-9)g+4q
4(1-p-q)? 2q 4q’
out[195)= -4 - —4M8M - — -
p’+2p(l-p-q) P 2(l-p-q)q+q’
4p? 2p 4(1-p-q)°?
Out[196]= 7472—7—7 ;
p°+2p (1-p-q) qa 2(l-p-g9)ga+dg
4p(1-p-q) 4(l-p-9g9)g
Oout[197]= -6 + +

out[198]= 0.264

out[199]= 0.093

Out[200]= 9.01584

Out[201]= 23.2541

Out[202]= 2.47553

Oout[203]= 4.50792

outj204]= 11.6271

out205]= 1.23776

outi206]= {{9.01584, 2.47553}, {2.47553, 23.2541}}

out207]= {{0.114256, -0.0121631}, {-0.0121631, 0.044298}}
Out208]= 435

out209]= {{0.000262657, -0.0000279612}, {-0.0000279612, 0.000101834}}
Out[210]= 0.000308569

Outj211]= -0.000234695

Oout212]= -0.0000738732

out213]= {{0.000262657, -0.0000279612, -0.000234695},

{-0.0000279612, 0.000101834, -0.0000738732}, {-0.000234695, -0.0000738732, 0.000308569}}

Figure 3: Output from Mathematica code, method 1
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out[i65]= 0.264
out[166]= 0.093
out[167]= 0.642

Out[i68]= 182

out[169]= 176
out[170]= 60
out[171]= 17
out[172]= 435

out173]= {{8.99267, 2.45797}, {2.45797, 23.2005}}

out[174)= {{0.114518, -0.0121325}, {-0.0121325, 0.0443878}}
out[175]= 0.134641

Out[176]= —0.102385

out[177]= -0.0322553

out[178]= {{0.114518, -0.0121325, -0.102385},
{-0.0121325, 0.0443878, -0.0322553}, {-0.102385, -0.0322553, 0.134641}}

out[179]= {{0.00026326, -0.0000278909, -0.000235369},
{-0.0000278909, 0.000102041, -0.0000741501}, {-0.000235369, -0.0000741501, 0.000309519}}

Figure 4: Output from Mathematica code, method 2

21



