Statistics 582, Problem Set 2 Solutions
Wellner; 1/20,/2010

1. Problem 1, page 117, Ferguson, ACILST. What happens if © = [1, 00) or (0,00)?

Solution: (i) Ferguson’s problem: here is a verification of the five conditions (a)-(e)
when © = [1,2]:

(a) © = [1,2] is closed and bounded, hence compact.

(b) For fixed z < 1, p(x,0) = 1/6 is continuous; for 1 < z < 2, p(x,0) = 07'1{0 > z,
which is upper semi-continuous. For z > 2, p(z,0) = 0 which is a continuous
function of #. Since log is a continuous function on (0, c0), these (semi-)continuities
carry over to f(x,0) =logp(z,8) — logp(z,6).

(c) Fix 6, € ©. Then

0o/0) r<1
1 ( 0 )
p(@,0) _ 0 loa®) _ (00/0) 1 poy(6), 1< <0y
p(x,00) 0 L. (x) 0, x> 0,
SO
p(x,0) b0
su =K(z)=001{z <1} + —174,(x) + 001, 00) (),
sup L = (o) = 01 < 1)+ L1000(a) + 01 2)
and
x,0
sup log M = F(x) = (log o) 1{x < 1} 4 log(bo/x)1 (1,6, (x) + 0014y ,00)(2),
6cO p(l’:@o)

satisfies Fy, F'(X) < 0.
(d) The function ¢(z, 6, p) is given by

1 1/(0_p>7 33'<(9—p
o(x,0,p) = sup @1[0,9/]@) =1 1/x, lz—6] <p
0:16"—0|<p 0, x>0+,

which is clearly measurable.

(e) If p(x,0") = p(x,0) a.e. Lebesgue, then

0'Nb
0'v o

1 /
0= 5 / ’p(x79> _p(xae )‘dl' = dTv(Pg,Pgl) =1- n(P97p9/> -1

where the last equality follows by a direct computation. This yields 8’V § = 6 A6,
which implies § = 6'.

(ii)) When © = [1,00) or © = (0,00), then O is no longer compact, and Wald’s
theorem does not apply directly. One way to remedy the problem is to compactify
the set © by some appropriate identification of points in © with points on the unit
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half-circle (as discussed in class). Another way to proceed is to show that the MLE
is in a compact set eventually with probability 1; see e.g. van der Vaart’s re-working
of Wald’s theorem. In this case the MLE is 6,, = maxj<;<, X; = X(,), and it follows
that for any 6y > § > 0

Pgo(go -0 > é\n) = (900; 5) s

which has a finite sum on n, and hence by the Borel-Cantelli lemma
Py, (gn < 6y — § infinitely often) = 0,
or, equivalently,
Py, (6o > é\n >0y — ¢ almost always) = 1.

Note that this argument already yields almost sure consistency of the MLE in this
case since 0 can be chosen to be arbitrarily small.

. (a) Suppose that X, X;,..., X, are i.i.d. with distribution P on R satisfying
E|X| < oo. Consider the example discussed in class on 1/8/2010: if V,, is defined
by

1 & _ _
V,=— X, — X,| =P, X — X,
2D X = BX - X
show that
Vi —as v = E|X — pl

where = E(X).

(b) Now suppose we generalize the problem considered in (a) by considering X1, ..., X,
iid. P on R? and powers other than 1: let || - | be the usual Euclidean metric in
R?, and consider

1 — -
Valr) =~ 3 I1X =X
=1

for 1 < r < 2 where X, is the (multivariate) sample mean of the X;’s. Show that
if E||X||" < oo, then V,,(r) — 4.5 v(r) where v(r) = E||X; — p||” where p = E(X) €
R??

Solution: (a) Let F = {f:(x) = |z —t|, |t — p| < ¢} where fi(z) = |x —t|. Then
lfi(x)] = |x —p+p—t <|z—p +d = F(x) by the triangle inequality, and
EF(X) = FE|X — p| +0 < oo since E|X| < co. Since t +— fi(z) is continuous for
every z and T = [u — d, pu + 0] is compact, it follows from Theorem 4.4.2 that

sup [P, f(X) — Pfi(X)| = sup [Pn(f) = P(f)] —as. 0.

teT fer



Then, since g(t) = Pf, = E|X — t| is continuous and X,, —,, p, we have for
n 2 Né,w

Vi — g(u)]

P, fx, (X) = Pfu(X)
P fx, (X) = Pfx, (X)) + 19(Xn) — g(w)]

sup [Py fi(X) = Pf(X)] + [9(Xn) — g(p)]
te[p—3d,u+0]

—as 0+0=0.

VARVAN

(b) Essentially the same argument works for V,,(r) = n=t 3" | [|X; — X, ||” when
the X;’s are i.i.d. in R? with E||X||" < oco: for § > 0let F = {fi(z) : ||t —pl <5}
Then with ¢, = 21,

(@) = llz = p+p=t]" <edlle = pl" +llp ="y < efllz = pll" + 0"} = F(2)
by the triangle and ¢, —inequalities. Since E|X||" < oo, it follows that
EF(X)=c¢{E|X —p||"+ 0"} < cc.

Since t — f;(x) is continuous for every x and T = {t : ||t — u|| <} is compact, it
follows from Theorem 4.4.2 that

sup [P, fi(X) — Pfi(X)| = sup [Pu(f) = P(f)] —a.s. 0.

teT feF

Then, since g(t) = Pf, = E||X — t||" is continuous and X, —, p, we have for
n Z Né,w

Va(r) —g(pw)| = [Pufx, (X) = Pfu(X)]
< |Pufx, (X) = Plx, (X)|+19(Xn) — g(w)]
< {t.”tsimﬂ@} P fe(X) — Pf(X)|+ |9(X0) — g(w)]
e 04+0=0.

. (a) In connection with Problem 1.3 (Ferguson, ACILST, page 117, problem 2, with
parameter space © = [0, 1]), does Wald’s Theorem 4.3, page 28, Chapter 4 notes

apply?
Take a continuous version of the density in this problem; i.e.

T 1l—=x

p(z,0) =2 (51[0,6}(3?) Tz 91(9,1}(1’)) : (1)

(¢) Do our hypotheses A0-A2 (of Section 4.1) hold in this example?
(d) Do our hypotheses A3 and A4 (of Section 4.1) hold in this example?
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(e) Does there exist an estimator 6, of # which is n'/?—consistent?

Solution: (a) Solution: We proceed to verify the conditions (a) - (e) of Theorem
4.3 of the course notes. First (a) holds since [0, 1] is compact. (b) holds since for
0 < z < 1 the function 6 — p(z, 0) is continuous (and hence upper-semicontinuous),
while for # = 0 the function 6 — p(0,6) = 1 (0) is upper-semicontinuous, and
similarly for z = 1 the function 6 — p(1,0) = 1(;3(0) is also upper-semicontinuous.
To see that (c) holds, consider the two cases 8 > 6, and 6 < ;. When 6 > 6y,

f(z,0) = logp(z,0) —logp(x,b)

log(6y/0) 0<z<0,<0
= log(z/(1 — x)) —log(6/(1 — 0o)) bp <z <0
log((1—6y)/(1 —6)) 0<zr<l1
10g(¢90/l') OSZE§90<0
< log((1—0o)/(1 —x)) b <z <0
log((1 —6y)/(1 —x)) <z<1
Lo.60) () 10g(00/x) + g1 () log((1 = 69) /(1 — )

= F(x).
Here for the middle term we used

logz —log(1 — ) + log(1 — 6y) + log(1/60) < logz —log(1l — x) + log(1 — 6y) + log(1/x)
log((1—00)/(1 — z))

since 1/60 < 1/z on the set 6, < z < 6. Note that

bo o 0o L 1—6,
Ey F(X) = 2 —l 2 1 _— .
0, F'(X) /O o og(:[)da:jL /901_90 og(l_x>d:1:<oo

Similarly, when 6 < 6,

f(z,0) = logp(x,0)—logp(x,by)

= log((1 —z)/x) — log((1 —0)/6)) 0 <x<6
log((1—6y)/(1—0)) b < <1
log(Qo/x) 0<z<6y<¥
< log((1—60)/(1 —x)) Oy <x <46
log((1—60)/(1 —x)) 0<b<x<l1
Lo.00) (%) 1og (6 /) + 1go,1) () log((1 — 6) /(1 — )

= F(x),

so the same envelope function works in this case. To verify (d) note that 6 — p(z, )
is a continuous function of § for 0 < z < 1, and two indicator functions of § when



x € {0,1}, and hence the supremum involved in the condition is measurable. Finally,
the identifiability condition (e) holds easily: note that

meme>:_4\@M@WeMx

— 0 \/ —x)dr 1_00)2
= o \/7901_9 S d+¢<1—90>( —0)

=1 if and only if 6 = 6.

Thus pg,(z) = pe(z) a.e. Lebesgue implies that § = 6. Thus the conditions (a)
- (e) all hold and we conclude that the MLE 6, of 0 is (almost surely) consistent:

)

n as Q

(b) Deleted

(¢) AO - A2 all hold in this example: If § # 0*, then py # pp« and hence Py # Pp-.
The set A={x: py(x) > 0} = (0,1) for all #, and hence does not depend on 0;
thus A1 holds. A2 holds with p given by Lebesgue measure on [0, 1].

(c) Suppose that 6y < 6. Then the Kullback-Leibler information K (P, Py) is given
by

K(Pyy, Pp) = /000 po, () log(6/6)dx + /apeo(f) log ( S Q) dx

0o

! 1-6
1 d
+/9p90(x) ogl_e0 x

B (1—6)> 1-6
= 6Oplog(6/6y) + T4, log =
1

= e - (0o (1)

2 0 1—x
1—a)1 dz.
+1_HOAO( l‘) Og( x ) !

K(Py,, Py) = /09 Po, () log(0/6y)dx + /090 Po, () log (£ Lo 0) dx
0

1
1—
1 d
+ /%pgo(x) ogl_e0 x

0? 1—-46
= —log(0/6y) + (1 — 6) log
1—46,

+

Similarly, if 6y, > 6, then

b0

1 1-06 2 [bo x
— 102 — 0V og [ — —/ ] dzr.
+00{0 }og( 0o )+00 0 xog(l_x) ’

See the last page for a plot of 8 — K (P, Py) for 6y = .2.
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(d) Since py is given by (1),

| (z) = log2 + logx — log 6, if <80,
08 Pol log2 + log(l — z) —log(1 — @), if = >0,

SO
1

. 1
19(17) = _51[:v<0} + ml[a:>0}7

but the derivative does not exist at § = z (since the left and right derivatives are
different). Similarly, naive differentiation yields

. 1 1
106(1‘) = @1[x<9} + 7(1 — 0)21[x>9},

but the second derivative does not exist at 8 = x. Note that 19 is a discontinuous
function of 0 for every 0 < z < 1. Although

. 1
and | | )
Elg(X) =5+ 14 = ga—a)
we also have
.. 1 1 1 .
—Eplag(X) = —5 - —— =~ # Bl3(X).

6 1-0  0(1—0)

Thus A3 and A4(iii) fail, while A4(i) and A4(ii) hold. Remarkably, the desired
information identity does hold if we take second derivatives in a generalized (or
measure) sense: the contribution to 199 at @ = x is the Dirac measure at § = x

with mass the size of the jump in 6 — Iy at § = z, namely (1 —z)™' — (=1/z) =
1/(x(1 — z)). Thus in this extended sense

. 1 1 1

1 =1 — 1, —0,(0).

00(2) = Gliw<o + T g lea T =% (0)

Since Py(X < 0) =60 =1— Py(X > 0) and the point mass 6, () carries a negative
sign when viewed as a function of z, this yields

.. 0 1—-46 1 1 2
—Eplgg(X) = — (@ + = 9)2) T (1 — e)pe(e) T * 0(1 —0)
_ Quig)zﬁmaxy



(e) First a /n—consistent estimator of  via moments: note that

B (1 —x)
EyX = / dx +2/ [ dx

= 292+i{1—192+10}
3

2 (1 11

= 01 —-0)+ = —
1—9{3 ( )+6 2
2 (1 1, 1

= o =—(1+0).
1—9{6 69} 3( +9)

Since X,, —, EpX = (1+6)/3, it follows by continuous mapping that 3X,,—1 —,, .
Thus with g(z) = 3z — 1 we have

Vi(g(Xn) —0) —a g'(0)o(0)Z

where ¢'(z) = 3, 0%(0) = Varyg(X) = (1 — 0+ 6?)/18, and Z ~ N(0,1). Thus it
follows that

Loy Lo
=

Vn(3X, —1—10) —4 N0, (1 -6+ 6%)/2).
Thus the estimator 0,, = 3X,, — 1 is a \/n—consistent estimator of 6.

Now for an estimator of # based on the median. The distribution function Fj
corresponding to py is

2

Fy() = Z Lo () + (1 Sy ) Lo (2),

and the corresponding quantile function is

FyH () = VOulpucg + (1= /(1= 0)(1 = w) 1.
Thus the median is
,1(1/2) = V/6/211 30 + ( (1 =0)/2)1p /250 = 9(0),
which has inverse function
g M (@) = 20 ps1yg + (1= 2(1 — 2)*) e g = h(2)
Note that ¢g7'(1/2+) = g7 *(1/2—) = 1/2, so g~' is continuous at 1/2, and

d d

—g ' (z) = %h(l‘) = 4x1p>1/9 + 4(1 — 7)1 p</a,



so the derivative of g1 is also continuous at z = 1/2. Tt follows that ¢=*(F;*(1/2)) =
h(F;1) is a consistent and asymptotically normal estimator of :

g (F,1(1/2)) —as g (Fy 1 (1/2)) = g7 (9(0)) = 0,

and

V(g (F, N (1/2) =g (Fy 1 (1/2))) = Va(h(F,1(1/2)) — h(Fy 1 (1/2)))
—a W (F){-Q'(1/2)U(1/2)} ~ N(0,0%(9))

where

o*(0) = {I'(Fy ' (1/2))}* - Q'(1/2)* - (1/4).
There are many other \/n—consistent estimators of # in this example and, in fact,
the MLE is consistent, y/n—consistent, and asymptotically efficient. We will return
to this example in Stat 582.

. Suppose that X, X;,..., X, are i.i.d. Weibull(ay, £y) (if X has the Weibull(6) dis-
tribution where § = (a, 8), then 1 — Fy(z) = Pp(X > 1) = exp(—(x/a)?) for x > 0).
Recall that the MLE @ of « is given by

a=<-3 Xx’

where B is the MLE of 5. As a simpler alternative to maximum likelihood, I propose
to use the alternative estimator (3, of # obtained from the slope of an ordinary least
squares fit of a Weibull Q-Q plot, and then estimate a by

a,=4=3 X/ _

(a) Suppose that 3, —, (o is known. Show that @, —, «p. [Hint: use a uniform
strong law of large numbers.|

(b) Show that @, is a “pseudo-MLE” in the sense that @, maximizes [, (c, 3,,).
(¢) What hypotheses are needed if we assume X, ..., X,, are i.i.d. Py with P, not
necessarily Weibull? You may continue to assume that 3, —, 3 = 8(P).

Solution: Fix § > 0 (small). The family of functions F = {f(z,3) = 2° : 3 €
[Bo — 9, By + 0]} are indexed by the compact set [By — d, By + 0], are continuous in /3
for every x > 0, and are bounded by

sup |f(z,B)] = ZPoH0 s gPo=0 < pfotd  ffo=0 = F(z)
B€[Bo—6,50+9]

which satisfies EoF'(X) < oo if § < 26;. Thus by theorem 4.4.1 (of the section 4
revision) the uniform strong law of large numbers holds for F:

sup “Pnf(aﬁ)_po.f(aﬂ” _>a.s.0'
B:|8—Bo| <6



If B, —as. Bo, Bn € [Bo— 0, Bo + 6], with probability 1 for n sufficiently large, and it
follows from the uniform strong law law of large numbers (Theorem 1, section 4.4
revision) together with continuity of u(3) = Eof(X, 3) that

_ 1 n _
ay, n E : i
—a.s. EOf(X ﬁo) - 040 :

(If instead (3, —, [, then for and given ¢ > 0 and n > N5 large, Py, (3, €
[Bo — 9,80+ 0]) > 1 — € and we can simply argue on this set.) But now

a, = @) = (@™, )

where g(u,v) = u!/? is continuous and (@, 5,) —a., (2, Fy). Hence by the
continuous mapping theorem

1/v

an:g(a;nam) —a.s. g(aO 750)_040
B. The log-likelihood is

n N\ B
ln(, B) = nlog(B/a) + (B —1) Zlog Xifa) Z (%)

and hence

. i N Bn
blaB,) = wlogF/a) + (B, — )Y toaCx /) - 3 ()

_ XPn
= —nf,loga — 2 —— + constant in «
aPn
X[
= —nlogn— 2 X; + constant in o and 7
n

where 1 = aPn. This is easily seen to be maximized by

n= lE:Xﬁ

L 1/8,,
_ B,
-5

as claimed. Thus @, is a pseudo-MLE of a.

3

and hence



5. On pages 116-117 of ACILST, Ferguson (see also Ferguson, T. S. (1982). An incon-
sistent maximum likelihood estimate. J. Amer. Statist. Assoc. 77, 831-834) shows
that 6, —,. 1 no matter what 6, is true if d(0) — 0 “fast enough”.

(a) Show that 0,, —as 1 continues to hold if

0@0)=(1—-0)exp(—(1—0)"°+1)

with ¢ > 2. Note that with this definition of §(6),  is continuous at § = 0. Ferguson
shows that ¢ = 4 works.
(b) Show that when ¢ = 2, Ferguson’s argument yields

-1 1 1—-M,
sup n 'log L, (0 - log(M,,/2) + =lo “ . D
Sup g Ln(0) > g(Mn/2) + —log o)
where .
P(D < = S — > log(2).
(D <vy) eXp( 2(y—1og2))’ y > log(2)

That is, D < log2 + 1 /(2F) where E is an Exponential(1) random variable.

Solution: (a) Note that log[(1 —6)/6(0)] = (1 —0)"°—1, so

1-M, 1 1
= — — 7as. X
(M,) n(l — M,)

1 log
n
if n(1 — M,)¢ =45 0. Also note that for 0 < # <1 and z > 1 — 6 we have
Py(X > x) > Py(X >x) or, equivalently Py(X <z) < Py(X < x).
To see this note that Py(X > z) = (1 — z)?/2, while

Py(X >z) = 0(1—2)/2 +/ 15(—_95 (1 - ’y(s(_@f‘) Liy—o1<stoydy

> (1—a)/2> (1—2)’/2= Py(X > a)

ifx>1—0and 0 <8 <1. But then we have

Py(n(1— M) >e) = Py(Xy <1—(e/n)"/e)"
< P(Xi<1-— (e/n)l/c)" for n > N(e, ¢, 0)
= (1= Py(X; >1—(¢/n)¥)"

(1 — %(e/n)wc)n < exp(—(1/2)e2/cn1_2/c)
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which has a finite sum on n if ¢ > 2. (Note that ) ., ., exp(—An") < oo for A >0
and r > 0 since

Y exp(—AnT) < Z/ exp(—Ay")d / exp(—Ay")dy
n—1 no

n>ng+1 n>nop+1

= / rlg(/m)-1 exp(—Ax)dz by the change of variables = = y"

0

< 1
= / 2= Lexp(—2)dz <

: A I'(1/r) < o0.)

1
Al/r
Thus by Borel-Cantelli, Py(n(1—M,)¢ > € i.0.) = 0and n(1—M,)¢ —,, 0if ¢ > 2.
(b) When ¢ = 2, the above argument shows that

126\"
Py(n(1 — M,)? > 2t) < Py(n(1 — M,)* > 2t) = (1 — 5—) — exp(—t), for ¢ >0,
n

or (1/2)n(1 — M,)*> —4 E ~ Exponential(1) under P,. Therefore, again under P,
by a similar argument,

By( sup n~"log Ly (0') < t)

0<6'<1

< B (ngllog(Mn/Q) ﬁ—l )

= P 1—M,)?*>
g(n( )_t—l—%—”llogM/Q)

< P 1—M,)*>
- O(H( )_t—l—%—"llogM/Q)

— P(2E > ;
2(t +log 2)

- o (~grrmem) = (w17

It seems that my statement of this is off by a minus sign (or, equivalently, log 2
should be log(1/2)).

11



0.2 0.4 0.6 0.8 1

Figure 1: Kullback - Leibler function K (Py,, ), 6y = .2
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