Statistics 582, Problem Set 1 Solutions
Wellner; 1/12/2010

1. Suppose that (X,Y),(X1,Y1),...,(X,,Y,) are iid.  with bivariate normal
distribution No(u,Y) where u € R? and

v ( o? 07'2,0 )
oTp T

where 02 >0, 72 > 0, and p € (—1,1).
(a) If we assume that gy = uy = 0 and 3 is known, what is the MLE of 67
(b) If we assume that p is known and 72 = ¢?0? = ¢?0 with ¢ > 0 fixed and known,
what is the MLE of 6 = ¢2?
(c) What is the asymptotic distribution of the estimator you found in (b)?
(d) Under the same assumption as in (b), what is the MLE of p?
(e) What is the asymptotic distribution of the estimator you found in (d)?

Solution: (a) When gy = pus = 0 and X is known, then the log-likelihood for one
observation is (relabelling p; = p, ps = v),

1 (=02 _(=-0)(y—0  (y-0)>
2(1—p2>{ T TR

Hence the score for 6 for one observation is

; 1 {(33—9) -0 pl-90 p(y—ﬁ)}
+ - -

l@(fﬁ,y) = 1_p2 0_2

- ey e

Thus the score equation for 6 is

i 2 (0 (12) B0 (1)

logp(z;0) = — } + constant.

and hence
n X” ((712 T UpT) +?n (T%_U_F;)
On = 1 2 [ 1
o2 oT T2
= aX,+(1-a)Y,
where

Note that this yields

~

1
Var(f) = " {a®0® + 2a(1 — a)poT + (1 — a)’7*} .
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(b) and (d) If 72 = ?0? = ¢*0 and p is known, then the log-likelihood for one
observation is (again re-labelling p; = p, ps = v),

1
log p(w;0,p) = —log — 3 log(1 - p*)

1 ) y-v)  (y—v)?
_ m {(3; —u)? = 2p(x — p) . + 2 } + constant.

Thus the scores for § and p are given by

oe.0) =~ 4 g {0 = 20— O O
blzy) = (1 _ppZ) - (1 _ppz)ze {(:I: ,U)2 —2p(x — p) y ; v ;2V> }
1 (y—v)

Hence the score equations for estimation of # and p are given by

and

0 =lny(p) = Zn:ip(Xi,}/;) = 17zp 7 ip - {SXX B 2PSXY N S};Y}+ n_ Sy
i=1 P (1-p%) c c (1 — p?)

where

Sxx=n"" Z(Xz —p)?, Sxy=n"' Z(Xz —)(Yi=v), Syy=n"' Z(Yz —v)?.

i=1 i=1 i=1
Solving the first of these for ) yields

~ 2%
0 — P SYY} :

1
21— 7 {SXX B

Rewriting the score equation for p with a common denominator of (1 — p?)? yields
2 S
Op(1 = p*) = p {SXX - ?pSXY + %} +(1=p")Sxy =0;

and then plugging in the estimator g of 0 yields the equation

o S 1. 20 S
(1-7°)=" = _p{SXX - _pSXY + %} -
c 2 c c
This has the solution
~ QSxy/C - QCSXY .
P= Sxx + Syy/c? ~ 2Sxx + Syy’
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plugging this (or more precisely the last form of the equation for p) into the
expression for 8 yields § = (Sxx + Syy/c*)/2.

(c) and (e) To find the asymptotic distributions of  and p we could either (i)
proceed directly from first principles (central limit theorems and the delta method),
or (b) use theorem 4.1.5 concerning the asymptotic behavior of maximum likelikhood
estimators. I'll take the second route here. The first step in this direction is to
compute the information matrix for (6, p). Now

) = g ~ e {(:Ir—u)2 (e —p

)(y—V)Jr(y—V)Q}’

c c?

ibp(x,y) = ﬁ {(x — 1) = 2p(z — p) (y ; V) i (y ;V)Q}
1 (y —v)
- 202(1 — p2)22( — ) PR
and
. 1 20
Lop(T,y) = [y + 1= 27
1 4p? , 1) (y—v)
- {(1—p2)2 (1—p2)3}{(”’ P = 2p(r = p) }
R (v TR
14 p? 1 — 3p? , (v —v) (g — )’
(1—p2)2  6(1—p2)3 {(f”—“) —2p(z — p) n = }
4p (y—v)
M
Here y 2
E{(X_“)2 200X — )Y — v)e+ ;V) } =20(1 - p?)
and
(Y —v)
B(X = p)=——— = pb.

Thus we find that )
Topg = E(—lgp(X,Y)) =072,

. p
Igp = E(=lgp(X,Y)) = o=
and ) o
Ipp — E(—lpp(X, Y)) — m .
This yields
B 1 1
Too.p = oo — IGPIpp1]P9 - 021+ p?



and

Tppo = Ipp — Ip@le_el—,@p = (1 - p2)_2 .

Hence it follows from theorem 4.1.5 that

V(B = 0) —a N (0, Ig!,) = N(0,6°(1+ p*))

while
\/ﬁ(ﬁn - p) N(Ov [pp 0) N(Oa (1 - PQ)Q) :

. Ferguson, ACILST, page 118, problem 3. [Also see Lehmann and Casella, Example
7.9, page 482.]

Solution: (a) The likelihood for the data is

Ln(ul,m,umﬁ:ﬁﬁ%cﬁ( — )

j=1i=1
where ¢ is the standard normal density, so the log-likelihood is

d

X;
Ly(pa1, .- oy fin, 02 ZZ{——log (27/”} + constant,
j=

1 =1

and the scores equations are:
0 d (Xi; — 1)
B o ij = M .
O——auiln(ul,...,un,a)-jEZliaQ , i=1,...,n,

a(§2)l"(“1""’“"’ szjl{ 20? T)g)}

14

0=

Solving the first n score equations for the ji;’s yields
d

1
2

and then, the solution of the score equation for 62 yields

d n n d
. 1 R 1 1
o LSS = LA
nd £ 4 n <~ d*
Jj=1 =1 =1 Jj=1
Since
0 d?
a—’u?ln(uh ey My 02) - _; )
82

L(pt1, .oy pin,0%) =0, 7 #14, and
Optir {1
0? _nd




it follows that (fi1, ..., fin, %) is the MLE.
(b) When d > 1 is fixed, the random vectors

Yij,i=1...,d)=(X;; - X;.,j=1,...,d)

are i.i.d. with expected value F(Z?) = 0(d — 1). Thus it follows by the weak law
of large numbers that for fixed d

:_Z_ﬁg 1.

Theorem 17 of Ferguson and our theory from Chapter 4 sections 1 and 2 does not
apply because the dimension of the parameter space changes (indeed grows) with
the sample size n.

(c) An obvious consistent estimator of ¢ is given by

d
2 A2
17

o

. Ferguson, ACILST, page 117, problem 2, with parameter space © = [0, 1].

Solution: (a) Let X(;) < X () <... < X, denote the order statistics of the sample
Xi,..., X, Now

T 1—2z
pg(l’) =2 (51[079](1}) + 11— 91(971](95)) ,

so the likelihood function is

Ln(01X) = HQ{—loﬂ )+11 _)Q(il(e,u(Xz‘)}

Thus
1,(0|1X) =log L,(0|X) = —klogh — (n — k)log(1l — ) + const. in 6,

for Xy < 0 < X(x41), and on this interval

o(01X) = —2 + <0, if 6<k/n,

k-n—k nb0—k [ >0, if 0> k/n,
6 1-60 6(1-0)

>



Figure 1: Three log-likelihood functions for problem 3, n =4, n = 10, and n = 50

so l,, and L,, are decreasing on Xy < 0 < X(;41)/Ak/n and increasing on X ) Vk/n <
0 < X(k+1)-

(b) First note that L, (6) is continuous. Moreover, by the computation in (a), it can
only have local minima at the solutions of the likelihood equations (which can only
occur at the points k/n, k = 1,...,n), and hence the local maxima of the likelihood
occur only at the order statistics. Furthermore, if (k —1)/n < X¢y < k/n, then the
log-likelihood [,,(#) and the likelihood function L, () has a local maximum at X ):
if k/n >0 > Xy then I,(0]X) < 0 from (a), while if (k — 1)/n < 8 < X, then
I,6(A|X) > 0 also by (a).

Here is a plot of the two examples of the likelihood function for samples of size
n = 4,10, and n = 50.

. Ferguson, ACILST, page 124, problem 3. What can you say about the asymptotic
distribution of the MLE of § = (6,,6,)?

Solution: Now pg(x) = exp(—0, cosh(x — 6;) — ((0s)) where

c(0) =10 ( [ exp(~tacom)ay ).

Thus log pg(x) = —03 cosh(xz — 61) — ((#2) and the scores for #; and 6y (for sample
size n = 1) are given by

I1(x) = 0, sinh(z — 6;),

lo(x) = —cosh(z — 601) — ('(65).
It follows that the likelihood equations are:

n

0 = ln,l(i) = le(Xz) = 02 ZSth(XZ - Ql),
i=1 1=1

0 = la(X)= ZZQ(X") ==Y (cosh(X; — 61) + {'(62))

i=1
Now El;(X;) = 0 and 6, > 0 imply that £ sinh(X; —6;) = 0. Similarly, Ely(X;) =0
implies that E cosh(X; — 6;) = —(’(62). Since we can easily compute
I11(x) = —0; cosh(z — 6;),
l15(z) = —sinh(z — 6,),
ZI22(¢) = —C”(%),
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Figure 2: The density pp(z) in problem 4 with § = (0, 1)

it follows that

—EZH(Xl) = 92E COSh(X1 — 91) = _OQC,(92>,
—Ez.lg(Xl) = ESiIlh(Xl - 01) = 0,
—Ely(X1) = ((6:),

and hence the information matrix for a sample of size n = 1 is

From our theory in Section 4.1 it follows that
V0, — 0) —4 No(0,171(6)).

The basic density upon which this family is based (with 6; = 0 and 6y = 1, say),
gives a tradeoff between Gaussian behavior near 0 and double-exponential (extreme
value) in the tails: note that cosh(x) = (e* +€7%)/2 ~ 1 + 27122 as x — 0, while
cosh(z) = (e* + e7*)/2 ~ e*/2 as © — oo. Here is a plot of the basic density
po(z) = exp(— cosh(z) — ¢(1)):

. (Profile likelihood) [For nice plots to accompany this exercise, see pages 41 - 43 of
Cox, D. R. and Oakes, D. (1984); Analysis of Survival Data, Chapman and Hall.]
As in problem 1.3, consider the Weibull family of example 3.2.5: P ={Py: 0 € ©}
with © C R given by the (Lebesgue) densities

0, x

pole) = = (2)" " exp(—(5) ) o) (@)

where 0 = («, 8) € (0,00) x (0,00) C R?.
(a) For a sample of n observations from py, we know that, for each fixed value of
[ the value of o which maximizes the likelihood as a function of « is

a0) = (= S X
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Use this to compute the profile likelihood lproﬁle(ﬁ) proﬁle(ﬁ |X) defined by
Iprofile(8) = La(B), B) = 1(@(B), B|X) -

(b)  Use what we know from Statistics 581 problem 10.3 to show that the
profile likelihood is strictly concave and hence has a unique maximum. Show that
maximizing the profile likelihood as a function of 3 yields the maximum likelihood

estimate: ie. that (@, 3) = (@(Bpyofile)s Fprofile) -
Solution: (a) The log-likelihood is
I(a,9) = nlog(3/a) + (5~ 1) Zlog =Sy
Q@
and for fixed ( the value of a which maximizes this is
1

= ZZI X7)M0.

Thus the profile log-likelihood is

lprofite(B) = 1(&(B),8) = nlog 3 — nlog(z Xzﬁ) +(B-—1) Z log X; + nlogn — n.

i=1 i=1

(b) It follows that the score function for 5 corresponding to the profile log-likelihood
is

: n_ 3 X logX;, &
| X) = — =1 log X,
proﬁle,,@(—) 3 S Xﬁ Z g

i=1

and the observed information is

2
“prosites(X) = oy Sy X (log X;)* = X/ log X;
profile,\L ﬂQ ZTL—I Xﬁ Z@_l Xﬁ
> 0

since the term in brackets is a variance, and hence is positive. Thus the profile
likelihood is strictly concave and its maximum is unique.

Let {#(8) = lyopire(8|X). Then, by the chain rule,
17(X) = lualaa)(8) + Luslags) = Lnslacs) (1)
since
1na|07(/3) =0. (2)

Hence solving the profile score equation 17; (X) = 0 yields a solution of the likelihood
equations Lw =0 and 1ng = 0.



