Statistics 582, Problem Set 5 Solutions
Wellner; 2/11/2009

1. Let X = {0,1}, A = © = {1,2}, and assume that the losses are given by
L(1,1) = L(2,2) =0, L(1,2) = a, L(2,1) = b. Suppose that the statistician can
observe either X or Y where

pl(l) =P (X 1) = 2/3, p2(1) = PQ(X = 1) = 1/2,
pi()=P(Y=1)=3/4, ps(1)=PR(Y =1)=1/2.

Let A = (A, 1 —A), A € [0,1] be the prior distribution over ©.
a) Find the Bayes risk when X is observed, and similarly for Y.
b) In the case a = b, A = 1/2, would the statistician prefer to observe X or Y7

c) For general a # b, A € (0,1) would the statistician prefer to observe X or
Y?

N N N

Solution: Let d; =probability of action 1 given that i is observed.
(i) The Bayes risks for observing X or Y are:

Rex(A,d) = Aa{(L— do)5 + (1= )2} + (1= Nb{dog + ),
and
Ry (M d) = Aaf(1 — do)i (- dl)Z} . /\)b{doé + dlé}.

(i) Whena=0band A =1/2,

1 1
Rx()\,d) = &5 {1 + _dO - édl}a

1
6
1 1 1
Ry (A, d) = ag {1 + Zdo - Zdl} ;
and these are both minimized by choosing d = (0,1) = d\. Then Rx(\,d)) =
(5/12)a > (3/8)a = Ry (A, dy), so we would prefer to observe Y.
(iii) The risks are

Rx(1,d) _a{1—d0§ +(1-dy)2}, Rx(2 d)—b{do +dii}
R (1d —CL{]_—dO 1—d1 %} Ry(, —b{d02+d12}

Plotting these for d; = (1,1), ds = (1,0), d3 = (0,1), and dy = (0,0) yields the
following plot of the risk bodies:
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Figure 1: Comparison of the risk bodies Ry (red), Rx (blue), fora =2, b =1

This plot makes it clear that we will always prefer to observe Y. To confirm this,
let r = a/b, and write

1 1 1 2

1 1 1 3
First consider Rx (A, d):
For 0 < A < (1+4r/3)71, both coefficients are > 0, so dy = (0,0) and Rx (A, dy) =
a.
For (14+4r/3)"' < AX(1+2r/3)71, dy = (0,1) and Rx(\,dy) = aX\/3+b(1—N)/2.
For (1+2r/3)"' <A <1,dy=(1,1) and Rx(\,dy) = b(1 — \).

Now consider Ry (A, d):

For 0 < A < (1+2r/3)7!, both coefficients are > 0, so dy = (0,0) and Ry (), dy) =
a.

For (143r/2)"' < A1+7/2)7", dy = (0,1) and Ry (), dy) = aX/4+b(1 —\)/2.
For (1+7/2)"' <A <1,dy=(1,1) and Ry (\,dy) = b(1 — \).

These Bayes risks are plotted in the following figure. Thus the Bayes risk is
always small for Y.

t © = A = {0, 1}, assume the (hypothesis testing) loss function L(0,0) =
1,1) =0, L(0,1) = L(1,0) = 1. Suppose that we observe the random variable
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Figure 2: Comparison of the Bayes risks Ry (A, dy) (red), Rx (A, dy) (blue), for a = 2,

b=1

X with the discrete distribution Pp(X = z) =271, o ().

(a) Describe the set of all non-randomized decision rules.

(b) Plot the risk set R in the plane. Which non-randomized rules are admissible?
Why?

(c) Can you find a non-randomized minimax rule?

(d) What decision rules result from a Neyman-Pearson approach?

Hint: every number z € [0, 1] has a diadic representation of the form > >7 | d(z)27*
where d(z) =0 or 1.

Solution: Let d(x) = probability of choosing #1 given that X = x is observed.
Thus an arbitrary rule d = (d(0),d(1),d(2),...), and the nonrandomized rules
have 0 or 1 in each coordinate. Hence the nonrandomized rules consist of all
infinite sequences of 0’s and 1’s. For any rule d

R(0,d) = i d(z)277,

R(Ld) = 3 (1 — d()2 ) = 301 — ()2
1 1
=1 Jd(0) ~ SR(0.d).

Note that as d ranges over all non-randomized rules, R(0,d) = > " d(x)27*
ranges over all real numbers between 0 and 1; every z € [0,1] has a diadic
expansion. Hence the non-randomized rules have risk points on the lines obtained
by taking d(0) = 0 or d(0) = 1; Those with d(0) = 0 are inadmissible since the
rule with d(0) = 1 is better (i.e. has strictly smaller R(1,d)); note that X =0
is never observed when 6 = 0. When d(0) = 1, R(1,d) = 27'(1 — R(0,d)), and
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hence the minimax risk is R(0,d) = R(1,d) = 1/3. This risk is attained by
the non-randomized rule dy(2z) = 1, dp (22 + 1) = 0, > 0. In fact, there are
infinitely many randomized minimax rules; e.g. (1,2/3,0,...), (1,0,1,2/3,0,...),
(1,0,1,0,1,2/3,0,...), and so forth.

To find a least-favorable prior, for rules d with d(0) = 1, write the Bayes risk as

R(\d) = AR(0.d)+ (1~ NR(Ld) = AR(O,d) + (1~ N)1(1 ~ R(0.d))
_ %(1 4 %(3)\ ~1)R(0,d).

For 0 < A < 1/3, 3X — 1 < 0, so the Bayes risk is minimized by rules d with
R(0,d) =1, e.g. d=(1,1,...), and the Bayes risk is A, 0 < X\ < 1/3.

For 1/3 < A <1, 3X —1 > 0, so the Bayes risk is minimized by rules d with
R(0,d) =0; e.g. d=(1,0,0,...), with Bayes risk R(A,dy) = (1 — \)/2.

When A = 1/3, 3\ — 1 = 0, and all rules with d(0) = 1 are Bayes wrt A, with
Bayes risk R(\,dy) = 1/3. Hence the least favorable prior is A = (1/3,2/3).

Here is another way: Note that for any minimax rule dy;, d,; is Bayes wrt

A= (1/3,2/3), and for this A we have

1
RN\, dy) = 3= asl,l()pl R(0,dy);

hence by Theorem 6.2, A = (1/3,2/3) is least favorable.

The Neyman - Pearson approach would be to find d so that R(0,d) = « < 1, and
so that R(1,d) = probability of type 2 error is as small as possible. Thus we are
lead to a rule of the form d = (1,dy,ds, . ..) where a = > 1" d,27* = R(0,d), and
then R(1,d) =271 — «).

. Suppose that X,, = X ~ Multinomialy(n, 8).
(a) Suppose that the prior distribution on 6 is given by a Dirichlet distribution,
Dirichlet(a):

Hj:l I'(a;)

Verify the computation of the Bayes estimator for squared error loss given in
example 4.3.4

(b) What is the posterior distribution for 7 Find the mode of the posterior
distribution (along the lines of our computations of the MLE of the multinomial)
and compare it with the MLE.

(c) Find a minimax estimator d,; of 6.

A0) =
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Solution: (a) If § ~ Dirichlet(a) then 6; ~ Beta(ay, > ;; 04]-/), and hence
from our computations of the mean of a Beta, E(§;) = ozj/z _,a;, and as a

vector E(0) = o/ Z __, @; Since the posterior distribution of f is Dirichlet(a+X),
the posterior mean is

dpy(X) = B(0]X) = (g+x>/<2 ; +n).

(b) As noted in (a), the posterior density is Dirichlet(a + X):

I'log + -+ o +n) gatXi-1_ gon+Xi—1q
k 1 VR
[T= Dy + X5)

J=1

A0 X) =

[0: 320;=1]

To find the mode of the posterior, we need to find the value of # which maximizes
A(@|X) over the set ;0; = 1, or equivalently which maximizes

k k
Z&]+X 1)logb; —1—029]—1
Jj=1 j=1
Thus we need to solve
X, —1
GEY T Lm0, j=1... .k (1)
0;
and
k
> 0 =1 (2)
j=1
The first equation yields
X1
grove ~ S ERT 0 g
—c
substitution of this into (2) yields
k 1 k
= Z@;”Ode = {ZO&j"‘n—k}a
j=1 j=1
and hence —c = Zj a; +n — k. Thus the mode of the posterior is given by
emode - a+ X - l
- S Y aj+n—k
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When o = 1 (the vector of all 1’s), then the mode of the posterior equals the

MLE § = X /n. Note that o = 1 yields a uniform prior over 6.

(¢) As shown in class, if X ~ Multg(n; ) and @ ~ Dirichlet(a), then the Bayes

estimator of § for squared error loss is dj(X) = (o + X)/(O_ a; +n) For oy =
-+ =y = «, this yields the Bayes estimator

al+ X ko %—l— n é
ka+n ka4+nk ka+nn
Note that dy;(X) = (a + X;)/(ka + n) has

dp (K) =

VCL’I"Q(CZAJ(X) = W,
o+ n@z
Ep(dni(X)) = 7"
. o — kab;
blaSQ(dAﬂ'(X)) = m

Thus the risk is

R(de/\) = EQ|Q—QA(X)|2
k

= Y {Varg(dri(X0) + bias(da)}

=1

=

S (-0 o ko)

i=1
1

k
= m{n—ka2+ QkQ—nZ } since Zﬁizl
R VL R,

(1+ Vn)? TR

which is constant in §. Hence by corollary 5.6.3

1 X
dy(X) = v -+ L=
vn+nk  n+nn
1
- (1—)\n)z+)\n]_5n

is minimax for estimation of 6.

. Find the limit distribution of the minimax estimator dj; in problem 3 (i.e.

Vn(dy(X,) — p) —aq  “something” and find “something”). Is dj; a regular
estimator of p?



Solution: Note that /n(1 —\,) =\, — 1. Hence

Vild(X,) =) = V(A + (0= A7~ O+ 1= A8
= A, — 8) + V(- A )
—y Nk((), Z) + % —Q
1
= Nk(E -0.%)

where ¥ = diag(d) — #9". To see that dy(X,,) is a regular estimator of 6, let
0, = 0y + tn~/? where 1't = 0 (so that 16, = 1). Then since p, is a regular
estimator of 6 with

Vn(pn — 0,) —a Z ~ Ni(0,diag(6y) — 0o0;)

under Py, (which follows from the Liapunov CLT together with the Cram’er-
Wold device, or from contiguity theory), it follows that

\/ﬁ(dM(Kn) - en) = \/ﬁ((l - )‘n)(l/k) + /\nﬁn - Qn)
= )\n\/ﬁ(ﬁn - Qn) + \/ﬁ(l - /\n)(l/k - 6’”)
—q 1-Z41-(1/k—6y)
~  Ni((1/k — 6h),diag(6o) — Oob),

where we used /n(1—2\,) =\, — 1 and 0,, — 6,. Since this limiting distribution
does not depend on ¢, dp(X,,) is regular.

. Let © = (0,00), A = [0,00), let X have the discrete distribution
-1
p(x,0) = (T i )ew(e L) p=0,1,2, .
T

where 7 is some known positive integer; this is the negative binomial distribution
reparametrized so that EyX = rf. Suppose that

(0 —a)?

660 +1)

L(#,a) =

(a) Show that the usual estimator, do(X) = X/r is an equalizer rule; i.e. show
that it has a risk function R(6,dy) which is constant in 6.

(b) Show that the usual estimator dy is generalized Bayes with respect to
Lebesgue measure on (0, 00) provided r > 1. (A generalized Bayes rule is a rule
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that minimizes the posterior Bayes risk even when starting with an improper
prior; see e.g. Ferguson, MS, page 50.) (What happens if r = 17)

(¢) Find Bayes decision rules with respect to the prior distributions A, s with
densities

I'(a+0)
Yas0) = T 0)

the distribution of § = Z/(1 — Z) where Z ~ Beta(a, 3).
(d) Show that d(X) = X/(r + 1) is minimax. [Note that dy is not minimax,
hence not admissible.]

Solution: (a) First note that Ey(X) = rf and Varg(X) = r6(6+ 1); this follows
from the facts that if X has a negative binomial distribution with mass function

6010 + 1) 10000 (6),

x+r—1 . »
p(flr;p)=< . )pq,wE{O,l,---},

then EX = rq/p and Var(X) = rq/p* with ¢ = 1 — p. Thus for the weighted
squared error loss L(0,a) = (6 — a)?/(6(6 + 1)) the rule do(X) = X/r has risk

00+1) = 1;

R0, do) = r26(60 + 1)T r

1
—Vary(X/r) =
o) )
since the risk function of the rule dy is constant in 6, it is “an equalizer rule”.
(b) For A(f) = 1(9,x)(0) (corresponding to A Lebesgue measure on (0, 00), the
(generalized ) Bayes rule is

dn(x) = BEOOIX}Y  B{0+1) !X}
METUBR(O) XY T B{eN(0+ )XY

where the posterior density is

I'X +r)

ABLX) = (X +1DI(r—1)

0X+171 (0 + 1)*(T+X)'

Thus we compute the numerator as

E{O+1)71X}
_ /°° pX+H1-1(g 4 1)_(T+X+1)F(X—f-r+ 1) 40 DX +7r) I(r)

0 DX+ 1)I(r) X +r+1) T(r—1)
r—1
T X4



and the denominator is

E{07'(0+1)7"X}

_ /OOQX1(9+1)(r+X+1)P(X+T+1)d9 DX +7r) I'(X) .F(r—i-l)

0 T(X)C(r+1) T(X+r+1) T(X+1) I(r—1)

Putting these together yields dx(X) = X/r = do(X). Thus dy is a “generalized
Bayes rule” with respect to the (improper) prior given by Lebesgue measure on
(0,00). This argument works when r > 1 (because of the factor I'(r — 1) in the
denominator). When r = 1 the corresponding posterior is

I(X +1)

AOX) = sx+orQ)

QX-l-l—l(Q + 1)—(1+X) — O

since ['(0) = [~ 2™ 'e "dx = 0.
(¢) By straightforward calculation the posterior density of  for the given prior is

T(X+oz+r+ﬂ)ex+a,1

ABLX) = (X +a)T(r+p3)

(9 + 1)7(r+X+a+ﬁ)1(07oo)(9>'
The Bayes rule with respect to the loss function L(6,a) = (6 —a)?/[0(0 + 1)] =
K(0)(0 — a)?* is given by

d(x) = ELE@OLXY _ B{(0+1) !X}
MW TUB(R@O)XY T B{ON(0+ 1) XY

By straightforward calculation the numerator and denominator are given by

B{K(OIX) = — B+ D0 +5)

X +a+r+B) (X +a-1)
Thus the Bayes rule with respect to this weighted loss function and prior A is

X+a-—-1
WX) =255

Since Fpda(X) = (r0 +a —1)/(r + 3+ 1) and

rg(0+1)

Varg(dA(X)) = m,



The (ordinary) risk of the rule dy is

2
7’9(9+1)2 + <r¢9+a—1 o 6))

(r+p+1) r+8+1
R0, dy) = 06+ 1)
B 1 [ —1—6(8+ 1)
N @+B+¢V{T+ 00 +1) }
B 1 { (a—1)2_2(a—1)(ﬁ+1)+0(5+1)2}
G ES A U IUESY) 6+1 6+1 [
Thus after calculation of
1 BB+
| MO = e+ ay

(6 +1)
/0 00 = . and

RN o
——\(0)do =
/0 0+1 () a+ 3

(corrected on 2/24/07, thanks to Krisztian Sebestyen), we find the Bayes risk of
the Bayes rule dj to be

— ; r a — 2 ﬁ(ﬁ+1)
Rid ) = (r+ﬁ+1)2{ e e e+
—2a- @+ Do G
1
T r+4+1 ¥
1
- r+1 as f=0. W

(d) The rule d(X) = X/(r + 1) corresponding to the limiting Bayes risk in (4)
has risk

R(6.d) = ﬁ {7“—1— 9%}

with supremum risk

1
R, d) = ——.
W ROD =

Thus by theorem 6.2 the rule d is minimax.
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