Statistics 582, Problem Set 3 Solutions
Wellner; 1/29/2009

1. Suppose, as in Example 4.3.10, that X,..., X areiid. Multy(1,p) so that N, =

> i1 X ~ Multy(n, p).
(a) Use Jensen’s inequality to show that the log-likelihood

1!

7j=1

is maximized by p = N,, /n. [Hint: write the first term of [,,(p|X) asn Z?Zl p;logp;.|
(b) Relate [, (p) to K(p, p) and hence show again that the maximizing value of p is

A

P.
Solution: (a) Our goal is to show that

k k
n> pilogp; <n Y p;logp;

j=1 j=1

with equality if and only if p = p. Subtracting the right side from the the left side
and dividing by n, we see that we want to show that

k

Z log< )<0

But since log is a concave function, Jensen’s inequality yields

k k
> pilog (@) < log [ Y p; (@)
= Dj = Dj
= log (Z@) log(1) = 0.

(b) Note that in the above argument we have shown that

la(p) = ln(p) = —nK(p,p) <0
since K(P,Q) >0 for all P,Q. Thus [,(p) is maximized by p = p.

. (Right censored data). Suppose that X, Xi,..., X, are i.i.d. survival times with
unknown distribution function F', that Y,Y;,... Y, are i.i.d. censoring times with
unknown distribution function G, assumed to be independent of the X;’s, and that
we can observe only the iid pairs (Z1,61),...,(Z,,0,) where Z; = X; AY; and
5 = 1[X <y} alsolet Z=X AY and § = 1 [X<Y]-

A. Show that the joint distribution of (Z,¢) is given by

fN%@:ng%azn:/)u—G@qmn@

(0,2]
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where G(z—) = lim,;, G(y), and
H@uw;mstﬁ:owiA]u—mewwy

Furthermore, show that the survival function 1 — H(z) = P(Z > z) is given by
1 - H(z)=(1—-F(2))(1-G(2)) and also H(z) = H")(z) + H)(2).
B. Suppose that the cumulative hazard function corresponding to F' is defined by

Ap(z) = /[M T(y_)dF(y)

Show that this can be expressed in terms of H and H,. as

o [ L g
Ar(x) Aml_H@ﬂwf<w.

C. IFHY(2) = n 'S, 6:1{Z < 2} and H,(z) = n 3.7, 1{Z; < 2}, suggest
an estimator of A based on the observed (Z;, d;)’s.

Solution: A. First,

P(Z S Z75 = 1) = P(X S ZaX S Y) = E{l[XSZ]l[XSY}}
= E{lx<gB(lx<y)|X)} = E{lix<y(1 - G(X—))}

_ /[0 (1= GE=)dF ()

Similarly,
= E{ly<)E(ly<x|Y)} = E{ly<y(1 - F(Y))}

- [ a-Fwyicw.
[0,2]
Also note that, using integration by parts,

HE) = P(Z<9)= [ (-Gla-)iF@+ [ (1= F)6w)

(0,2] [0,2]

= (1—G)F|[o,z]—/

0,2]
= (1-G(2)F(z)+G(z) —
(1 - G)F(:) +G(2) Ad
= 1-(1-F(2)(1—-G(2)).
B. Using H®)(z) = Jog(1 = G(z=))dF(z) and 1 — H(z) = (1 — F(2))(1 — G(2))

we compute

b e,y (1-G(y—))dF(y)
tﬂﬂr— H ) Aﬂu—Fwwm—Gwa>

1
_ /M TR W) = Ar)

Fd(1-G) +/ (1 - F)dG

(0,2]

(1—F)dG+/ (1- F)dG

[0,2]




C. Since the nonparametric MLE’s of H® and H are H{"" and H,, it follows that
the nonparametric MLE of A = Ap is

. 1
An(z) = / B )
(@) 0,2 1 — Hn(t—) (®

As we discussed in class, this is the Nelson-Aalen estimator of the cumulative hazard
function A.

. We showed in class that the nonparametric maximum likelihood estimator of F' in
the (right) censored data problem, possibly with ties, is the Kaplan-Meier (product
limit) estimator I, (¢) given by

1—F,(t) = JJ(1 - AA(s))

s<t

where A, (t) is the Nelson-Aalen estimator of

t
1
At) = Ar(t) = dF’
W =Ar(t) = [ .
given by
t
~ 1
A = — _dH** <s<t.
(1) /Ol—Hn(s—)d ue(s) 0<s<t
Here

1 & 1
H(8) = n Z 0il(z;<t] H,(t) = o Z Liz,<y
=1 i=1

are the sub-empirical distribution function of the uncensored observations and the
marginal empirical distribution of all the Z’s uncensored or censored.

A. Compute 1 — @n for the following data (time in days until vaginal cancer in rats,
group 1; from Kalbfleisch and Prentice, 1980, page 2):

143, 164, 188, 188, 100, 192, 206, 209, 213, 216,
220, 227, 230, 234, 246, 265, 304, 216+, 244+

here + indicates censoring (§ = 0).
B. In class I gave a heuristic derivation of

Va(F,(t) = F() = (1 - F(£)B(C(1))

as a process uniformly in ¢ € [0, 7] for any 7 < 7y (i.e. for any 7 with 1 — H(7) =
(1 — F(r))(1 — G(7)) > 0, where B is a standard Brownian motion process and
where

C’(t)E/O de“C(s), 0<s<t

Thus we have, for each fixed ¢ < T,
VAEa(t) = F(£) —a N(0, (1= F(1)*C(t))
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Suggest an estimator of C(t) and hence an estimator of (1 — F'(¢))?C(¢).

C. Show that your estimator of (1 — F(¢))*>C(t) is consistent.

D. Use the estimator you suggest in B to obtain an approximate 90% confidence
interval for F'(190) based for the data given in A.

Solution: A. In this case there are ties in the data, just as in problem 2 below.
Here is a table giving the distinct time points 7; together with the numbers at risk
and the number of deaths at each time point, together with the successive terms
of the product and the resulting Kaplan-Meier estimator. The last two columns of
the table give two variance estimates: column 6 gives the variance estimator from
problem B; column 7 gives the usual Greenwood estimator (cf. part D below and
Kalbfleisch and Prentice (1980), pages 12 - 14).

Table 1:
T r odi 1-— % [1<i(1 - %) Var(F) Vargw(F)
143 19 1 18/19 9474 .00249 .00262
164 18 1 17/18 .8947 .00469 .00496
188 17 2 15/17 7895 .00796 .00875
190 15 1 14/15 7368 .00935 .01021
192 14 1 13/14 .6842 .01045 01137
206 13 1 12/13 .6316 01126 01225
209 12 1 11/12 .b789 .01179 .01283
213 11 1 10/11 .5263 .01204 .01312
216 10 1 9/10 A737 .01199 .01312
220 8 1 7/8 4145 01187 01311
227 7T 1 6/7 .3553 .01129 .01264
230 6 1 5/6 .2961 .01028 .01170
234 5 1 4/5 .2368 .00882 .01029
244 4 0 1 .1579 .00882 .01029
246 3 1 2/3 1579 .00669 .00873
260 2 1 1/2 .0789 .00323 .00530
304 1 1 0 .0000

B. A natural estimator of

18

where R, (s)

— /{O t] 7Rn18)2d(nHS‘C)(S))

= n(l — H,(s—)). Note that in the Mathematica program
accompanying the solution set the quantity labeled “Cest” is n~'C,(t) =
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Jog Ry (s)2d(nHL" (s)).
C. To see that C),(t) —, C(t) note that

[HY = o = sup [HE(t) = HY(t)] .. 0, (1)
0<t<oo
[H, — Hlloo = sup [H,(t) — H(t)| —as. 0 (2)
0<t<oo

by the Glivenko-Cantelli theorem.

A dHSluc) S dH @) (s

G-cw) = [ Lo [ AT
[0, n(s=)) o4 (1 —H(s—))

( _
- /[(Lt]((l_ :

1 _ (o) 4
() (1= H(s—>>2) A7)
b e — B9 )

og (1—H(s=))2 "

_ / (1 - H(S_))Q B (1 B Hn(s_))QdH(“C)(s)
0.4 S

(1= H,(s—))*(1 = H(s—))

1 (uc) S (uc) S
+/[07t}—(1_H(s_>) (B (s) — HO)(s)
0= H) — (= B~ Hls) + (= Bl
/M (L H, (s))2(1— H{s))? )
b e ey — e (s
) - H)
= L,(t) +11,(t)
where
SUPg<s<t |H,,(s—) — H(s—)| ue
0] < <1—Hn<t—>>2<1—H(t—»?/[o,ﬂdﬂ’g ')
By oy [H(5-) = H(s)|
S U HLO))20 - Hi)
1
R T | L
if 1 — H(t—) > 0 by (2). Also,
1 (uc) s) — (uc) S
Ol < 1] e - 1)
e Ale(Z) Alpy(Z)
= ;{u—mz@-—)? P (aomizr) )
— 0

a.s.

by the strong law of large numbers where we again use 1 — H(t—) > 0. Thus
1C(t) — C(8)] < [ Ln(t)| + [T 1 (t)| —as. 0. Assuming that 1 — E},(£) —, 1 — F(t) this
yields

(1= Fu(£)*Cult) = (1= F(1)*C(8).

bt



D. A 90% confidence interval for F'(190) is given by
F,(190) £ 2950~ 2(1 — F,(190))%1/C, (190).

where P(N(0,1) > z95) = .05. For the data given I compute 1 — F,(190) = .7368,
n~1C,(190) = 0.01722, and hence an approximate 90% confidence interval for the
point estimator F,(190) =1 — .7368 = .2632 is given by

0.2632 + 1.64485(.7368)(.01722)"/? = 0.2632 £ 0.1590 = (0.1042,0.4222). (3

It turns out that the variance estimator based on C’n is not the usual one for the
Kaplan-Meier estimator: instead the usual Greenwood formula for estimation of

C(t) is

W _ dH," (s)
Cor(t) = /[Oﬂ (1 — Ho(s—)(1 — Ho(s—) — AHE(s))

This yields n=!CS"Y (190) = 0.01881 and the resulting value of Vargw (FL(t)) at
# =190 is .01021 (rather than .73682 - .01722 = .00935 as in (3)). This leads to the
slightly different confidence interval

2632 & 1.64485(.7368)(.01021)"/? = .2632 £ 0.1225 = (0.1407, 0.3857). (4)

See Kalblfeisch and Prentice page 15 for a brief discussion of alternatives involving
transformations to stay in the range [0, 1] and to improve the normal approximation.

. Consider nonparametric maximum likelihood estimation of F' in the right-censored
data problem considered in class, but extend the argument to include ties as follows:
A. When there are ties, let the distinct Z’s be denoted by T1 < oo < Ty Let

ma,...,my and ny, ..., ng be defined by m; = #on5 = =#of Z;(1-6;) =
T;, and let p; = AF(T;) = F(T3) — F(1;—), j = k pk+1 =1— F(T). Show
that the likelihood (for F') is
k+1
L(F|Z,9) Hp (>
Jj=i+1

B. By defining \; = p;/ Z?Jrzl p; fori =1,... k and A\41 = 1, and rewriting the
likelihood in terms of the A;’s, show that the likelihood is maximized by

) k nAH(T)
=i ) (mytny) = Cr gy

j=i

and hence that the nonparametric MLE of F' is (again) the Kaplan - Meier estimator

1= F(t) = [J(1 — Al (s)).

s<t



C. Compute 1 — ﬁn for the following data (length of time until complete remission
in weeks for the “maintained group”) from a study of the efficacy of chemotherapy
for acute Myelogenous leukemia (AML):

9, 13, 13+, 18, 23, 28+, 31, 31, 34, 45+, 48, 161+;

here “4” indicates censoring (0 = 0).

Solution: When there are ties, let the distinct Z’s be denoted by T} < --- < T},
Let mq,...,my and nq,...,n, be defined by m; = #{i < n: Z,A, =T;}, n; =
#{i<n: Z(1-A;) =1T;}, and let p; = AF(T}), 5 =1,...,k ppy1 = 1 — F(Tk).
Then the likelihood (for F') is

L(F|Z,9) Hp <Zk: pj>m.

j=i+1

Setting \; = p;/ Z] ; Djs Akp1 = 1 yields

k-+1 i—1 ZkJrl ‘
j=i+1Pj

dop=Jla-N), 1-N =50

j=i j=1 Z J

j=i
and hence
k M k41 Zkz+1 p‘k+1 T
LFZA) - H( ) 50 {%Zm}
=1 Z] i g j=i Zj:z‘ J =i

= H)\mz (I—=X (Z@)
::IIMW1—&W(IR1—&Q

j=1
k
=TI = S

k
= []rma@=x)m
i=1

where 7; = Zf .(mj +n;). In view of the binomial form of this expression for each

1, we know that it is maximized for each ¢ by

o omi_omi_ nAHM(T)
LT N T T my ey el HL(T)
fori=1,...,k. Then
i—1
pi=JJa- )N, =1 k+1
j=1



as before. Note that pxy; > 0 if ny > 0. Thus the nonparametric MLE’s An and Fn
of A and F are the Nelson-Aalen and Kaplan-Meier (or product-limit) estimators

) dH (s)
An(t) = / A (s)
Q 0, 1 — Hyn(s—)

and 1—F,(t) = Hsgt(l—AAn(s)). For the given AMP data, the distinct times 7; are

9, 13, 18, 23, 28, 31, 34, 45, 48, 161. If we let r; = nH,(T}) and d; = nAH(T})
then we obtain the following table and calculated values of the estimator:

Table 2:
T; ri di 1-— % ngi(l - %)
9 12 1 11/12 917
13 11 1 10/11 .833
8 9 1 8/9 0.741
23 8 1 7/8 0.648
28 7 0 1 0.648
31 6 2 2/3 0.432
34 4 1 3/4 0.324
45 3 0 1 0.324
48 2 1 1/2 0.162
161 1 0 1 0.162
5. (Interval censored or current status data). Suppose that Xi,..., X, are i.i.d.

random variables (survival times) with distribution function F' as in Example 4.6.5.
Suppose that Y7,...,Y, are i.i.d. random variables (“observation times”) with a
distribution function G which are independent of the X;’s. Unfortunately, we cannot
observe the X;’s directly but can only observe (Y;, 1ix,<y;)) = (Y5, 8:), i =1,...,n.
A. Consider the empirical functions

n

Gu(t) =n" Y 1{Y; <t} =P, 1{Y <1},

i=1

Va(t) =n~t i(m{yi <t} =P, 01{Yy <t}.

i=1
Show that for each fixed ¢ we have
t
Gp(t) —=as. G(t), and  V,(t) —aus / FdG =V(t).
0
B. Plot the cumulative sum diagram {(nG, (1)), nV,(T(;))) - @ =1,...,n} and the
MLE E,, of F as described in example 4.6.5, page 38 of the notes, for the following

data: (3.5,0), (1.2,1), (5.7,1), (6.1,0), (4.2,1).
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C. What would the MLE of F be (at t = 2) if we assumed that F' is exponential
0 distribution (with 1 — Fy(r) = exp(—0z) for z > 0)? Compare with the value of
the MLE £,(2).

Solution: A. By the Glivenko-Cantelli theorem we have |G, — G| =
SUP;sg |Gr(t) = G(t)| —as. 0, and ||V, — V||oo = supysq [Vin(t) = V()| —4.s. 0 where

V() = ESHY <t} = E{E[I{Y <t}[Y]} = E{I{Y <t}E[5]Y]}
= BE{{Y <t}F(Y)} = [ }F(y)dG(y)-
0.t
Thus, in particular, the pointwise convergences hold as claimed.

B. Here is a table of the observed, values, the corresponding cumulative sum
diagram, and the estimator at the observed points:

Table 3:
i 1 2 3 4 5
Y 1.2 35 42 57 6.1
Ay 0 1 1 0
nGn(Y(Z)) 2 5
nV,(Yy) | 1 1 2 3 3

The following figures show the cumulative sum diagram and the resulting estimator

of the df F.

C. If we assume a parametric model for F', namely the exponential distribution
Fy(x) = 1 — exp(—0z), then the likelihood is

LY, ) = HFe(W(l—Fem»l“*g(n)

n
= H(l — e~ 0Yi)%ie=0% 5 factor depending on g
i=1

For the given data the likelihood is
L(@) — (1 . 6—1.26)(1 o 6—4.20)(1 o 6—5.76)6—3.506—6.10

Use of a numerical maximization routine (I used Mathematica) yields 0 = 0.21033,
and this gives Fparametric(2) = 1 —exp(—2(.21033)) = .343. This should be compared
to the nonparametric estimator at t = 2 which is F},(2) = 1/2.
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Figure 1: Cumulative Sum Diagram.
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Figure 2: Maximum Likelihood Estimator E,of F
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