Statistics 582, Problem Set 2 Solutions
Wellner; 1/24/2007

1. Human beings can be classified into one of four blood groups (phenotypes) O, A, B,
AB. The inheritance of blood groups is controlled by three genes, O, A, B, of which
O is recessive to A and B. If r, p, ¢ are the gene probabilities in the population
of O, A, B respectively, then the probabilities of the six possible combinations
(genotypes) in random mating (where two individuals drawn at random from the
population contribute one gene each) are shown in the following table:

Phenotype | Genotype | probability
O 00 r?
A AA p?
A AO 2rp
B BB q*
B BO 2rq
AB AB 2pq

We observe among N individuals the phenotype frequencies No, N, N, Nag,
and wish to estimate the gene probabilities from such data. A simple approach is
to regard the observations as incomplete, the complete data set being the genotype
frequencies NOO, NAA, NA(), NBB; NB(), NAB‘

A. Derive the EM algorithm for estimation of (p, g, 7).

B. Estimate (p,q,r) from No = 176, Ny = 182, Ng = 60, Nap = 17.

C. Estimate the covariance matrix of the estimator (p, g, 7).

Solution: A. The complete data is N = (Noo, Naa, Nao, Ngs, Ngo, Nap) with
multinomial distribution Multg(N; (r?, p?, 2rp, ¢%, 2rq, 2pq)). Thus
N!
|

noo'naanaonee!npo!nag!
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P(N =n) =

This is proportional to a Multz(2N; (p,q,r)) distribution, and hence the MLE’s
based on the complete data are

o 1
(D, q,7) = ﬁ(zNAA + Nao + Nap,2Ngp + Ngo + Nap, 2Noo + Nao + Npo) -

This forms the basis of the “M - step”of an E-M algorithm. The incomplete data Y
is (NA7 N37 NO7 NAB) - (NAA + NAO7 NBB + N307 NOO7 NAB); thus

L)
p2+2rp”’

p

(NalY) = (Naa|N4) ~ Binomial(Ny, o

E(NaalY) = Ny



2rp 2r

(NAO’Y) = (NAO’NA) ~ Binomial(NA, ), E(NAo‘Y) = NA

p?+ 2rp p+2r’
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o q q
NggplY) = (Ngg|Ng) ~ B I(Ng, ———— E(NggplY) = Ng————
(NpplY) = (Npp|Np) ~ Binomial( Baq2+2rq>7 (NgslY) B o

2rq 2r
NpolY) = (Npo|Np) ~ Bi al(Ng, ———— E(NpolY) =N, .
(NpolY) = (Npo|Ng) ~ Binomial( Baq2+2rq>7 (NpolY') B o

This gives the basis of the "E - step” for an E - M algorithm. Hence, starting from
(p©, ¢, 7)) = (1/3,1/3,1/3) say, we take

~(m ~(m 1 v (m v ™ Wi v im
(p Y, gy :W(QNEA)+N§‘o)+NAB,2N1§B)+N1§0)+NAB>7

plm+l) 1 ﬁ(m+1) _ q(m+1)

where )
Sm) _ P Sm) _ & (m)

~(m)
c(m) _ q M) A xy(m)
N = NBi(j(m) e NU = Ng — NI

B. For the given data, the E - M algorithm in A yields:

Iteration | p(™ | g™
0 333 | .333
1 298 | 111
2 271 | .094
3 .266 | .093
4 .265 | .093
5 264 | .093
6 264 | .093

Thus the estimator is (p, q,7) = (.264, .093, .642).

C. The likelihood of the observations (N4, Ng, No, Nap) = (Naa + Nao, Npp +
Npo,Noo, Nag) is

In(p,q) = Nalog(p”+2p(1—p—q))
+Nglog(¢® +2¢(1 —p—q))
+Nolog(1l —p—q)* + Naglog(2pq) .



Thus

52 1 2(1—p—q)?
—=5iv(p.a) = 2Na
op? v (P, ) {2p—p2—2pq (229—]92—21961)2}
4q*
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N 2N,
+ AQB + . 27
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———In(p,g) = 2N -
dpdyq w(p4) A{2p —p*=2pg (2p—p*— QPQ)2}
1 4¢?
+ 2N -
B{Qq —¢*=2pq  (29—¢*— 2199)2}
N 2No
(1-p—q?’
62 4p2
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o= =2 T a7 207
" NAB 2]\[O
?  (I1-p—q)?
Since
E(N4)=N(p*+2p(1—p—q)),
E(Ng) =N(2¢—¢* — 2pq) ,
E(Nap) = N(2pq),
and
E(No)=N(1-p—q),
it follows that
272 2¢? q
Li(p,q) = 2N{1 + W —p:—2pq 29— ¢ — 2pq +5+1}’
(1 — p—q) 2¢(1 —p—q)
La(p,q) = 2N{2 — B T
) t 2p—p*—2pq)* (20— ¢* — 2pq)? }
2r? 2p?
Ina(p,q) = 2N{1 + : +o

2¢—q¢*—2pq 2p—p*—2pq q
and hence the estimated Fisher information matrix is

f(p.q) = 5063 1.793
P =1\ 1793 12.182
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so that .
o1 [ 208 —.003
79 =55 ( —003 087 )°
Furthermore, since 7 =1 —p — ¢,
Var(r) = Var(p) + Var(q) + 2Cov(p, q),

7) = =Var(p) = Cov(p,q),
) = —Vm“(q} Cov(p,q);

~—

q,7

9

and hence we estimate C'o q,7)

—.000035 .000095 —.000060
—.000205 —.000060 .000265

ov(p,
ov(
v(p,
000240  —.000035 —.000205
Cov (»,q,7

. Lehmann and Casella, TPE, Problem 4.9, page 504.

Solution: (a) The density of a bivariate normal random vector (X,Y") with py =

o = 0, variances o? = 02, 02 = 72, and correlation p (so that 6 = (0,7, p)) is given

by

1 e
Po\Z, = €xXp - T = )
o(@,9) 2m\/027%(1 — p?) 2(1=p?)

and the marginal densities of X and Y respectively are given by

( ) 1 x?

z) = exp | ———

D1, 271'0'2 p 20_2 )

P26(y) = ! exp _Y :
’ 2772 272

Thus the contributions to the log-likelihood are of the form

22 _ 2pmy | y?

1
logps(2,y) = —logo —log 7 — 7 log(1 — P — = 20— )

and —log o —2?/(20?%), —log T — 2% /(27?), respectively. Thus for the given data the
log-likelihood is given by

1,(0) = —4logo —4logT — 2log(1 — p?)

1 Lo 1
21 —p?) o2 o7 72



8 8
—4logo —4logT — — — —
o2 T
1 2 2 8 8
_ 2
= _810g0_810g7_210g(1_p)_1—p2{ﬁ—i_ﬁ}_ﬁ_ﬁ‘
We compute
0 8 4 16 1 4 16
)=t = =—— {8 — )
o () J+(1—p2)03+a3 O’{ (1 —p?)o? 02}
0 8 4 16 1 4 16
—lL@) =t ———+ == ——— — =},
or () T+(1—p2)7'3+73 T{ (1—p?)72 72}

0 _dp 2p 2 210 2 1 2 2
=1 (1—02)2{02+72}_(1—02){2 1—92{02+72}}'

It is easily seen that these scores are zero at both 6 = (1/8/3,1/8/3,£1/2) and
at 0 = (1/5/2,1/5/2,0). Furthermore 1,,(1/8/3,/8/3,+1/2) = —15.2713... while
1,(\/5/2,1/5/2,0) = —15.3303.... Thus it seems that the first pair of points, § =
(v/8/3,4/8/3,%1/2), yield a (non-unique) maximum, and that 6 = (1/5/2,/5/2,0)

corresponds to a saddle point. The plot below shows the (exponential of the) like-
lihood function (o, p) — expll,(c,a, p)].

Figure 1: Plot of (o, p) — exp[l,(o, 0, p)].
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Figure 2: Contour plot of (o, p) +— exp[l, (o, o, p)].

(b) A natural EM - algorithm for estimation of 6 proceeds as follows. Let the
complete data X be

X =((X1,Y1),... (X, Y)) with n =12,
and let the incomplete data be
Y =((X,Y1),..., (X4, Y1), X5,..., Xg, Yo, ..., Y1o).
Then, since

E(Yj|X;) = prX;/0,  ENY?X;) =7 (1-p")+ (p7X;/0)?,  j=5,....8,
E(X;Y;) = poY;/T,  E(X])Y;)=0*(1—p*) + (poY;/7)*,  j=9,...,12,

the conditional expectation of the complete data log-likelihood given Y is given by
E {log pg(X)[Y'}
= —12log{o7(1 — p*)¥?}
! {E< VXY 2B XYY) | B(EY Yfm}
p?)

2(1 - o? oT 72

1 T (YY) 20T1o(Y)  Tho(Y
= —121og{07(1—p2)1/2}—2 { (YY) 2pTh )_|_ 22 )}

(1—p?) o2 oT T2



where

Ta(Y) = Ti(Y,0) = <ZX2|Y>
Y B
= ZZS:XZ-Q + i{UQ(l —p°) + (poYi/7)"},
Tio(Y) = Tio(Y,0) = <ZXY\Y>

12
_ Z XY + ZXZ-E(YAXZ-) +) YE(X|Y))
i=1 i=5 i=

4 8 12

_ Z X,V + ZXi(pTXi/U) + 3 YilpoYi/7),

i= ' i=9

Toa(Y) = Toa(Y,6) ZYQ\Y
12

DN (IR

zzl 125 i=9 ;
= V2SR = )+ (prXifo) )+ VP

=1 i=5 i=9

Furthermore, the MLE’s § = (X)) = (6,7, p) of 8 = (0,7, p) for the complete data
are given by

&QZTL 1T11 _nfl
7'2:n T22 _nflg Y2

p=n"'To(X)/(67) =n"" ZXZYZ- /(67
We find that the E—step of an EM - algorithm is given by
T = (T34 (Y, 07, Ty o (Y, 00, Ty o (Y, 60)) = (170, T8, TS,
Here 6© = (6©,7© 50)) is an initial point to start the algorithm, and, for m > 0,

fim+1) — é(T(m)) — (nflTAl(ynll)’ nﬂ@(g)’nﬂ Al(g”b)/((}(m)f-(m))>
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gives the M-step.

Note that when p(® = 0 we have T1 2 ZZ . XiY; = 0 for all m > 1, and hence
p™ =0 for all m > 0.

(¢) To show that if an EM sequence starts with p bounded away from zero, it
converges to one of the two maximizing points 67 = (1/8/3,/8/3,£1/2), note
that if we start with p(©) > 0, then the sequence p"™ stays positive for all m. This
follows because

&(m)

5(m)
2(m)

Furthermore, if we start at 0O with 6© = 7O then by symmetry of the data, the
whole sequence 8™ satisfies 6™ = 7™ Thus

T = 204 4(6M)2(1 = (5™)?) + 16(p™)?
= 20 +4(FM) (1= (3)?) +16(p"™)? = T35

~(m ~(m
1(72) =04 16p™

50m) > 0.

and
Tys = 165™ + 160 = 3250
Since
Smrny _ 320 /12 32p0™ /12
P G (m)7(m) (6(m)2
sy = 0 AP~ (P)?) + 16(p ™)
12 )
it follows that any limiting point (0, Too, foo) must satisfy
32 pos
Poo = Eg, and
20 1 A
2
= — 1 _
05 19 + 3000( poo) + 3p<>o

The first of these implies that o2 = 8/3, and plugging this into the second re-
lation we find that p% = 1/4, or ps = +1/2. The resulting two points 5 =
(v/8/3,1/8/3,%£1/2) are exactly the points of maximum of the incomplete data
log-likelihood. This argument extends to the case in which 6(© # 70,

It is straightforward to implement the algorithm in Mathematica or R, and numerical
experimentation confirms these conclusions.

. Suppose, as in Example 4.3.10, that X, ..., X, areiid. Multy(1,p) so that NV, =

> izt X ~ Multy(n, p).
(a) Use Jensen’s inequality to show that the log-likelihood

Ih(p|X) = ZNlogp] Zlog (X X ')



is maximized by p = N, /n. [Hint: write the first term of [,,(p|X) asn Z -, Djlogp;.]
(b) Relate [,(p) to K(p, p) and hence show again that the maximizing "value of pis

~

P.
Solution: (a) Our goal is to show that

K K
nZﬁj logp; < nZﬁj log p;
= =1

with equality if and only if p = p. Subtracting the right side from the the left side
and dividing by n, we see that we want to show that

Zp]log( )<O

But since log is a concave function, Jensen’s inequality yields

k k
> pjlog (@) < log [ Y i (&)
=1 Dj =1 pj
= log (Z p]> log(1) = 0.

(b) Note that in the above argument we have shown that

l(p) = ln(p) = —nK(p,p) <0

since K(P,Q) > 0 for all P,@Q. Thus l,(p) is maximized by p = p.

. Suppose that the "complete data” X is given by three independent multinomial
random vectors,

N1)=(N;1):i=1,....,m7=1,...,8) ~Mult,s(ni;p= (pij,i=1,...,mj=1,...,s),

N2)=(N;;2):i=1,....,m7=1,...,8) ~Mult,s(no;p= (pij,i=1,...,mj=1,...,s),
N@B)=(N;3):i=1,....,m7=1,...,8) ~Mult,s(ng;p= (pijyi=1,...,mj=1,...,s).

Suppose that the ”incomplete data” Y consists of N(1), (N;.(2) : 1 <i <), (N,;(3):
1<j<s).

A. What are the distributions of N(1), (N;.(2) : 1 <i <r)and (N;(3):1<j <
s)?

B. Find the conditional distribution(s) of X given Y.

C. Suggest an EM - algorithm for estimation of p.



Solution: A. By elementary considerations,

(Ni(2) : 1 <i<r)~ Mult,(ng; (ps. : 1 <i<r))
and

(N;(3):1<j<s)~ Mults(ns;(p;:1<j<s)).

B. First note that if
(Nij) ~ Mult,s(n; (pij)),

then
(Ni.) ~ Mult,.(n; (pi.))

as in A (since the components of (1V;.) give the number of times outcome ¢ occurred
in n independent trials with probability p;. on each trial). Furthermore

(. HMult v (pis/pi) (1)

(1) can be proved most easily by direct calculation of the conditional distribution:

p(NZ]:kU,Zzl,,T,jzl,,S)NZ:lﬂ,Z:l,,T)
r s kz] r Lk

= aTITT 55 /m T
i=14=1"" i=1

_ o pu/pz }
[T 11

on the set k;. = 22:1 kij, @ = 1,...,7. The terms inside the first product are just
the Mult,(k;.; (pij/pi.)) probabilities.

Hence conditional on (N;.(2) : 1 < i < r) the vectors (N;;(2) : 1 < j < s),
i =1,...,r are independent with (N;;(2) : 1 < j < s)|N;. ~ Multy(N;.; (pij/pi;J =
1,...,s)). Similarly, conditional on (N;(3) : 1 < j < s) the vectors (N;;(3) :
1 <i<r),j=1,...,s are independent with (N;(3) : 1 < i < r)|N; ~
Mult, (N.; (pij/pj3i=1,...,7)).

C. If we had the complete data N;;(1), N;;(2), N;;(3) for all ¢, j, then N;; = N;;(1)+
N;;(2)+N;;(3) has a multinomial distribution with number of trials n = nq +ne+ng,
and hence the MLE p = (p;;) of p = (ps;) is given by

o Ny Ny(1) + Ny(2) + Ni(3)

pij_T_ Ny + noe + N3
This is the basis of the “M - step” of an E-M algorithm. But from B it follows that
Pij Pij
E(Ni(2)INi.(2)) = Nz‘-(Q)pf] , EWV;(3)IN;(3)) = N~j(3)# :
7 -J

10



This is the basis of the “E - step” of an E-M algorithm. Thus, for some reasonable
preliminary estimator like 1_3(0) = (ﬁg?)) = (N;j(1)/n), a natural E - M algorithm is
defined by

ey _ V(1) + NGV (@) + NGV (3)

ij =

N1 + Mo + N3

where
. pm pim)
Ni©@) = M@, NEUB) = Ni(8)
Di. N

. (Right censored data). Suppose that X, Xy,..., X, are i.i.d. survival times with
unknown distribution function F', that Y,Y;,...,Y,, are ii.d. censoring times with
unknown distribution function GG, assumed to be independent of the X;’s, and that
we can observe only the iid pairs (Z3,61),...,(Z,,d,) where Z; = X; AY; and
0; = lix,<y;); also let Z =X AY and § = 1ix<y.

A. Show that the joint distribution of (Z,4) is given by

HY) () =P(Z<z6=1)= /(0 ](1 — G(z—))dF(z)
where G(z—) = lim;, G(y), and
HOE) =Pz <20=0)= [ (1= F@)ico)

Furthermore, show that the survival function 1 — H(z) = P(Z > z) is given by
1—H(z)=(1-F(2))(1 - G(2)) and also H(z) = H")(z) + H©)(2).
B. Suppose that the cumulative hazard function corresponding to F' is defined by

Ap(z) = /{M ﬁ(y_)dF(y)

Show that this can be expressed in terms of H and H,. as

e [ L g
Ar(z) /[ T

C. IHH () = n 'S, 6:1{Z < z} and H,(2) = n"' 32", 1{Z; < 2}, suggest
an estimator of Ap based on the observed (Z;,6;)’s.

Solution: A. First,

= E{lx<)E(lx<v|X)} = E{lx<;(1 = G(X—))}

_ /[0](1_G(x_))dF(x).
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Similarly,

P(Z < 2,5 = O) = P(Y < Z,Y < X) = E{l[ygz]l[ygx]}
= E{ly<aE(ly<x)|Y)} = E{ly<a(1 = F(Y))}

- A]a—nwwaw.

Also note that, using integration by parts,
HE) = P = [ 0-GEar@ s [ 0= P
0,z 0,z
~ (1-G)Flos - |

[0,2]
= (1—G(2)F(z G(z) —

(1 - G(2)F(2) + C(2) A@
= 1 (1- F(2))(1 - G(2)).

Fd(1—G) + / (1—F)dG

(0,2]

(1— F)dG + / (1- F)dG

[0,2]

B. Using H®9(z) = Jog(1 = G(z=))dF(z) and 1 — H(z) = (1 — F(2))(1 — G(2))

we compute

b e,y — (1-G(y—))dF(y)
LAﬂLJMkﬂH ) lﬂﬂu—Mywu—G@4>

_ /[0]71_ L iFW) = Ar(a).

Fy—)

C. Since the nonparametric MLE’s of H®®) and H are H and H,, it follows that
the nonparametric MLE of A = Ap is

A 1
M) = [ ),
0,0 1 — Hy(t—)
As we discussed in class on 1/19 and 1/22, this is the Nelson-Aalen estimator of the
cumulative hazard function A.

. Optional bonus problem. Lehmann and Casella, TPE, Problem 4.15, page 506:
For the one-way layout with random effects, the EM algorithm is useful for com-
puting ML estimates (In fact, it is very useful in many mixed models; see Searle et
al 1992, Chapter 8.) Suppose we have the model

Xz]:,u/_'_Az_'_Uz]a jzla"'aniajzla"'asa

where A; and U;; are independent normal random variables with mean zero and
known variance. To compute the ML estimates of i, 0%, and o7, it is typical to
employ an EM algorithm using the unobservable A;’s as the augmented data. Write

12



out the E-step and the M-step, and show that the EM sequence converges to the
ML estimators.

Solution: First note that since 4; ~ N(0,0%), i = 1,...,s and U;; ~ N(0,07),
j=1,...,n;, j=1,... s are all independent, it follows that E(X; ;) = p for all 4, j
and

Cov(X;j, Xij) = Cov(p+ A+ U, pn+ A+ Uy jr)
Cov(A;, Ayr) + Cov(U, ;, Uy )

= 0A5” +0U5”/6

_ { 0, if i

2 2 . Y
UA+UU6j,j’7 if 1=17".

Thus we see that the vectors X, = (X;1,...,Xin,), ¢ = 1,...,s are independent
and that
X, ~ Ny, (pl, 0311 + 03 1) = Ny, (1, 50)

where I = I, is the n; X n; identity matrix and 1 = 1, is the n;— long vector of
all 1’s. Thus the joint density of the X ;’s (the “incomplete data”) is given by

S

1 1 _
p(y,.. . x,) = H WGXP (—Q(L — )57 (2 — H>) :
i=1 !

On the other hand, note that Y;; = X;; — A; = u+ U;j ~ N(p, 0fy) are i.i.d. and
independent of A; ~ N(0,0%) which are also i.i.d. We take the “complete data”
X=U,A) where Y = (Y;;,7=1,....,n;,j=1,...,s) and A = (4y,..., A;). The
joint density of Y and A is given by

p(y, a; 1, 0%, 0%)

- T (%) T e (%)

i=1 j=1
= mexp( Gy 5 9 ZZIJZI Yij — )ﬁeXp (-%;mz)
- e (ST XY o)

where N =n; + -+ +n,. The MLE’s for the complete data are easily seen to be

= — Y, =Y = 1T1,
L)AL

11]1
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S uz S iz

o= = D -
i=1 j=1 i=1 j=1

1
= —T—p?
N2 w,

. 1 1
i=1

The complete data X = ({Y;;}, {A:}) is related to the incomplete data Y by
Xij=Yi;+ A, j=1,....n; i=1,...,s.

To implement an EM-algorithm, we need to compute E(A?|X), E(Y;;|X), and
E(Y?]X). Since
(Xi,la <oy Xz',ma Az) ~ NniJrl((Ha O): Zz)

where

S opl +o311" o3l

Zi = 21/ 2 )

o5l o
it follows from Theorem 1.3.5 that
(Ail X g7 =1,...,n;) ~ Ni(031'S;7 (X, — p), 05 — 031'S; 1 o31)

where
1 1 1 1
S =(opl 403117 = (I_ﬁlll) =— (I——ll’) :
Hence we compute
E(AYlY) = E(A2X;;,i=1,...,n;)

= V(IT(AZ‘|XZ‘J,]. = ]_, e ,ni) + {E(AZ|XZJ,'] = ]_, e ,ni)}2

2 /.2
o2 UA/UU
An,+ o?/ch

—{—Z(X) (14 203 (ZAXM—M)Z}.

; n; +op /o3

Similarly, B
(Xi,h s 7X’i,ni7 )/i,h ey )/z,nz) ~ NQTZZ((E7 H)? E’L)

Ei_(aé[ O'2UI)7

where

14



and hence it follows from Theorem 1.3.5 that

Yig=1,....n| X5, =1,...,n;) ~ Nni(ﬁ + UQUE;l(KZ- — E)7 02UI — 0%2;10%)
= Np(p+ T —r7' )X, — p),opr 11 1),
Therefore,
BEY|X) = pt+ (- )X — ) = X, — 70 (X, — p),
j=1
n; n; 2
EQX)P = ) <Xm —r7 Y (X - u)) ,
j=1 i'=1
BYY|X,) = o3 +|B(Y,X,)}
Z n; n; 2
T; _
= UQUT— +) (Xz',j —r Y (X - M)) :
b=t j'=1
It follows that
E(T1|Y) = TI(Y7 M, 0-1247 O%')
= D (X, =Y (X — ), (2)
i=1 j'=1
E(L)Y) = T2(Y 1,05, 012])
T; _ i
= Z ‘72 + Z =T Z(Xi,j/ — ) (3)
=1
E(T3’Y> = Tl(Ya H, UAa UU)

s 4 7.2
UA/UU
“— n; + 0% /of;
S
5 oh
-+ ni—4
o
i=1 U

J

%Z(Xi,j — )’ — (1 +

(4)
— 4

>;(Xij 2))2}’

2UIQJ/UA

)

ni+ 04/

Thus an E-M algorithm for estimation of (1, 0%, 0%) proceeds as follows: start with

(0)2 &(0)2)

some preliminary estimator (M(O) e.g.
9 =X,
Il ~ =
0'124 = N ZHZ(XZ - X )2,
i=1
of = % Z (Xiy — Xi,)*
i=1 j=1



Then for m > 0, set Tj(m) = Tj(Y, [l (71(4m)2, 68“)2), j = 1,2,3 where the Tj(Y, W, 04, %)
are given by (2) - (4). This is the E-step. Then then M-step is given by

Aty = NTU,

654m+1)2 _ N_1T2(m)7
a_(Uerl)Q _ N71T3(m)
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