Statistics 582, Problem Set 5 Solutions
Wellner; 2/8/2006

1. Let X be a random variable with finite first moment: E|X| < co. Show that
f(b) = E|X — b| is minimized by b = any median of the distribution F of
X. [A median m of F is any value satistfying F(m) = P(X < m) > 1/2 and
1 —F(m—) = P(X > m) > 1/2; See Lehmann and Casella, TPE, page 62,
problems 1.7 and 1.8/]

Solution: Suppose that m is a median of F'. From Lehmann and Casella problem
1.7, it follows that mg < m < my so that the set of medians is a closed interval.
This is easily proved as follows: suppose that M is the set of medians of F.
Note that M is always non-empty since my = inf{z : F(x) > 1/2} € M.
If M = {my}, then [mg,mg] = {mo} is closed. If If a,b € M with a < b,
then if ¢ € (a,b) we have P(X < ¢) > P(X > a) > 1/2 (since a € M), and
P(X >¢)> P(X >b) >1/2 (since b € M). Thus ¢ € M and hence (a,b) C M.
Let (mg,m1) = Ugpem(a,b) be the union of all the open intervals contained in
M. Then if m € (mgy, my)

1/2<P(X<m)=FEH{X <m} - EH{X <m} < E{X <m} =P(X <my),

1/2< P(X>m)=FEI{X >m} - EI{X >m} = P(X >my)
as m /" my by the dominated convergence theorem. Thus m; € M. Similarly,
1/2< P(X <m)=Fl{X <m} — F1{X <mp} < P(X <myg), and
1/2<P(X >m)=FEl{X >m} — EF1{X >mp} < P(X > my)
as m \, mgo by the dominated convergence theorem. Thus my € M and we
conclude that [mg,m;] € M. On the other hand M C [mg, my] with my =
inf{x : F(z) > 1/2} and m; = inf{x : F(z) > 1/2}.
Suppose that ¢ > my. Then by examining the graphs of |x — ¢| and |z — m| we
see that

|z —c| — |z —m| (m —c)1 [z>c] ( )1[x<m +{lc—z)—(z— )}1[m<x<c}
= (c—m) {1[x<m — } + (c+m —22) 1 jnepeq
= (¢—m) {1[;t<m — ljp<q } +2(c — @) ez — (¢ = M) pncacq
= (c—m) {1[m<m - x>m]} +2(c — @) pnco<d-

Replacing x by X and taking expectations across the identity with respect to X
yields

E|X —¢|—E|X —m| = (c—m){P(X <m)—P(X >m)}+2E{(c— X)jmex<a}

> 0+0=0

and



since m is a median of F' implies that P(X <m)—P(X >m) > 0and ¢ > m; >
mg implies that E{(c — X)1pex<q} = E{(c — X)1lpn<x<q} > 0. Similarly, if
c < my,

|z —c|—le—=m|] = (m—=0c)Lpsm — Llp<m) + 2(x — ¢)Ljecacm)s
and taking expectations yields

EIX —c|—EX-m|] = (m—-c{P(X>m)—P(X <m)} +2E{(X — )l ccx<m}
> 0.

Thus E|X — b| is minimized by any median of the distribution F' of X.

. Suppose that Xi,..., X, are i.i.d. Exponential(#) (so the X’s have density

po(z) = 071 (g ) (x). with respect to Lebesgue measure on R, and that
0~ T (a,B):
(80)*""
— 37 exp(—66)1 .
)‘(0> B F(O&) eXp( ﬂ0> [0700)(0>

A. Find the Bayes rule dp(X) for estimation of # with squared error loss
L(6,a) = |0 — a|*. Find the Bayes rule dp,,(X) for estimation of # with weighted
squared error loss L(#,a) = (6 — a)?/6. Is the maximum likelihood estimator
among either of these families of Bayes estimators?

B. Are the Bayes estimators dg and dg, consistent? What are the limit distri-
butions of dg and dg,? Compare them with the maximum likelihood estimator.
C. Suppose that instead of the Gamma prior distribution, 6 has the Pareto(fy, «)
distribution with density A given by

\E) = () Loy O

here E(f) = -%50y where o > 1 and 6y > 0 are known. What can you say about
the Bayes estimator for squared error loss with this prior? For what values of 6,
is the Bayes rule consistent?

Solution: A. The posterior distribution is Gamma(a +n, 5+ > X;). Thus the
Bayes rule for L(6,a) = (0 — a)? is

For L(6,a) = (6 — a)?/0, the Bayes rule is

_EOKOIX) 1 _a+n-]
1) =B )X) T EQAX) A S X
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since, for § ~ Gamma(c, ) we have

&

a—1

E(1/0) =

if « > 1. Thus the MLE 1/X,, is not among either of these families of estimators.

B. Both dg and dp, are consistent and asymptotically equivalent to the MLE
1/X

o 1+nta 1
Vi {dp(X) - 1/X,} = ﬁ{m‘f_}
I

=0O(n~'? =o0
yn(yn + nilﬂ) - O( )Op(l) p(l) )

= N

and similarly for dg,. Thus, for d = dp or d = dp,, we have, since () = 072,

Jrld(X) - 6) = \/ﬁ(% —0) 4 0,(1) —a N(0,1/1(6)) = N(0,6%) .

n

C. When the prior is Pareto(fy, «), the posterior density is of the form

0" exp(—0 30 Xi)(aby 1) (80/0) " g0, 00) (9)
fgzo srexp(—s . X;)(aby 1) (0o /s)*ds

0" Lexp(—0 > Xi)1(gy,00)(0)

feoo si—elexp(—s > X;)ds

0

A0]X)

—_— |~

which is concentrated on (y,o0). Thus the Bayes rule dg(X) = E(0|X) takes
values in (6p, 00) a.s.. Similar to the argument in class in the Bernoulli(f) exam-
ple, Z, = dg(X) = E(0| Xy, ...,X,) is a martingale and hence Z, = dg(X) —
E(0| X1, Xs,...). But 0= 7;1 — 4.5, 0 for each fixed 6 € (0,00), and hence

Py(B, — 0) = /Pg@ L 0)AA(D) = 1.

Hence /Q\n — 0 a.s. Py, and this implies that 0 is F., = (X1, X, ...) measurable.
Therefore E(0| X1, Xs,...) =0 as. and dg(X) — 6 a.s. Py. This in turn implies
that dp(X) —.s 0 for A-a.e. 6. this suggests that dg might be inconsistent for
0 € (0,6p), and this is in fact the case since dp(X) < 0y. When the true < 6y, it
is possible to show that dg(X) —,.s 6o > 0 and that the posterior distributions
convergen to point mass at 6.



3. Let © = (0,00), A = [0, 00), let X have the discrete distribution

r+x—1
T

p(xﬁ):( )01(9+1)<’“ﬂ>, z=0,1,2,...

where 7 is some known positive integer; this is the negative binomial distribution
reparametrized so that EyX = rf. Suppose that

(0 —a)?

00 +1)

L(0,a) =

(a) Show that the usual estimator, do(X) = X/r is an equalizer rule.

(b) Show that the usual estimator dy is generalized Bayes with respect to
Lebesgue measure on (0, 00) provided r > 1. (What happens if r = 17)

(c) Find Bayes decision rules with respect to the prior distributions A, g with
densities

La+B) 01 -
Aag(0) = ———2071(0 + 1)1 g ) (0
7,3( ) F(&)F(ﬂ) ( + ) (0, )( )7
the distribution of § = Z/(1 — Z) where Z ~ Beta(a, 3).
(d) Show that d(X) = X/(r + 1) is minimax. [Note that dy is not minimax,
hence not admissible.]

Solution: (a) First note that Ey(X) = rf and Varg(X) = r6(6+ 1); this follows
from the facts that if X has a negative binomial distribution with mass function

r+r—1\ , .,
p(x;p)z( . )pq,xe{o,l,...},

then EX = rq/p and Var(X) = rq/p* with ¢ = 1 — p. Thus for the weighted
squared error loss L(0,a) = (6 — a)?/(6(6 + 1)) the rule do(X) = X/r has risk
R(@, dO) =

Varg(X/r) = r(0+1) = %;

1
g0 + 1) r20(60 + 1)

since the risk function of the rule d is constant in 6, it is “an equalizer rule”.
(b) For A(f) = 1(9,)(#) (corresponding to A Lebesgue measure on (0,00), the
(generalized ) Bayes rule is

) < ELEO0X) | E(6+1)1x)
M) = BROIX) B0+ )X

where the posterior density is

(X +r)
NX+1DI(r—1)

AO|X) = OX =10 4 1)~ 9,
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Thus we compute the numerator as

B{(0+ 17X}
/°° g+ (g 4 1)_(T+X+1)F(X+r—|— 1) 50 DX +r) L'(r)

0 DX+ 1)I(r) NX+r+1) T'(r—1)
r—1
T X+

and the denominator is

E{o~r0+1)7Y X}

_ /°°0Xl(0+1)(T+X+1)F(X+r+1)d0 DX +r) I'(X) .F(r—l—l)

0 T(X)C(r+1) T(X+r+1) T(X+1) I(r—1)

= -iw(r—l).

Putting these together yields dx(X) = X/r = dy(X). Thus dp is a “generalized
Bayes rule” with respect to the (improper) prior given by Lebesgue measure on
(0,00). This argument works when r > 1 (because of the factor I'(r — 1) in the
denominator). When r = 1 the corresponding posterior is

X +1)
['(X +1)r(0)

since ['(0) = [~ 27 'e "dzx = 0.

(¢) By straightforward calculation the posterior density of  for the given prior is

AO|X) X119+ 1)~ =

T(X—l—oz+7’+ﬂ)ex+a,1
(X +a)l(r+3)

The Bayes rule with respect to the loss function L(6,a) = (6 —a)?/[0(0 + 1)] =
K(0)(0 — a)?* is given by
da(X) = E{K(@#)0X}  E{@+1)7"X}

T BROIXY B0+ 17X

AO|X) = (0 + 1)~ TXret 1 (6).

By straightforward calculation the numerator and denominator are given by

B{K(OIX) = — B+ D0 +0)

X +a+r+B) (X +a-1)
Thus the Bayes rule with respect to this weighted loss function and prior A is

X+a-—-1
WX) =751

>



Since Fpda(X) = (r0 +a —1)/(r + 3+ 1) and

ré(0+1)

Varg(da(X)) = m,

The (ordinary) risk of the rule d, is

2
rf(0+1) r+a—1
(r+6+1)2 + <r+ﬁ+1 - 9)

(0 + 1)

IS S N la—1—-0(5+1)]?
N (r+ﬁ+1)2{ + 00 +1) }
1 (=12 2(—-1)(B+1) 0(B+1)

- (r+ﬂ+1)2{r+9(9+1) 0+1 0+1 }

R(0,dy)

Thus after calculation of

* 1 _ BB+1)
/0 A Iy
1

= _ B
/0 0—1—1)\(9)(10_044—6’ and

< 6 «
——A0)dt) = ——
/0 9+1() a+p’

we find the Bayes risk of the Bayes rule d, to be

- _qp PBHD
R(A,dy) = (T+ﬁ+1)2{r+(a )Oz(Oé—i-ﬁ—i-l)
— _ L 2 @
2(a 1)(ﬁ+1)&+5+(5+1)&+g}
1 1
m{r—l—l}:m as a— 1, f—0. (1)
(d) The rule d(X) = X/(r + 1) corresponding to the limiting Bayes risk in (1)

has risk

R(6,d) = ﬁ {r—l— %}

with supremum risk

1
R, d) = :
S ROD =

Thus by theorem 6.2 the rule d is minimax.
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4. A. Let (X|o?) ~ N(0,0?). Show that the conjugate prior for o2 is the distribu-
tion of 1/Y where Y has a gamma distribution.
B. Suppose that (X0, k) ~ N(0,1/k), (0|k) ~ N(u,7/K), and k ~ Gamma(c, (3).
Show that the posterior distribution of (¢, k) has the same form as the prior.
C. Find the marginal posterior distribution for ¢ in B.
D. If Xy,...,X, areiid. as X in A, find the limiting distribution of the Bayes
estimator of 6.

Solution: A. Now p(z|c?) = (2r)~ 20~  exp(—2?/20?), so a conjugate prior is
of the form

Mo?) = () *exp(—b/20?).
IfY ~T(a, ), then Z =1/Y has density

Zfafl

I(a)
Identifying a with o 4+ 1 and b with /2, the claim follows. Equivalently, if we
reparametrize the normal density by x = 1/0? so that

p(xlk) = (r/2m)"? exp(—(x/2)2?)

and suppose that k ~ I'(a, §). then

pz(za,0) = %py(l/Z; o, ) 3% exp(—p/2).

A = (=) explomat 2 07 exp(=0) T (1)
a—1/2 ga 2

= ——exp(—(B+ %)/@)1(0700)(%&),

V21T (a)
and hence (k|X) ~ T'(a+1/2,8+ X?/2).
B. Since it is not more difficult and is needed in part D, we will take X to have
the distribution of X,, with Xy,..., X, ii.d N(0,1/k), namely N(¢,1/). Then
the result for this part follows by taking n = 1. The joint density of X,,0, x is
given by
p(]0, £)M(0]r)A(x)
S = 02 e (— o0 — 0?)
= exp(——-(z = 0)°) exp (—5—-(0 = p)
KYBY  In n 1
e\ expl (34 o= 07+ L0~ )

KB [n K 1 nx + £ 2
— mﬁexp(—i(njL;) (9— — ))




after some (careful!) algebra, and it follows that
_ _ . o 1 1/r - 9
(6,5]%) ~ N(u(X; 7), 57 (0 + 1/7)7) - Gamma (o + 2, —LT (X — )

where

nr+%2 x4 pu/(tn)

T3 7) = n+% 14+1/(mn)
We also define
Bl r) = 6+ 3=l (o= @)
Hence
MO, 5] X5) = n(%;/ﬂ exp (—M(Q — (X, r))2>
‘ KOTV2B(X, 7)o t1/?

exp(— B3, (X, 7)K).

T(o+1/2)

C. Thus the marginal posterior distribution of 6 is

MO = /0 N0, 1 X )
_ /OOO K exp {—n (MY, 4l +21/T(e — (X, T))Q) } i

n+1/7 B, (X, 7)e+1/2
2 T(a+1/2)

) - N r)etl/2
- /o Haﬂ_lr(i:q) exp(—r)dr - F(gajll) nz;/Tﬁ;(éi)l/;)/
_ Nla+1) n+1/7'ﬁn(y,7—)a+1/2
[+l 2 I(a+1/2)
 T(a+1) [n+1/7B,(X, 7)ot/
Ia+1/2) 9 o

 Ia+1) /n+1/7 B (X, 7)o +1/2
T Ta+1/2)V  or ( wri/r - (3)

_ a+1
Bul(X,7) + M550 = 1 (K, 7))?)
with (,(z,7) as defined in (2)and
n+1/7

5= u(en0.7.8) = (Buler) + 0= 1o 7))
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To understand this marginal posterior distribution, we first calculate the marginal
prior distribution of 6:

AO) = /Ooo)\(0|/€)/\(/i)d/<o

o 0 ﬁa+1/2716a+1/2 - INa+1/2
it T oA S
F(Oé + 1/2) 1 ﬂa+1/2

F(a) /27”-5 Ba+1/2
F(Oé 4 1/2) 1 ﬁa+1/2
T Ta) V2B (Bt (60— p)? ]a“”

(20 +1)/2)

['((20)/2) M[{ (6 (V50-w)’ }(2a+1>/2
=t (\/%(9 - u))

where t9,(2) is the t-density with 2« degrees of freedom. Similarly, for the
marginal posterior density derived in (3),

(2041)+1
P () /T> I

A(0]X)

VT V e

( (n+1/m)(2a+1) (o /L(XT)))
1+

Bn (X,T)
2a+1

B (n+1/7)2a+ 1) —
= toat1 (\/ (X 1) (0 — Mn(XaT)))

where to,.1(x) is the t density with 2« + 1 degrees of freedom.
D. Since the t distribution is symmetric about zero, the posterior distribution of

6 given X is symmetric about

Xot+L2 I 1/(n)
I+L 1+ /) " 1+ nn)"

Hn (yna nT) =

and hence for any a > 0 (since the mean of a ¢, distribution is finite if 7 > 1) the



resulting Bayes estimator da(X) = E{0|X} of 0 is pu,(X,, ) But

- 1 _ 1 1/(nr)
\/ﬁ{E(mi) _‘9} - W\/ﬁ(Xn_e)+\/ﬁ(W9—e+mﬂ)
1 —

—d 1 N(O,l//‘i),

so the Bayes estimator is again asymptotically equivalent to the usual estimator,
X,
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