M- and Z- theorems
Wellner; 5/13/98, 1/26/07, 5/08/09

Z-theorems: Notation and Context

Suppose that © C R*, and that

¥, : O —R" random maps

¥ : O —R' deterministic maps.
Suppose that /Q\n and 6y are the corresponding solutions (or approximate solutions) of
U,(0,)=0 or  W,(0,)=o,(n"?),

T(6) = 0.

In the simple case of i.i.d. data Xi,...,X, ii.d. Fy with empirical measure P,, and
then, for the usual case of linear estimating equations, the functions ¥,,, ¥ are given

by
U, (0) =P,(-,0), and U(0) = Py)(-,0)

for a vector of functions ¢ : X x © — RF (x,0) = ¢(x,0); often the functions 1

are score functions motivated by likelihood, pseudolikelihood, quasilikelihood, or some
other “likelihood” for the data.

Here are the four basic conditions needed for Huber’s Z— theorem:
Al ¥, (6,) = 0,(n"1/%) and ¥ (6,) = 0.

A2 \/n(V, — V) (0y) —q Zo.

A3 For every sequence 4,, — 0,

WAL= W) = AT, — 1)(60)
10—00|<6n 1+ /nl0 — 6y

= 0,(1).

A4 The function W is (Fréchet-)differentiable at 6y with nonsingular derivative U (6,y) =
\IJO:
U () — W () — Wo(0 — ) = o(|0 — bo]) .

Theorem. (Huber (1967): Pollard (1985)). Suppose that Al - A4 hold. Let 6, be
random maps into © C R satisfying 6,, —, 6p. Then

V(0 — 00) —a —V5 1 (Z) ;
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if Zy ~ N (0, A), then this yields, with ¥, = B,

V0, — 0) —4 Ny(0, B A(B™H)T) .

Proof. By definition of /Q\n and 6y,

~

V(T (0,) = T(00) = Va(P(0,) — U,(0,)) + o0p(1)
= —/n(¥, — 0)(b)
- {Vaw, - 0)@) - va, - 9)0) } + o)

— /(W — ©)(0p) + 0,(1 + V1|0, — o)) + 0,(1); (1)

here the last equality holds by A3 and é\n — 0. Since W, is continuously invertible,
there exists a constant ¢ > 0 such that

1Wo(6 — )l > cllf — ol

for every 6; this is just the basic property of a nonsingular matrix. By A4 (differentia-
bility of W), this yields

(W(8) = W(bo)| = clf — bo| + o(|6 = bo])
By (1) it follows that

Vtlt = ol (e + 0p(1)) < Op(1) + 0p(1+ Vlth = o)
which implies R
V|6, — 6] = O,(1) .
Hence from (1) again and A.4 it follows that

Uo(vn (0, — 60)) + 0,(v/0l8, — 0o]) = —v/n(¥,, — W) () + 0,(1)

and therefore R '
V0, — 60) —a =5 (Zo)

by A2 and A4. O
Example. Consider estimation of 6 in the simple triangular density family P = {Fp :
0 € [0,1]} given by the densities

T 11—z
p(x;0) =2 {51[0,9](95) + 1o 91(971](3:)} : 6 €[0,1].




Then the score function for 8 for one observation is

| 1
lo(w;0) = =5 1pa(@) + 75 Len(@),

at least in the sense of a Hellinger derivative:

/0 (Vp(:0) — /ol 00) — 2 Hy(a:60) /p(w: B) 2z = 0|6 — o).

Our goal is to use Huber’s theorem to study the behavior of the MLE of # in this model
when (possibly) X, X;,..., X, areiid. Pon[0,1] with P ¢ P. Let F'(z) = P(X < )
be the distribution function corresponding to X. From the score calculation above, the
score equation for estimation of # is equivalent to

U, (0) = Fo(0) — 0 = 0.

The corresponding population version of ¥, is ¥ given by
v(h) =F(0) -0, where F(z) = / p(y)dy.
0

It is reasonable to assume that W(f) = 0 has a unique solution 6y = 6y(P) if P has
a density p which is unimodal on [0, 1]. (Of course it is easy to construct examples in
which this has only trivial solutions 0 or 1, or for which there are many solutions: for
the former, consider the “anti-triangular density” p(x) = 2(1/2 — x)1j,1/9(x) + 2(x —
1/2)1 /2,11 (2); for the latter consider p(xz) = 1+ (1/2)sin(67x).)

Let 90 = eo(P) satisfy \11(90) =0= F(Qo) - 00. Then F(eo) = 00, and

VnUa(0o) = Vn(¥,(6) — ¥(b))
V(F,(0o) — F(6)
—a Lo~ N(0,F(0)(1 — F(6))) = N(0,60(1 — b))

Thus A2 holds. Moreover if F' is differentiable at 6, with derivative p(6,), then A4
holds with

@(90) = p(6h) — 1.

Furthermore, the condition A3 holds since, for any 6, — 0,

sup V(¥ — W)(0) — V(¥ — U)(6)|

0:16—00| <6
= sup  [v/n(F, — F)(0) — vn(F, — F)(6)]
0:10—00|<dn
—p 0



if F'is continuous at by the asymptotic equicontinuity of the empirical process. We
conclude from Huber’s theorem that any solution of W, (6,,) = o0,(n~/?) satisfies

90(1 — 00) )
(p(é’o) - 1)2 '

When P € P holds, 6y(Py) = 0 (so 0y(Py,) = 6y), and p(bp;0y) = 2. Thus the
asymptotic variance in the conclusion of Huber’s theorem reduces to 6y(1 — ), which
agrees with the information bound calculation based on the score ly.

V(0 — 00) —a —(p(6y) — 1)"'Zo ~ N (07

Now our goal is to extend this to an infinite-dimensional setting in which © is a
Banach space. A sufficiently general Banach space is the space

[®(H)={z: H — R|||z|]| = sup |z(h)| < oo}
heH

where H is a collection of functions. We suppose that
U,:0—=L=["H), n=1,2, ..

are random, and that
V.0 L=I"H),

is deterministic. Suppose that either
\I/n(é\n) =0 in L;
(ie. W, (6,)(K) =0 for all W’ € H'), or
v,(6,) = 0p(n~1?) in L;

(i'e' ||\I/n(0n)||H’ = Op(nil/Q))‘

Here are the four basic conditions needed for the infinite-dimensional version of Huber’s
Z— theorem due to Van der Vaart (1995):

B1 U, (6,) = 0,(n"/2) in I**(H’) and ¥ (6) = 0 in I*(H').

B2 /n(V, — V)(0y) = Zy in I*(H').

B3 For every sequence §,, — 0,

sup V(W — 0)(0) — (W, — V) (60)]
1660 | <6n L+ +/n|[0 — 0|

= 0,(1).



B4 The function U is (Fréchet-)differentiable at 6, with derivative () = W, having
a bounded (continuous) inverse:

[W(0) — ¥ (bh) — ‘i’o(‘9 —0o)|| = o([|6 — O]) -

Theorem. (van der Vaart, 1995). Suppose that B1 - B4 hold. Let §n be random maps
into © C [*°(H') satisfying 60,, —, 6p. Then

Vi, — 0)) = -5 (Zy) in  I®(H).

Proof. Exactly the same as in the finite-dimensional case: see van der Vaart (1995)
or van der Vaart and Wellner (1996), pages 310-312. O



M-theorems: Notation and context

Suppose that © C R¥ and that m : X x © — R. We often write mg(z) = m(x, )
for . € X, 6 € ©. Suppose that é\n and 6y are the corresponding maximizers (or
approximate maxmizers in the first case) of

M, (0) = P,m(X,0) = P,me(X), and
M(0) = Pom(X,0) = Pymy(X),

respectively. A common choice for m(z,d) would be logp(z;0) = logpe(z) where
po(-) is the density of Py with respect to some dominating measure p for a model
P ={P): 6 € ©}. Then 0, is a Maximum Likelihood (or approximate maximum
likelihood) estimator for the model P.

Theorem. Suppose that for each 6 in an open subset of © C R*, z + my(x) is a
measurable function such that 6 — my(z) = m(x,0) is differentiable at 6, for Py—
almost every x with derivative 7y, (x) and such that, for every 6y, 6, in a neighborhood
of 6, and a measurable function r with Pym? < oo,

Mo, () — ma, ()] < 1if|0) — b5

Furthermore, suppose that 8 — FPymy has a second order Taylor expansion at a point
of maximum 6, with nonsingular second derivative matrix Vp,: i.e.

1
Pomg = P()mgo + 5(9 - eo)T‘/go(e - ‘90) + 0(”0 - ‘90“2)
If P,myg (X) > supy Ppymg(X) — 0,(n~") and 0, —, 0o, then
(6, — 6) V! \/_ ngo )+ 0p(1).

In particular N
V(B — 60) —a Ni(0, Vg, ' Po(ringyring, )V, ).

Proof. See van der Vaart, Asymptotic Statistics, section 5.3, pages 51 - 60. O



Applications and Extensions of Van der Vaart’s Z-theorem:

e Gamma frailty model; Murphy (1995).

Partially censored data; Van der Vaart (1995).

Correlated gamma-frailty model; Parner (1998).

Semiparametric biased sampling models; Gilbert (2000).

Two-phase sampling models with data missing by design; Breslow, McNeney and
Wellner (2003), Breslow and Wellner (2007), (2008).

However, in many statistical problems the parameter usually includes both a finite-
dimensional parameter (e.g. regression parameters) and an infinite dimensional (nui-
sance) parameter. We now suppose that § = (3,A), where [ is a finite-dimensional
parameter, say in RY, and A an infinite dimensional parameter (a function). The
M-estimators of 3, (3,, and of A, A,, respectively, often have different convergence
rates. The convergence rate for A, is often smaller than n'/2, such as n'/3, or n*5 in
some cases. Huang (1996) established a general theorem to show that under certain
hypotheses, the maximum likelihood estimator of a finite dimensional parameter has
n'/? convergence rate and is asymptotically semiparametric efficient, even though the
convergence rate for the maximum likelihood estimator of the infinite dimensional pa-
rameter is smaller than n'/2. He also successfully applied his general theorem to the
proportional hazards model with interval censored data.

The following theorem due to Zhang (1998) generalizes the theorem of Huang (1996)
to the case of inefficient M-estimators; it shows that under reasonable regularity hy-
potheses, the M-estimator of a finite-dimensional parameter § has n'/? convergence
rate, and that Bn is asymptotically normal, even though the M-estimator of the corre-
sponding infinite dimensional parameter A converges perhaps more slowly than n'/2.
The resulting asymptotic covariance matrix for the M-estimator of 5 has the well-known
“sandwich” structure.

Here is the notation and conditions needed for the theorem. Let 6 = (3, A), where
$ € R% and A is an infinite dimensional parameter in a class of functions F. A, is a
parametric path in F through A, i.e. A, € F, and An|n=o =A.

} and define

on =0

LetH:{h:h:%

0 0 !
mi(B, A;x) = Vgmgay(z) = (8—61m(’6’A) (z),---, a—ﬁdm(ﬁ,xx)(x)) ,

0
mo (6, A; x)[h] = a—nm(ﬂ,An)(ﬂﬁ)

)
n=0




m (8, s z) = Vimsa(z),

a8 Asz)H] = 5 (5, i) »
ma1 (B, A; 2)[h] = Vema (B, A; z)[R],
and )
mao (B, A; x)[h, h] = G—Wm(ﬂ’A”;x) Y
We also define
S1(B, A) = Pmq (B, A; X),
$2(8, M) = Prms(5, A; X)[1),

] [
Sin(B, A) = Puma (53, A; X),
Son (B, A)[h] = Brma (83, A; X)[h],
511( ,A) = Pmyi (B, A; X)),
512(5 A)[h] = Sél(ﬁa/\)[h] Pmia (B8, A; X)[h],

and

Soa(B, M) [k, h] = Pmaa (B, A; X)[h, h].

Furthermore, for h = (hy,---,hg) € H? where h; € H for j = 1,2,---,d,, and
H'=HxH X oo % H, denote

ma(6,A; w)[b] = (ma2(B, A; ) [ha], - - -, ma(B8, As ) [ha])',

maz (8, A;z)[h] = (M2 (8, Asx)[ha], - - -, maz (B, A; @) [ha)),
ma1 (B, Asx)[h] = (ma1 (B, Asx)[ha], - - -, mar (B, A; @) [ha)),
mas (B, A; z)[h, h)(maa (B, A; 2)[hy, hl, - -, mas(B, A; ) [ha, b)Y,
and define

Sy(B, A)[h] = Pmy(5, A; X)[h],
San(B, A)[h] = Ppmo (8, A; X)[h],
512(@/\)[}1] = Pmiy(8, A; X)[h],
SQI(BaA)[h] = Pmai (8, A; X)[h],

and

S22(B, A) [, h] = Pmss (3, A; X)[h, A)].

The following Assumptions will be used to formulate our general theorem:
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Al.

A2.

A3.

Ad.

Ab.

A6.

(Consistency and rate of convergence):
B0 = Bol = 0p(1) and [|A, = Aol = Op(n™")
for some v > 0.
(Zero-mean structure):
S1(Bo, Ag) =0, and Sa(By, Ag)[h] =0, forall h e H.

(Positive “pseudo-information”): There exists an h* = (h},---, hjy)", b € H
g =1,---.d, such that

S12(o, Ao) [h] = S22, Ao) 0", h] = 0, (2)
for all h € H. Moreover, the matrix
A= —511(50, Ao) + 521(50, No) ('] = —P (m11(Bo, Aos X) — ma1(Bo, Ao; X) [h*])
is nonsingular.

(Approximate solution of pseudo-score equations): The estimator (Bn, An)
satisfies

Sln(ﬁm [\n) = Op* (n_1/2)7
and o
Son(Bn, An)[h*] = 0p- (n71/2>'
(Stochastic equicontinuity): For any d,, | 0 and C' > 0,

sup }\/ﬁ(sm —51)(B,A) — \/ﬁ(sln — 51)(Bo, AO)‘ = Op*(l)u

|B—Bo|<én,|A—Aol|<Cn—7

and

sup }\/ﬁ(SQn - SQ)(ﬂa A) [h*] - \/ﬁ(SQn - SQ)(ﬂO, AO)[h*]

|B—B0|<dn, [|A=Ao||<Cn~

= 0p(1).

(Smoothness of the model): For some o > 1 satisfying ay > 1/2, and for
(8,A) in the neighborhood {(4, A) : |8 — fo| < 8., ]|A - Ao|| < Cn7},

15108, A) = 1o, Ao) = St (B, Ao} (8 = B) — Sralo, Ao)[A = Ao
= o(|6 = fol) + O(|A = Ao ).

Sa(8, A)[h*] = S2(Bo, Ao)[0*] — Sa1 (B0, Ao)[0*]) (B — Bo) — (Saa(Bo, Ag)[h*, A — Ao]’
= o(|8 = Bol) + O([|A = Ao[|*).



A7. (Asymptotic normality of projected pseudo-score): With
m*(Bo, Mo; v) = ma(Bo, Aos ) — ma(Bo, Ao; ) [h"],

we have

\/ﬁpnm*(ﬁ(b AO) X) —d N(O7 B)u
where B = Em* (03, Ao; X)®? = Em* (8o, Ao; X)m* (o, Ao; X)'.

Theorem 2.3.5. (Asymptotic Normality) Suppose that: assumptions A1-A7 hold.

Then

Vi(Be — Bo) = AR (G, Aoy X) + 0 (1) —a N (0,47 B (471)').

Proof : Al and A5 yield
V(S1n = 81) (Bny An) = V(S1n = S1)(Bo, Ao) = 0pe (1)
Since Sip (B, An) = 0p-(n~1/2) by Ad and S (fo, Ag) = 0 by A2, it follows that
ﬁsl(ﬁn, An) + vVnS1(Bo, No) = 0, (1).
Similarly, we have that
VSs(Bn; A) 0] + V1S3 (Bo, Ao) [07] = 0,0 (1).

Combining these equalities and A6 yields

511(50, Ao)[ﬁn - ﬁol + Sm(ﬁo, Ao)[[}n — Ao] + S1n(Bo, Ao)
+0(|Bn = Bol) + O A = Ao||*) = 0p=(n7"/?),

Sa1(B0, Ao)[h] [Bn — Bo] + Sa2 (o, AO)[h*][An — No] + S20,(Bo, Ao)[h]
+0(|3n = Bol) + O(||An = Ao[|*) = 0p- (n~?).
Because oy > 1/2, then the rate of convergence assumption 1 implies
VIO([An = Aol|*) = 0+ (1).
Thus by A4 and (2.3.4) minus (2.3.5), it follows that

(511(50, Ao) — 521(50, Ao)[h*](ﬁn — Bo) + 0(|ﬁn — Bol)
= —(S1n(Bo, Ao) = Sen(Bo, Ao)[h7]) + 0pe (n~1/?),
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1.e.

—(A+ 0(1))(Bn — o) = —Brm”(Bo, No; X) + 0y (n7'12).

Hence

Vi(Ba = Bo) = (A+o0(1)) " VaPum® (fo, Ao; X) + 0p-(1)
— N (0,47 B(47)).
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