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1. Introduction

Suppose that X1,...,X, areii.d. F'and Y7,...,Y, arei.i.d. G independent of the X;’s. We observe
(Zi, A;) = (Xi NYi, Lix,<y;]), i = 1,...,n. We do not assume (here) that F' or G is continuous.

Let (Z,A) £ (Zy,A1). We write

H™(t) = P(Z <t,A =1),
He(t) = P(Z < t,A =0),
H(t)=P(Z <t).

Thus 1 — H(t) = P(Z >t) = (1 - F(t))(1 — G(t)). The corresponding empirical distributions H"¢,
HY, and H,, are given by

Hue(t) =n~" ) A1{Z; < t},
=1

H(t) =n~ 'Y (1 - A)1{Z <t}
=1

H,(t) =n* i 1{Z; < t}.
=1

2. Heuristics via the “Binomial likelihood”

Allowing ties, we let 0 < 17 < .-+ < T} < oo denote the ordered distinct values of Zy, ..., Z,,
and set d; = nAH(T;) for j = 1,...,k. Thus d; is the number of uncensored observations Z;
occurring at Tj. We also set ; = n(1 — H,(T;—)) for j = 1,...,k. Thus r; is the total number of
observations Z; with values at or beyond Tj.



As shown in problem 1 of problem set number 4 (Stat 582, Winter 2010), the natural
nonparametric likelihood for the right-censoring problem as outlined above is

k
La(d) = [T A7 (1 = )4 (2.1)
j=1

where \; = AA(T)) = p;/ Zf;l p; for j =1,..., k. The natural maximizer is, term by term,

o _d;__ nAH(T)
I T (i H (T )

and the resulting estimator of F' is

By the formal equivalence of (2.1) to the likelihood for k independent Binomial random variables,
Binomial(r;, A;), 7 = 1,..., k, the information matrix for A = (Aq,..., M)t s

I()) = diag <ﬁ> ,
and we expect that
Var(log(1—F,(t))) = Var( ‘;tlog(l —A)
= Y ]Vja;(log(l —\)

j:Tj St

. L A=)
a Z(1—)\1)2 T

Thus a natural estimator of this variance is

_ . A
Var(log(l — F,(t = —
(log(1 - Fu (1)) T

.
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This leads to

Var(l— Fu(t) = (1-Fa)? 3 —9 (2:2)
e Ti(ri = dj)
- 21 F 2 dH3(s)
= - EE) /[] (N~ Has )~ AEEE) =Y

This is Greenwood’s (1926) estimate of the variance of life-table estimators, and the above derivation
is based on the treatment in Cox and Oakes (1984), pages 50-51.

3. An approach via martingale theory

From Shorack and Wellner (1986), Proposition 7.2.1, page 301,

~

1_717”(75)_1__/ 1_F”_d(fxn—A);
[0,2]

1—F(t) 1-F
equivalently,
1—F(t) 0,4] 1-F
1—F,_ 1
= dM,, (s).
/['Ovt} 1 - F 1 - Hn(s_) ( )
where

! we(t) — - s— s
Bo(t) = /Mmdlwn, Mn@):ﬁ(Hn (t /[ Y >>.

Here M, is a (normalized) counting process martingale with predictable variation process
M@ = [ (1)1 - AA)dAG)
0t

It follows that the predictable variation process of Z,, is, using 1 — AA = (1 — F)/(1 — F_),

~ 2
zw = [ (11‘_ ;:) T E )1 — AAG)A)
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v foy(F2F) o - asena
1
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Thus the natural estimator of F},(t) is just (2.3).
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