Statistics 581, Problem Set 8 Solutions
Wellner; 11/27/2002

1. Suppose that § = (61,60,) € © C R* where §; € R and 6, € R*~!. Show that:
A. I =l — L1p13k, is orthogonal to [Io] = {a'ly : a € R} in Ly(Pp).
B. @112 = inf cpr Eg(il—c’ig)Q and that the minimum is achieved when ¢’ = 1515,
Thus . _
Lo = Ey(ly — Loly'l)? = Eyl(15)?] .

C. Prove the formulas (16) and (17) on page 17 and of the Chapter 3 notes and
interpret these formulas geometrically.

Solution: A. Note that for any a € R*~! we have
Eo[iiiTa] = B, {(1’1 — Lol3t)iT a}
= {E@ {lllg} — 1121521E9 {lglg}} a
= {112 — ]12}& = O

Thus # is orthogonal to [I] in Ly(Pp).
B. Note that for any ¢ € R*~! we have

Ey(ly — ly)?
= Ep(ly — Lol o + LIyt s — l)?
= Byl — Lol ly)* + Ep((Laly! — ¢)ly)?
= I — LoDy Iy + Ep((I1213' — C/)j2)2
> Iiio

with equality if and only if ¢ = I»1,,'. Here the second equality uses the
orthogonality proved in A.
C. Formula (16) says that

= It — I ol (0.1)
One way to derive this is as indicated on page 21: since [ = I"Y we have
L=1"+1%y  and  ly= 1"+ 1%,
Hence it follows that
I+ I ol
= TY) 4 12y + I T, (174 + 1720)
= I {([11[11 + LNl + (I 172 + [12122)j2}
— I {Ident 40 1'2}

= I,



Rearranging yields (0.1). Note that this indentity decomposes the efficient influence
function [y in the larger model with both #; and #; unknown into its projection onto
the efficient influence function in the sub-model when 6, is known, namely I,

and a term which is orthogonal to [[;]. Formula (17) follows immediately from (16)
in view of orthogonality of the two terms:

I, = ELIT) = BUIT I + I e Bo1E Iy 17
= I+ I oI o I

. Suppose that (Y]Z) ~ Weibull(A"*e™7#, 3), and Z ~ G,, on R with density g,, with
respect to some dominating measure pu. Thus the conditional cumulative hazard
function A(t|z) is given by

Aas(tlz) = (A2t)% = NehZP

and hence
AMas(t]z) = AeP? gt

(Recall that \(¢t) = f(¢)/(1 — F(t)) and

A(t)z/o /\(s)ds:/o (1= P(s)dF(s) = —log(1 — F(t)

if £ is continuous.) Thus it makes sense to reparametrize by defining 6; = 3~ (this
is the parameter of interest since it reflects the effect of the covariate Z), 0y = N,
and 63 = (. This yields

Mo (t]2) = 050 exp(fy2)t%

You may assume that

a(z) = (0/0n) log g, (2)
exists and E{a*(Z)} < oo. Thus Z is a “covariate” or “predictor variable”, 6; is a
“regression parameter” which affects the intensity of the (conditionally) Exponential
variable Y, and 6 = (01, 65,05, 6,) where 6, = 1.
(a) Derive the joint density py(y, z) of (Y, Z) for the re-parametrized model.
(b) Find the information matrix for 8. What does the structure of this matrix
say about the effect of n = 6, being known or unknown about the estimation of
01,605,057
(¢) Find the information and information bound for #; if the parameters 65 and 63
are known?
(d) What is the information bound for #; if just 65 is known to be equal to 17
(e) Find the efficient score function and the efficient influence function for estimation
of 6; when 65 is known.
(f) Find the information Iy;.(23) and information bound for ¢, if the parameters ¢,
and 03 are unknown. (Here both 0y and 65 are in “the second block”.)
(g) Find the efficient score function and the efficient influence function for estimation
of #; when 0y and 65 are unknown.



(h) Specialize the calculations in (d) - (g) to the case when Z ~ Bernoulli(d,) and
compare the information bounds.

Solution: (a) Integrating Ag(¢|z) with respect to t gives
Ag(t]|2) = Oy exp(6,2)t%
and hence the conditional survival function 1 — Fy(t|z) is given by
1 — Fy(t|z) = exp(—Ag(t]2)) = exp(—0y exp(6,2)t") . (0.2)

It follows that
fo(t]2) = 0305771771 exp(—0ye77t%) |
and hence that

po(y,2) = fo(y|2)gy(2) = 0203 7t% 1 exp(—0ae”7%) g, (2)
= = 0503e" 1" exp(—0ae” 71" ) gy, (2) .

(b) We first calculate the scores for 6. Note that the random variable W =
0y exp(0,Z)Y% has, conditionally on Z, a standard Exponential(1) distribution:

Py(W > w|Z) = Py(0yexp(012)Y% > w|Z) = e
by (0.2). We calculate

WOy, Z) = logps(Y, Z)
= logfy +logfs + 6,7 4 (03 — 1) log Y — 02" %Y +log go,(Z) ,
L(Y,2) = Z—26,e"%Y% = z(1-W),
1 By ?2Yy?s 1

L(Y,Z) = T 92(1—W),
, 1
(Y, Z) = 6—3+10gY 057y % log Y
1
= o HlogV{l- Ore" 7Y%}
3

1 02601ZY93
= —<1+log—>——1{1—
0 { + log VY { W}}

- g%{l.+<uogvV‘ log (62" ) H{1 = W}}

1
= g (L= (W = DlogW] + (W = 1) log(6¢" )}
L(Y,2) = a(Z)=a(Zn).
Moreover,
) 1 0 691ZY93
(Y. 2) = —26,6"7¥ " logY = ~Zg 0. 7Y log (W)

Z
= —Q—W{log W — log(fye%)}
3



= —giW{log W —log(6s) — 0,7}
3

Is(Y,2) = —e"%y%logy = —ﬁ&ze@lzy@s log (%)
= —ée?)W{logW — log(6,¢"%)}
= —%Q?)W{logw —log(6y) — 012},

(Y, 2) = —9%{1 + Wllog W — log (6 7]2}

Thus we calculate easily:

In(0) = Es(L(Y,2)%) = Eo{E[Z°(1 - W)*|Z]}
= E{Z’E[1-W)|2]} = B(Z%),
Ey(1,(Y, Z)%) = Eg{E[6;°(1 = W)?|Z]} = 657,
05 {1+ E[W(log W) — 2E(W log W){log 65 + 6, E(Z)}
+ E{(log 6, + 01Z)2}}
= 0;° {1+ B*—2A{logb, + L E(Z)} + E{(logb, + 6,2)*}}
Is(0) = Eo(L(Y,2)(Y, 2)) = E{E[Z0; (1 - W)?|Z]} = 0, E(Z),

w N
w [\
/N TN
<
S—
Il

L3(0) = —Ep{liz(Y,2)}
= 97U E(Z)[A —log ] — 0. E(Z%)},
Ly(0) = —Ep{ls(Y, 2)}

= (0o03) ' {A —logb, — 6, E(Z)}

A=E{WlogW} = /00°<w10g w) exp(—w)dw =1 — 7,
B*= E{W(logW)*} =7*/6+ (1 —v)* — 1.

Note that since IL(y,2) = a(z) is just a function of Z, it follows easily that for
j=1,2,3 we also have

Lu(0) = Eo{L(Y,2)l(Y, Z)}
= E{g;(W, 2)a(2)} = EXElg;(W, Z)a(Z)|Z]}
= E{a(2)Elg;(W, 2)|Z]} = E{a(2) - 0} = 0,

Because of this orthogonality, the information bounds for (61,05, 63) are the same
when 6, = n is unknown as when it is known.

(c) If # and 3 are known, then the information bound for estimation of 6; is just
I;'(0) = 1/E(Z?). Tt follows that the information matrix for 6 is of the following
form:

E(Z%)  60;'E(Z) 051C 0
1(6) = 0, 'E(2) 052 (0203)"'D 0
- 0;'C (0.05)7'D  0;°E 0

0 0 0 Ea*(2)
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where

C = E(Z)(A—1logy) —6,E(Z?
D = A—10g02—91E<Z)
E 1+ B? —2A(logfy + 0, E(Z)) + E(log 0y + 0, 7).

(d) If 3 = 1 is known, then the information bound for 6, is I;;', where

Lo(0) = I — 1oLy I
= E(Z*) - (E(2)/0,)%3; = E(Z*) — (EZ)* = Var(Z).

Thus I}, = 1/Var(Z).
(e) When 03 is known, the efficient score function and the efficient influence function
for estimation of ¢, are given by

(Y, 2) = 1 — LI,
= Z(1-W) - eglE(Z)egeiu - W)
= Z01-W)-EZ)1-W)=(Z-E(Z))1-W),

and

1
= Yo ? - EENO-W).

(f) When both the parameters ¢, and 3 are unknown, the information I1y.(23) is
given by

Loz = Ia where the “second block” contains both 6, 03
= Iy — L1215 (0.3)
where
Ly = (6, E(2),65'0),

i ( BE 66D 1
= —0,0sD 62 E— D2’

Thus the second term in (0.3 ) is
{[E(Z)E —2E(Z)CD+C*} /(E — D?). (0.4)
Now the denominator is
E—D* = 1+ B*—2A(logf + 0,E(Z)) + E(log s + 0, 2)>
—(A —loghy, — 0, E(2))?
= 1+ B*>—-2A(logby +0,E(Z)) + E(logfy + 6, 2)*
—[A? —2A(log Oy + 61 E(Z)) + (log B, + 0, E(Z))?
= 1+ B?— A?+Var[logh, + 6, 7]
= 7/6+6;Var(Z),
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and, upon noting that

C—B(Z)D = E(Z)(A—loghy) — 0,E(Z%) — {E(Z)(A —loghs) — 6, [E(Z)P)
= —0Var(Z),

it follows that the numerator of (0.4) is

C? —2E(Z)CD + [E(Z)’E = C?—-2E(Z)CD + [E(2)]*D*+ [E(2)]*(E — D?)
= (C—E(Z)D)* +[E(Z)]{r*/6 + 61Var(Z)}
92[Var( W+ [E(Z)]{7*/6 + 61Var(Z)}.

It follows that the information for 6; when 6y and 63 are unknown is equal to

B o BVar(Z2)? + [E(Z)*{7?/6 + 03Var(Z)}
hey = E(Z7) = 72/6 + 2V ar(Z)

_ /6 2
= 6 Var(Z) Var(Z) <Var(Z) < E(Z7)

with equality in the first inequality if and only if ; = 0. Note that the information
decreases as 6 increases, and it converges to 72/(66%) as Var(Z) — oc.

(g) When 6y and 63 are unknown the efficient score function for 6, is, with the
“second block” containing both 65 and 65,

I = 1y — 15k,
= 11 = (B(E(2)E — CD),05(C — DE(Z))L,/(E — D?)

_ Z(l—W)—%(l—W)
0\Var(Z)

72/6 + 03V ar(Z) {[1 = (W —1)log W]+ (W — 1) log(f¢"7)}

E(Z)E — CD + log(f,e%%)
- {Z T 26+ 6Var(2) } (1-W)
02Var(Z)
72/6 + 03V ar(Z)

{1-(W—=1)logW}.
(h) When Z ~ Bernoulli(n), then

Iy = E(ZZ) =1n="04,
]11.2 == VCLT’(Z) == (1 — ’I]) == 04(1 — 94) s
72/6

I3 = Var(Z
e = 361 gvar(z) Y
72 /6
= 1-1n).
w2 /6 + fin(1 —n)n( )

The corresponding information bounds are given by the reciprocals of these
quantities. See the following figures for comparisons of the information and
information bounds.
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Figure 1: Plots of Iy, I11.2, and I11.(23) as a function of n = 04, and for 6, = .5, 1.0,1.5
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Figure 2: Plots of I};', I}, and 11_1%(2,3) as a function of n = 6,, , and for 6; = .5, 1.0,1.5



