Statistics 581, Problem Set 6 Solutions
Wellner; 11/15/2001

1. Suppose that Xi,..., X, are i.i.d. with the Weibull distribution Fy given by
1 — Fy(z) = exp(—(z/a)?), r>0

where 6 = (o, 8) € (0,00) x (0, 00).
(a) Find the inverse (or quantile function) F, '(u) corresponding to Fy in terms of
a, #, and u € (0, 1), and show that

1 1
1 o -
log Fy " (u) = loga + 3 log log (—1 — u) .

(b) Fix r € (0,1/2) and s € (1/2,1) Use the r—th and s—th quantiles of the X;’s,
namely F-2(r) and F;(s), to obtain simple consistent estimators &, and 3, of «
and (. Prove that your estimators are consistent.
(c) Prove that your estimators &, and B, satisfy

&y, — o
\/ﬁ< 8, — ) —a N2(0,%)
and identify ¥ as a function of «, 3, and t. )
(d) How would you choose r and s to minimize the asymptotic variance of 3,7
Solution: (a) Since 1 — Fy(z) = exp(—(z/a)?), it follows we can solve Fy(z) = u
for z = F;'(u). This yields

Fy ' (u) = a(=log(1 —u))"/?,

or

1 1
—1 o -
log Fy " (u) = loga + 3 log log <—1 — u) . (0.1)

(b) Since we can estimate F, '(r) and Fj, '(s) respectively by F,1(r) and F,!(s)
respectively, the relationship in (0.1) suggests that we estimate o and (3 as the
solutions & and (3 of the pair of equations

1

log It (r) zlogd—l—gloglogl/(l—r), (0.2)
1

logF,'(s) = log & + Elog log1/(1—3s). (0.3)

Letting A, = loglog1/(1 —r), and Bs = loglog1/(1 — s), we find that

1/ = o (ogF,(s) ~ logF, ' (7)

= a,.logF,*(s) — a,slogF,*(r)




and

— B
loga = ——logF,! ~——logF,!
og & 5.4 losFn (SHBS—AT ogF, (1))
= ¢ 5log F;l(s) +d, s log IF;I(T)
where
= ! =_-A d,., =B
Qrs = Bs — Ar’ Crs = rlrs r,s = Dslrs -

Since (F;;1(r),F;(s)) —as (Fy'(r), F,'(s)), It follows easily by the continuous
mapping theorem that

1
—a.s. Qrs log ngl(S) — Qps lOg Feil(T') = B ,

@ =

and
log & —.5. ¢ 5log Fa_l(s) +d, s log FH_I(’I‘) = log «,

and hence by the continuous mapping theorem, (&, B) —as (@, 0).
(c) First, we know that

B~ F) )
V() () ) el o

where

27‘1(;:11”) F_lr(lfs;?_l

Y f 5(17881”)) I( (S?l)fg) (s)) )
FE=Er)F(F~1(s) fAF~1(s)

This implies that

logF 1 (r) — log F~1(r)
Vi ( logF, 1 (s) — log F~1(s)

b= ( Y r ) |

) —q DZ ~ Ny(0, DXDT)

where

Hence it follows that

\/ﬁ< 1/8-1/3 )

log & — log o

_ log ¥, ' (1) —log F~(r)
= Mvn ( logF1(s) — log F~1(s) )

—q MDZ ~ Ny(0, MDXD"MT).

where



Finally, with g(z,y) = (91(x), 92(y)), 91(x) = 1/x, g2(y) = expy, we find, by the
delta-method, that

w(?—ﬁ)

a—
—q VgMDZ ~ Ny(0,VgMDYD" MTVg")

92
Vg—( ()ﬁ 2)

We begin combining all this by noting that DX DT involves the function

P = o (s (7)) 2 (e (1)) a-w

= B(1—u)log <ﬁ) = Bg(u)

where

at the points u = r and u = s. Computing DX.D7? yields

r(l—;) r(l1—s) cll(r 5) 012(7- S)
pupt = gr( T Ay )= e (oans) el
2

g(r)g(s)  g(s) C12 (7"7 5) C22 (T, S

Since the matrix M just depends on r, s, we find that the matrix

dll(T‘, S) dlg(T, S

MDYD"M" = 37%a] )
“ (dlg(’f‘,s) dgg(?“, S) ) ’

where

di1(r,s) = cu1(r,s) — 2c12(r, 8) + coa(r, 8)
dio(r,s) = Bs(cia(r,s) — ci1(r, s)) — Ap(caa(r, s) — c12(r, )
d22(7’, 8) = AECQQ(T, S) — 2ATBSClg(7”, S) + BECH(T’, 8) .

~

Thus we conclude that the asymptotic covariance matrix of (3, &) is given by

2di(r,s)  —adya(r,s)
v MDZDTMTV T — 2 ( 6 11\’ 12\7, ]
g I =S\ —adi(r,s) (a)B)%dasl(r, s)

(d) The asymptotic variance of /3 is

62a§78d11(7’, s) = (3% (c11(r, 8) — 2¢19(r, 8) + caa(r, 5)) af’s )

This is minimized by r = ry ~ .1704, s = sy ~ .97, and the minimum value is
B3%(.917) > (%(6/7%). This ad-hoc estimator 3 based on quantiles is inefficient;
its asymptotic variance (for any value of r,s, including the minimizing g, sq) is
larger than the best possible asymptotic variance, which is 3%(6/72%) as we will see
in Chapter 3. In fact the ARE when r = 1y and s = sq is (6/7%)/.917 = .663)

The asymptotic variance of & is
(Oé/ﬁ)%z,sdm(ﬂ s) = (04/5)2 (33011(7’, s) — 2A,Bscia(r, s) + 332022(7‘; 8)) .

3



This is minimized by r = ry ~ .398, s = sy ~ .82, and the minimum value is
(a/B)%(1.359) > (a/3)*(1.11). This ad-hoc estimator & based on quantiles is also
inefficient; its asymptotic variance (for any value of 7, s, including the minimizing ry,
5¢) is larger than the best possible asymptotic variance, which is about (a//3)?(1.11)
as we will see in Chapter 3. For the estimator based on the optimal 7, so (for a!),
the ARE is ~ 1.109/1.359 = .816

. Suppose that X, X, Xs, ..., X, are independent Poisson(\) random variables:

)\k
P(X:k)zpk:e—kg, k=0,1,2,....
Note that
Pe _ A
Pk—1 k’

and hence whole family of alternative estimators {S\Sf)}kzl is given by

50— Da(k)
" Pn(k —1)

where p, (k) =n"1 Y0 Lix,—p.
(a) Show that A, —, A for each k =1,2,....
(b) Show that .
V(AR —X) =4 N(0,02()\) as n — oo
and compute o (\) explicitly as a function of & and \.
(¢c) What is the asymptotic relative efficiency of AP to N, = X, for k> 17 (The
ARE of \YY with respect to A, was computed in the Midterm Exam Solutions.)
Solution: (a) First, (p,(k — 1), p.(k)) =, (Pk,pk—1) by the WLLN. The function

g : R?* — R defined by g(u,v) = v/u is continuous at (u,v) with u # 0. Hence it
follows from the Mann-Wald (or continuous mapping) theorem that

A . Nee=A /! A
9Pk = 1), pu(k)) —p 9(pr—1, 1) = pEryr i

and hence }
An = kg(Dn(k —1),Dn(k)) —p kg(pr—1,pr) = A.

(b) Note that g(u,v) is differentiable at (u,v) with v # 0 and Vg(u,v) =
(—v/u,1)/u. Hence Vg(pr_1,px) = (—A/k,1)/px_1. From the Multivariate CLT

we have k,
An —1)— _
\/ﬁ ( p (An(k)) ]]:k ! ) —d NQ(()?Z)

where

o Pk—1(1 —pr—1 —Pr—1Pk
—pr—1pe Pkl —pK) )

Hence it follows from the delta method (or g’-theorem) that
V(g(ba(k = 1), pu(k)) = g(pr-1,px)) —a N (0, VgE(Vg)") = N(0, A?)

4



and we can easily calculate

A? = A(k,\) = VgX(Vg)' =

T >
VR
=
+
| >
~_
i)
T —
—

Thus it follows that

Vin =) = kvn(g(pa(k = 1), pa(k)) — 9(Pr-1, %))
— kN(0, A% = N(0,k*A4?).

(c) It follows from (b) that the ARE of AP with respect to Ay = X, is

A _ Pr1
AL+ NE)/pr—1 A+ k-

ARE(AM X, =

See Figure 1 below for a set of plots showing that these estimators get worse as k
grows; k = 1 is the only one which has an ARE anywhere close to 1.

Figure 1: ARE for k =1,2,3.

3. Suppose that Suppose that Xi,...,X,,... are i.i.d. random vectors in R* with

common distribution function F' and corresponding probability measure P on
(R*,By). Let P, be the empirical measure defined by

]Pn = 7’L_1 Z 5Xi s
i=1
and consider P, and the empirical process G,, as indexed by a class of sets C C By:
{P,(C): C e}, {G,(C): C e},

where

G, = v/n(P, - P).

5



(a) Show that G,, — 4 Gp where Gp is a P-Brownian bridge process indexed by
C: i.e. show that for any integer m and sets C1,...,C,, € C,

(Gn(Ch),...,Gu(Cn)) —a (Gp(Ch),...,Gp(Cr)) ~ Np(0,%)
where ¥ = (o) is given by
ajy = P(C; N Cy) = P(C;)P(Cy).

(b) When C = O = {(—o0,z] : = € R*} specialize the result in (a) and show that
it gives the finite-dimensional convergence of the empirical distribution function FF,,:
ie.

(i) show that P, ((—o0,x
(ii) show that P((—o0,
(iii) show that Y(x) =

) = Fu(2);
z]) = F(x
Gp((—o00, z]) has mean zero and covariance

I

E{Y(2)Y(y)} = F(z Ay) — F(z)F(y),  x,y€R".

Solution: (a) This follows directly from the multivariate central limit theorem: for
any integer m and sets Cy,...,C,, € C,

Gn(Ch) Lo, (Xi) — P(Cy)

1 n
:%;

Ea(Cr) e, (X)) = P(C)

VY,

where Y,,...,Y, areiid. with E(Y,) =0,
EY,Y:) = (P(C;NCy) — P(C)P(Cy)) = X.
Hence by the multivariate central limit theorem

Gn(Ch) Gp(Ch)
sy : ~ Ny, (0,%). (0.4)

Gn (Cm) GP (Cm)

In other words, G,, — 4. Gp as indexed by the class C.
(b) When C = O = {(—o0,z] : = € R}, we compute
() Bo((—00,2]) = 01 S0, Lo (X) = Foo);

(i) P((—o0,2]) = P(X <) = F(z);

(iii) and we have with Y(z) = Gp((—o0, x]),

E{Y(2)Y(y)} = E{Gp((—o0,2])Gp((—00,y])
= P((=00,2] N (=00,y]) = P((—00,2]) P((=00,y])
P((=00,2 A yl) = P((=00, 2]) P((—00, y])
)

FxNy)— F(z)F(y) by three applications of (7).



