Statistics 581, Problem Set 2 Solutions
Wellner; 10/16/2002

Reading: Chapter 1, especially pages 13 - 17; start reading chapter 2; Fer-
guson pages 1-25.
Due: Wednesday, October 16, 2002.

1. Suppose that Y is a random variable with E(Y?) < co.
(a) Show that

Var(Y) = E{Var(Y|X)} + Var{E(Y|X)};
E(Y — EY)* = E{E[(Y — E(Y|X))*|X]} + E{[E(Y|X) — E(Y)]*}.

(b) Interpret (a) geometrically.
(c) Suppose that Y ~ x2(§). Compute E(Y) and Var(Y).
Hint: Use E(Y) = E{E(Y|X)} and (a).
(d) Show that
Xn(6) = (n+9)
V2n + 40

as either n — oo or § — oo.

—d N(O, 1)

Solution: (a) We compute directly:
Var(Y) = E[Y —E(Y)P=E]Y - E(Y|X)+ E(Y|X) - E(Y)]?
ElY - E(Y|X)]* +2B[(Y — E(YV|X)|[E(Y|X) — E(Y)]
+ E[E(Y|X) - E(Y)]”
= E{E{lY —E(Y|X)P|X}}+ 0+ Var[E(Y|X)]
= E{Var[Y|X]} + Var[E(Y|X)]

since, by computing conditionally,

ElY - E}Y|X)]E(Y]X) - E(Y)]
= E{E{[(Y - E(V[X)I[E(Y|X) = E(Y)]|X}}
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= E{[E(Y]X) - E(V)E{[Y — E(Y|X)]|X}}

= E{[EY|X) - EV){E(Y|X) - E(Y[X)}}
= E{[E(YV|X) - E(Y)]-0
0.

(b) A geometric interpretation of (a) is that Y — E(Y'|X) is orthogonal
to E(Y|X)—E(Y)in Ly(92, A, P) = Ly(P), thus the identity in (a) can
be intepreted as a “pythagorean theorem”. Also note that Y — E(Y|X)
is orthogonal to any function ¢g(X): much as in the last part of (a)

E[(Y - E(Y[X)]g(X)
= E{E{[(Y — E(Y|X)]g(X)|X}}
= E{g(X)E{[Y — E(Y|X)]|X}}
= E{g(X){E(Y|X) - E(Y|X)}}
= E{g(X) -0}
=0.

(¢) Now (Y|K) ~ X3k, where K ~ Poisson(d/2), so
EY)=FE{EYI|K)}=FE{2K+n}=n+2(/2) =n+94.
Furthermore, using part (a) we get

Var(Y) = E{Var(Y|K)} +Var{E(Y|K)}
= E{22K +n)} + Var{2K +n}
= 4(6/2) +2n+4(5/2)
= 2n+49.

(d) First note that if Y ~ x2(8), then Y =4 (2, +V8)> + Z2 +---+ 72
where 71,7, ..., Z, are independent, Z,...,Z, ~ N(0,1). We can

write, with T; = Z2 — 1 for i = 2,...,n (having mean 0 and variance

2),

Xa(8) = (n+08) _ (Zi+Vo)P - (1+0)+ (23— 1)+ + (22— 1)
V2n + 45 ! V2n + 45



(Zi-D+-—+(Z2-1) 202

NoTEwT RVeTEwT
Ti4--+T, V2n 2V/67,
V2on \/2n+45+\/2n+45

where, as n — o0,

W07 T+ +T,
ﬁ_@; and %—WN(OJ)

by the CLT. Hence by Slutsky’s theorem

Xn(0) = (n+9)
V2n + 46

If n is fixed and 6 — o0,

—4 0+ N(0,1)-1=N(0,1) as n— o0o.

T+ +T,
V2n + 46 P

while

Hence the desired conclusion follows from Slutsky’s theorem (Proposi-
tion 2.2.9).

. Suppose that: (i) X ~ N, (u,X) where ¥ is of rank k < n;
(ii) X is a projection matrix (i.e. X? = X);

(i) Xp = p.

Show that X'X ~ x%(§) with § = /.

Solution: See Ferguson, ACILST, page 63.

. (a) Ferguson, ACILST, #4, page 6:

Give an example of random variables X, such that E|X,| — 0 and
E|X,|> — 1.

(b) Give an example of a sequence of random variables X, for which
X, —p 0 but X,, —, 0 fails.



Solution: (a) If X,, = a,, with probability p, and X,, = 0 with proba-
bility 1 — p,, then E(X,) = anp, and E(X2) = a2p, = 1 if p, = 1/a2.
Then E(X,) = a,/a® = 1/a, — 0 if a,, — oo. Ferguson’s solution on
page 173 takes a,, = n; the same holds for any sequence a,, — oo.

(b) Let U ~ Uniform(0,1). The “dancing functions” are defined by
Xn,k = 1[(k—1)/2",k/2")<U>7 kEk=1,....2" n=1,2,.... Let {Ym}m21
be defined by Y, = X, if m = (X7, 27) + k = 2" — 2 4+ k with
1 <k <2" Then for € € (0,1),

P(|Y| > €)= P(| Xnkl >€¢)=2""—10

so Y., —, 0, but for every U(w) € (0,1) we have Y,,,(w) = 1 for infinitely
many m’s and also Y;,(w) = 0 for infinitely many m’s. Hence

0 =liminfY,, < limsupY,, =1 a.s.

and it follows that Y, does not converge to 0 almost surely.

. (a) If W ~ x3 = Gamma(2/2,1/2) = Gamma(1, 1/2), find the density
function fy, distribution function Fy, and inverse distribution func-
tion FV?/l explicitly.

(b) Suppose that (X,Y) ~ Ny(0,7). Show that R and © defined by
R?* = X?4+Y? and © = arctan(Y/X) are independent random variables
with R? ~ x3 and © ~ Uniform(0, 27).

(c) Use the results of (a) and (b) to show (using Theorem 2.3.4) how
to use two independent Uniform(0,1) random variables U and V' to
generate two standard normal random variables.

Solution: (a) If W ~ x2 = Gamma(1,1/2), the density function is
given by fir(w) = (1/2)e™/?1jg »0); i.e. W ~ Exponential(1/2). Hence
the distribution function is Fy(w) = 1 — exp(—w/2) for w > 0, and
the inverse distribution function is Fy'(u) = —21log(1 — u).

(b) The joint density of (X,Y') is given by

fxy(z,y) = % exp(— (2% + %) /2) for(z,y) € R*.

Moreover, X = Rcos(©) and Y = Rsin(0). Hence the Jacobian of the
transformation is

ox,y) ‘ ( cos() —rsin(0)
sin(f) rcos(6)

a(r,0) ) | = rcos®(0) + rsin(0) = r.
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Thus we find that the joint density of (R, ©) is given by

fro(r,0) = fxy(rcos(d),rsin(f)) = %exp(—rQ/Z)r on (0,00) x [0, 27]

1

= rexp(—1?/2) - or = fr(r)fo(0).

Thus R and © are independent with densities fr(r) = r exp(—r?/2)1(0,00)
and fo(f) = (2m) '1jg2, (). Note that the distribution function of R
is given by

Fu(r) = [ faly)dy = [ yexp(=y*/2)dy = 1 = exp(=r?/2) .
It follows easily from this that
Fre(z) = P(R* < 2) = P(R < V) = 1 — exp(~2/2)

for z € [0,00); i.e. R? ~ Exponential(1/2) = Gamma(1,1/2) = x3.
(c) If U and V are independent Uniform(0, 1) random variables, we
can use the inverse transformation to first obtain

R*=F,}(U) = —2log(1-U) ~x3 and O =27V ~ Uniform(0, 27)

X3

note that R? and © are independent by independence of U and V.
Then in view of (b)

(X,Y) = (Rcos(0), Rsin(0)) ~ Ny(0,1).

. Suppose that U ~ Uniform(0,1), a > 0, and

X, = (no‘/ log(n + 1))1[0’1/71&]((]) .

(a) Show that X,, —,5 0 and E(X,) — E(0) =0.
(b) Can you find a random variable Y with |X,| <Y for all n with

E(Y) < oo for any a?
(¢) For what values of a does the uniform integrability condition

limsup E{|X,|1jx,>m} —0 as M — oo
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hold?

Solution: (a) X,, —, 0 since X, (w) =0 for 1/n* < U(w), or equiv-
alently n > (1/U(w))"* and since P(0 < U < 1) = 1. Moreover,

n< 1 1

B = g v D~ Togln 7 1)

—~0=E(®0).

(b) Now the smallest possible random variable Y satisfying | X,,| <Y
for all n is Y defined by

k=1

k.Oé

71 « « U .
log (k1 1) /(b 1(U)

But we compute

BY) = 3o b - i
- glog(lﬁlel){l_(kLH)a}
- a0 )
> Y - (o))
> 1og(k1+ 1>ka421

k=k(a)
= 0.

since (1 —2)* <1 — ax/2 for x < x(«). Thus there is no integrable
dominating function Y for any value of a.

(c) On the other hand the uniform integrability condition does hold
for any o > 0:

E{|Xn|1[\Xn\2M]} = E{ﬁl[m/na}(Uﬂ{(na/log(n + 1)) Z M,U S 1/no‘}}

nO{

= togn 1) Z {0} 1 log(n + 1)) = M)
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1 a
— ml{(n /log(n+1)) > M}

— 0-1=0

as n — oo for every @ > 0 and M > 0. Hence the sequence {X,} is
uniformly integrable for every a > 0.



