Statistics 581, Problem Set 9 Solutions
Wellner; 12/01/2017

1. (a) Ferguson, ACILST, problem 17.2, page 117: I would suggest modifying
Ferguson’s definition of the density to:

T 1—=z

po(z) = f(x]0) =2 { 91[079}(20) - . 91(971]@)} :

(b) Do our hypotheses A0-A2 of Chapter 4, Section 1, hold in this example?

(c) Compute K(Py,, Py) where Py has density as given in this problem.

(d) Do our hypotheses A3 and A4 hold in this example? Why or why not?

(e) Does there exist an estimator 6, of & which is n'/?—consistent?

In connection with this problem note that the likelihood function L(6) given on
Ferguson’s page 215 is not correct: the formula there should be replaced by

9 k k 9 n—k n '
Ln(01X) = (5) [IRCE (m) [T 0 =Xg) if X <0< X

j=1 j=k+1

Solution: (a) Let X(1) < X9 < ... < X(;,) denote the order statistics of the sample

Xi,...,X,. Now
T l1—2z

po(x) =2 (81[0’9](3&) + T ‘91(971](50)) ,

so the likelihood function is

- Xi 1-X;
Lox) = []2 {71[079](;@) . X»}

i=1

- 2 Lio,0) (X To.( X
;[Il { 0 .0 (X@i)) + 1-0 0.11(X@))

- 5) HX(J) (1 — 9) H (1= X)) if Xgy <0< Xger).-

J=1 j=k+1
Thus

1,(0|X) =log L,(0|X) = —klogt — (n — k) log(1 — #) + const. in 6,
for X(xy < 0 < X(x41), and on this interval

) k. n—k n0-—k >0, if 0> k/n,
lno(01X) = —5 + 17— _9(1—9){ <0, if 0 <k/n,

so [, and L,, are decreasing on X ;) < 0 < X(k+1)/\k/n and increasing on X(k)vk/n <
0 < X(k+1).
(b) First note that L, (6) is continuous. Moreover, by the computation in (a), it can
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only have local minima at the solutions of the likelihood equations (which can only
occur at the points k/n, k = 1,...,n), and hence the local maxima of the likelihood
occur only at the order statistics. Furthermore, if (k —1)/n < X ;) < k/n, then the
log-likelihood [,,(f) and the likelihood function L, () has a local maximum at X):

if k/n >0 > Xy then I, (0] X) < 0 from (a), while if (k —1)/n < 0 < X, then
I,6(0)X) > 0 also by (a).

Here is a plot of the two examples of the likelihood function for samples of size
n = 4,10, and n = 50.
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Figure 1: Three log-likelihood functions for problem 3, n =4, n = 10, and n = 50

Solution: (a) (i) Since the density function py is given by

T 1—=x

) =2 {100+ 150} 0.1)

it follows that for X ;) < 6 < X(41) the likelihood is given by
La(0) = 2507 [ Xy (1 = 0)" M T (1 = X))
i<k i>k

(This corrects the expression on page 215 of Ferguson in several respects: it changes
Ferguson’s + to -, and it changes the second product from [] X to [T(1 — X(4)).)
Thus for X(;) < 0 < X(341) we compute

k . n—k
6 1-6’
which is < 0if § < k/n and > 0 if 0 > k/n.

(a) (ii) Similarly, for X < 0 < X(g41),

. k n—=k
L) =5+ a9

so the roots (or zeros) of the likelihood equation correspond to local minima of
the (log-)likelihood, and any local maxima of the log-likelihood occur at the order
statistics X (). It is easily seen that a local maximum occurring at an observation
Xy must correspond to a cusp in the (log-)likelihood: i.e. a point at which 1,(0) is
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positive to the left of X(;) and negative to the right of X(;). Therefore if 0 = X,
yields a local maximum we have

Y { (k—1)+n—k+1} k—1+n—k+1>0
im < — = — ,
0,/ X 1) 0 1—-46 X(k) 11— X(k)
and

Y { k:+n—k} k N n—k <0

im §—— =— :

NXm | 0 1-06 X 1-Xguy
But these two inequalities imply that

k—1 k k—1 k

(b) AO - A2 all hold in this example: If 8 # 0*, then py # pe~ and hence Py # Pp-.
The set A = {z : py(x) > 0} = (0,1) for all , and hence does not depend on 6;
thus A1 holds. A2 holds with p given by Lebesgue measure on [0, 1].

(c) Suppose that 6y < 6. Then the Kullback-Leibler information K (Py,, Py) is given
by

% 0 1—z6
K(Py,, Py) = / Do, () log(@/ég)d:c—i—/ P, () log (1 ; _) dz
0 0o — U

1 9 9 0
- e = (0o ()

Similarly, if 6y > 6, then

K(Py,, Pp) = /Oepeo(x) log(0/6o)dx + /:0 Po, () log (£ - 9) dx

! 16
+ /90 pgo(x)logl_eodx
62 1-0
= e—olog(ﬁ/eo) + (1 —6o) log =

L o 1—6 2/90 x
— — 1 — 1 .
+ 00{90 6%} og( e )+60 i zlog { T—— dx

Here is a plot of 8 — K(Py,, P) for 6y = .2.

(d) Since py is given by (0.1),

log po(z) — log2 + logz — log 8, it <4,
&Polt) = log2 +log(l — z) —log(1 —0), if = >46,
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Figure 2: Kullback - Leibler function K (Py,, Fp), 6y = .2

SO
1 1

19(1‘) = _51[x<9] + 1— 01[x>1—9]7

but the derivative does not exist at § = z (since the left and right derivatives are
different). Similarly

lgo(7) = 9_21[m<9] + ml[zxfe],

but the second derivative does not exist at 8 = z. Note that 19 is a discontinuous
function of 6 for every 0 < z < 1. Although

. 1 1
99( ) 9 +1_9( ) 07
and 1 1 {
E2(X) == _
WX =Gt " =gy
we also have
1 1 1

—Eylgp(X) = —= — + Fyl2(X).

0 1-0  0(1-0)
Thus A3 and A4(iii) fail, while A4(i) and A4(ii) hold.
(e) First a y/n—consistent estimator of # via moments: note that
0 .2 1
x z(1—x)
EyX = 2| —de+2 | ———=d
0 /0 0 T+ /0 =90 T
2 5 2 1, 1 )

= 30 e e

2, 2 1 1, 1.4
_39+1—9{6 29+39}

0
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2 (1 1 1, 1
= 2 P —0)+ - — =0+ =6
1—9{3 (I=0+5-30+3 }

2 (1 1, 1
= 2 ot =(1+0).
1—9{6 69} 3(1+0)

Since X,, —, EyX = (1+6)/3, it follows by continuous mapping that 3X,,—1 —,, 6.
Thus with g(z) = 3z — 1 we have

Vn(9(Xn) = 9(0)) =4 g (0)0(0)Z

where ¢'(z) = 3, 02(0) = Vareg(X) = (1 — 60+ 6%)/18, and Z ~ N(0,1). Thus it
follows that o
Vn(3X, —1—10) =4 N0, (1 -0+ 6%)/2).

Thus the estimator 0,, = 3X,, — 1 is a v/n—consistent estimator of 6.

Now for an estimator of # based on the median. The distribution function Fy
corresponding to py is

12

Fy(x) = 51[079](13) + (1 19 ) 1(971](30),

and the corresponding quantile function is

Fy'(u) = Voulpeg + (1= /(1= 0)(1 — )1z

Thus the median is

Fyi(1/2) = VO/21p 0< + (1 = V(1 = 0)/2)11 /250 = 9(9),
which has inverse function
g (@) = 2211 yg + (1= 2(1 — 2)*) 1 jpcryg = h(2)
Note that ¢g7*(1/2+) = g7!(1/2—) = 1/2, so g~! is continuous at 1/2, and

d d
—gil(ﬂj‘) = %h(:c) = 4.T1[$21/2] + 4(1 — $>1[w<1/2],

so the derivative of g~ is also continuous at z = 1/2. It follows that ¢~ (F,,}(1/2)) =
h(F,') is a consistent and asymptotically normal estimator of 6:

9 (F 1 (1/2)) —as g (Fy 1 (1/2)) = g7 (9(0)) = 0,

and

V(g (F, 1 (1/2)) =g 1 (F 1 (1/2)) = Vn(h(F,'(1/2)) — h(F, ' (1/2)))
—a W(FyH{=Q'(1/2)U(1/2)} ~ N(0,0%(9))

where
o?(0) = {W(Fy(1/2)}* - Q'(1/2)* - (1/4).
There are many other \/n—consistent estimators of # in this example and, in fact,

the MLE is consistent, y/n—consistent, and asymptotically efficient. We will return
to this example in Stat 582.



2. (a) Lehmann and Casella, problem 6.3.1, page 501: Let X have the binomial
distribution Binomial(n,p), 0 < p < 1. Determine the MLE of p by:
(i) The usual calculus method of determining the maximum of a function.
(ii) Showing that p™(1 — p)"* < (z/n)*((n — x)/n)""".
(b) Lehmann and Casella, problem 6.3.2, page 501: In the preceding problem,
show that the MLE does not exist when p is restricted to 0 < p < 1 and when
X=0or X =n.
(¢c) Lehmann and Casella, problem 6.3.4, page 501: Suppose that Xi,..., X, are
iid. N(6,1) with & > 0. Show that the MLE is X,, when X,, > 0 and does not

exist when X, <0.

Solution: (a)(i) Since log P,(X = z) = xlog p+(n—=x)log(1—p), we have I(p|X) =
Xlogp+ (n— X)log(1l — p); differentiating this with respect to p yields
X n-X_XQ1-p—-n-X)p

j(p|X):E 1-p p(1—p)

and this equals 0 if p = p = X/n. Since the second derivative is

. X n—X

ipx)=-2_ "=

(2l) p* (1—p)?
it follows that p = X/n is the MLE of p € [0, 1].
(a)(ii) Since ([T, v:)Y™ < n Yy + -+ + y,) for any numbers y; > 0, it follows,
with y; =np/X fori=1,..., X, and y; =ng/(n — X),i =X +1,...,n, that

(o ()} = oot

or, equivalently,
B X\ fn—x\""
pa-rs (5) ()
n n

with equality if and only if p = X/n = p. Thus p = X/n is the MLE of p € [0, 1].
(b) When the closed interval [0, 1] is replaced by the open interval (0, 1), then the
MLE exists if 0 < X <n and is p = X/n € (0,1) in this case. If X = 0, then the
log-likelihood equals nlog(1 — p), so sup,e(o 1) l(p) = 0, but this supremum is not
achieved (in the set (0,1)). Thus the MLE does not exist in this case. Similarly, if
X = n, the the log-likelihood equals n log p, 80 sup ¢ (g.1) [(p) = 0, but this supremum
is not achieved (in the set (0, 1)).

(¢c) When Xq,..., X, are i.i.d. N(&, 1) with £ > 0, the log-likelihood is

n

() = —3log(2m) — 5 S (X - )

= —% log(27) — %Z(Xi ~X,)? -

(771 - 5)2

N3

When Yl> 0, 1,(§) achieves its supremum over (0, 00) at § = X ,.; hence the MLE
is {, = X, in this case. On the other hand when X, < 0, [,(§) fails to achieve
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its supremum over (0,00), and hence the MLE does not exist. (A “reasonable”
estimator is 7, = X, 1j0,00)(X»), but it is not the MLE.)

. (a) vdV, Chapter 7, problem 1, page 106: Show that the family of Poisson
distributions
P ={Py: py(k) =exp(—0)0"/k!, 6 >0}

satisfies the conditions of Lemma 7.6 (vdV, page 95).
(b) If Xy,..., X, are i.i.d. Py, € P, what can you conclude about

& Poy+hn—1/2
log [ ] P21 ()1
i=1 0

(c) Can you prove the same results as in (b) by a direct argument?

Solution: (a) For the given Poisson(f) family, © = (0, c0) is open in R, and
so(k) = \/pe(k) = exp(—0/2)(VO)* /VE!
for k € {0,1,...} is indeed continuously differentiable for each integer k£ > 0 with
so(k) = (—1/2) exp(—0/2)(V0)* /VE! + exp(—0/2)(k/2)0"*~1 /v/k!
1 (k
1.
= 5[9(]{?)89(]{3)

where (0, k) = logpg(k) = klogd — 6 — log(k!) and

lo(k) = (Po/po) (k) = k/0 — 1.
Furthermore, Iy = Ey(I3(X) = 1/ which is continuous in 6. It follows from Lemma

7.6 that the Poisson family is differentiable in quadratic mean.
(b) Hence by Theorem 7.2, vdV page 94, under P,

n . 1
logHPOO-Hm X = hno 1/22;0 — 51! (60)h* + 0,(1)

i1 Poo
e (X 1,
= hn Y2 Z (9—0 - 1) 260 "h? 4+ 0,(1)
—d N(o,e0 )— 2710, = N(—0?/2,07)

where 0% = h%I(6y).
(c) In this case we have, by expanding log(1 + x) as z + (1/2)z* + O(x?),

n n 79 X;
DPoy+hn—1/2 ”(9 /X'
log [T 22 (X,) = log
H Poo H 00X/ X;!

— Z {X;1og(6,./60) — (6 —60)}



= log(1 4 hn="2/6,) Z X; —n*?h

i=1

ho 1k
= (= +5—FO0(hP/m*?) ) > Xi—n'h
(\/ﬁ+2n+0||/n )E: n

h < (X, 1h% -
- 2P -1/2
\/EE:(GO 1) 292)( +0(n %X,

1h? 1h? X, —
= h n 9 PR — 1__ _1/2Xn
Sn(th) 290+290( 90>+O( )

1 h?

where S, (60) = n~ 23" Ip(X;). This is the same result as in (b).

. (a) Show that the Laplace location family is differentiable in quadratic mean. What
is the consequence of this for the behavior of the local log-likelihood ratios? What
is the resulting information for the location parameter 67

(b) Apply the methods of section 3.5 to show that if y € R is fixed and 6, =
0y + n~/2h, then for any estimator 7T), of § we have

lim inf inf max{Ep, n|T}, — 0,|*, Eg,n|T,, — 0|’} > cl(6p) "

n—oo Ty

for some choice of h and an absolute constant c.

Solution: (a) For the Laplace location family sq(z) = 272 exp(—|z — 6]/2), so sg
is differentiable at every § # z with derivative $y(z) = 27 'sign(z — 0)sg(x). where
sign(z) = 2 1jg)(z) — 1. (Here the choice sign(0) = 1 is arbitrary.) Thus to show
that 0 — sy is differentiable in quadratic mean we will show that

/R{89+h — 59 — hsg}> dx = o(|h]?). (0.2)

But the left side of the last display is equal to
/ {2_1/2 exp(—|z — 0 — h|/2) — exp(—|z — 0] /2) — 27 hsign(x — ) exp(—|z — 9|/2)}2 dx
R

— 2! /Rexp(—lyD {exp(—(ly — hl/2 = ly|/2) — 1 = 2" hsign(y)}" dy

by the change of variable y = = — # and then factoring out exp(—|y|/2). Consider
first A > 0. Then to bound the right side in this last display, we break it into three
regions: (—o00,0], (0, k], and (h,c0). Then denoting these terms by I, I1, and 111,
we find that

I= 2t [ e biesp(-h/2) - 1+ (b/2)dy =21 0((h/2))
mr = 271 /hoo e~ exp(+h/2) — 1 — (h/2)}2dy < 27'0((h/2)%),
I = 27! /Oh e~ exp(h) — 1 — h}2dy < 27Y|R| - O(h?) = O(|h?).
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The argument for A < 0 is similar. We conclude that the left side of (0.2) is of order
O(|h|?) = o(|h|*). Thus (0.2) holds. The resulting information for the location
parameter is

[@@:E%&Xﬂ%%iéﬁgm&—em%%@Mx:L

(b) By Corollary 3, Chapter 3 course notes, page 29 (or by Theorem 7.2, vdV page
94), under Py,,

log (H%(XZ)> = %Za(xi; 0o) — %h2 + 0,(1)

i—1 Poo

where lg(z;0,) = sign(z — ;).
Thus by Example 5.1 of the Chapter 3 notes, with ¢(z) = z? and ¢ = 1,

—-1/2 1
%ﬁ@?mﬂ%ﬂﬂ—wa%mm—%ﬁzem‘ﬂ@

with 1(6y) = 1. By Corollary 1 of the convolution Theorem 4.1 of Chapter 3, page
38, the same conclusion holds for (locally) regular estimator sequences {7} for a
larger class of loss functions and without the maximum over risks or the constant
factor e~1/2/16.

. Suppose that Xi,..., X, are i.i.d. log-normal(u,o?) with density

1 (logz — p)?
- = R 2 .
po(z) s O ( 552 (0,00) ()

Here 6 = (u1,0%) € R x R* = (—00,00) x (0,00).
a) Find the MLE 6 = (j,62) of 6 = (u,0?).
c

)
b) Show that log X Lpu+oZ ~ N(u,0?) where Z ~ N(0,1).

) Suppose that v(FPy) = q(0) = Ep(X). Express ¢(f) explicitly as a function of 6.
d) Suggest a natural nonparametric estimator 7,, of Ey(X).
e) Find the asymptotic variance of \/n(7,,—v(P)) for the estimator 7,, you proposed
in (d).

(f) What is the MLE 7, of v = v(FP,) assuming that the log-normal model is
true?” What do our results in chapter 3 say about the asymptotic distribution of
Vn(vn — v(Py)) (assuming that the model holds)?

(g) Compare the variances you found in (e) and (f). Which estimator do you prefer
if the log-normal model holds?

(
(
(
(
(

Solution: First part (b): Note that with Y = log X it follows that the density fy
of Y is given by

fr(y) = fx(e")e? = py(e?)e”



ie. Y =log X ~ N(u,0?).
(a) Since Y; = log X;, i = 1,...,n are i.i.d. N(u,0?),

p=n"! iY} =n! ilogXi
i=1 1

and
n

=n Y V-V =0 ZlogX log(X))”

i=1
are the MLE’s of 4 and o2.
(c) Since Y = log X < i+ 0Z where Z ~ N(0,1) and the moment generating

function of Z is Ee'? = exp(t?/2), it follows that
v(Py) = q(0) = Ep(X) = Epexp(Y)
= FEpexp(p+0Z) =e"-exp(a?/2).
(d) A natural nonparametric estimator of ¢(f) = Ey(X) is v, = v(P,) =

[ ad =X,.
(e) Note that the variance of X is:

Varg(X) = EpX?— (EyX)* = Eexp(2u+ 202) — ¥+

2 2 2 2
= e {62" —60}262’“‘6“ {e" —1}.

Thus it follows from the central limit theorem that

Vi, —v(By) = Vn(X, — Ep(X))

— N(0,Vare(X)) = N(0,e*e” {e7° —1}).

(f) From our theory in chapter 4 it follows that

Va((i,6%) = (1,0%)) —=a D = Na(0,171(0))

where I7'(0) = diag(c? 20%). Therefore by Corollary 4.1.1 with ¢(f) =
(1,27 explu + 0%/2).

V(o —v(Py)) —q O 10)'Z
~  N(0,4(0)"1(0)"'q(9)) = N(0,e+7" (02 + 0 /2)).

(g) The ratio of the asymptotic variances in (e) and (f) is

et (02 +01/2)  0*(1+0%)2)
erto?(eo® —1) eo? — 1

< 1 forall p,o?

since e* > 1 + x + 2?/2 for all z > 0. Note that this ratio become very small as o>
grows; see Figure 3.
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Figure 3: Ratio of asymptotic variance of MLE to variance of v/n(X,,— FEp(X)), lognormal
mean estimation, as a function of o.
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