Statistics 581, Problem Set 8 Solutions
Wellner; 11/22/2017

1. (a) Show that if 6, = cn~/2 and T,, is the Hodges super-efficient estimator discussed

in class, then the sequence {y/n(T,, — 6,)} is uniformly square-integrable.

(b) Let R,(0) = nEy(T,, — 0)* where T}, is the Hodges superefficient estimator as in
Example 3.3.1 (so T,, = §,, of Example 2.5, Lehmann and Casella pages 440 - 443).
Show that R, (n~*) — oo as n — oo.

Solution: (a) First recall that (with §, = T},) since v/n(X — ) L7~ N(0,1) we

can write

\/ﬁ(Tn o ‘9)

\/5(7711[|Yn\>n_1/4} -+ aynl“fﬂgn—l/‘*] — 9)

Zl[|Z+0\/ﬁ|>nl/4] + [CLZ + \/ﬁe(a - 1)]1[\Z+9\/ﬁ|§n1/4]
A4 + [(a — ].)Z + (CL — 1)\/59]1[|Z+0\/ﬁ\§n1/4}
= Z - (1 — a)[Z + \/ﬁe]lﬂZ—&—H\/ﬁ\gnl/‘l]'

Thus (as we showed in class) when 6,, = cn™'/? we have

=

d
\/ﬁ(Tn — On) = Zl[|Z+c|>n1/4] + [CLZ + C(CL — 1)]1[|Z+c\§n1/4}

= Z+[(a=1)Z+ (a—=1)|l}z40<ni/

= Z— (1 =a)Z+ g4 e<niia- (0.1)
Thus
Y, = { n(T, —0,) }2

i { 1 — a) Z ]1[|Z+c\§n1/4}}2

< 22+ (1-aX(Z+0P) =Y
where

E(Y)=2(E(Z*) +(1—a)’E(Z +¢)*) < .

Thus

limsup E{Y, 1y, >} < E{Y1y>n} — 0

n—o0

as A — oo. Hence {Y, } is uniformly integrable; that is, {y/n(7,, — 6,)} is uniformly
square-integrable.

(b) Using the distributional identity in (a) yields

R,(0) = 14 (1—a)’E(Z+Vn0)*1y7. 9 m<niiy
= 2(1 = @) E{Z(Z + VnO) 1 719 ym<nira}
= 1+{(1—-a)’ 21— a)}E(Z 4+ vVn0)* 174 /mj<ni/y
+ 2(1 = a)VnOE{(Z + Vi) 240 /m<niin}
= 1—(1=a®)E(Z+Vn0)*1y7. 0 m<niry
+2(1 = a)VnOE{(Z + Vi) 240 m<niin}
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(This confirms the first identity in Lehmann’s example 4.7, page 442.) Squaring out
the expectation in the second term and writing the third term as the sum of two
terms yields, with oy, = n'/* — \/nb, B, = —n'/* — \/nb,

R,(0) = 1—=(1—a*)EZ*L 5 9 m<ni/
— 21 — a®)V/n0EZ1 7, p mi<ni/a
— (1= a*)nd*(2(B,) — P(an))
21— )b (B(5,) — B(a)
+ 2(1 = a)VnOE{Z1) 5 g mj<nr/a}
= 1= (1=a)EZ g0 m<mr
+(1 = a)*nf*(2(B) — (o))
—2a(1 — a)vnE(Z1) 5.4 mi<n1/4))

where

Bn
E(Zl[|Z+9\/ﬁ|§n1/4]) = / qu(Z)dZ

Bn
= — @' (2)dz since ¢'(z2) = —z¢(z)

= — ((Bn) — d(an)).
Thus it follows that
Rn(e) = 1- (1 — a2)EZ21[|Z+9\/ﬁ|Sn1/4]

+ (1= a)*n0*(®(B,) — B(ow))
+ 2a(1 — a)vnd((B.) — ¢(owm)).

(This confirms the second identity in Lehmann’s problem 4.7, page 442.) Now we
take 6 = 6, = n~Y*, and note that a,, = —2n'/*, 3, = 0. Since the expectation of
in the second term in the last display is bounded below by zero and above by 1 we
find that

Ru(n™) > @’ +(1—afn'(1/2 - &(=20'")
+2a(1 — a)n'/*(¢(0) — $(—2n"/"))

— a*+ 00400 =00
since n'/2®(—2n'/*) — 0 and n'/4¢(—2n'/*) — 0.
(b), Second (more elegant) solution: from the lecture notes, 3.3 (3), it follows that
R,(0) = E[n(T,, — 0)*] = nVar[T,] + nb,(0)* > a* + nb,(9)*.

Using the formula for b, () from problem 2 (a) below, it follows that it is enough

to show that
nl/4
|/ zé(x — nt*)dz| — oco.
_pl/4




But we have, with Z ~ N(0,1) (and hence F|Z| < o0),

nl/4
|/ zé(z —n'*)dx
_pl/a

‘/Zn/ (y+n" 4)¢(y)dy'

0 0
1/4 .
> | [ o= | [ vt
> nM4®(0) — d(—2n*) — E|Z]
— 0OQ.

2. Lehmann and Casella, Problem 2.13, page 501.
Let b,(0) = Ey(T,) — 0 be the bias of Hodges estimator T,,.
(a) Show that

1/4

ba(6) = % /_ nm vd(x — /nb)dz.

(b) Show that o/,(#) — 0 for any 6 # 0 and ¥/,(0) - 1 — a.
(c) Use (b) to explain how the Hodges estimator T, can violate V?(#) without
violating (Cramér-Rao) information inequality.

Solution:
(a) Note that the identity (0.1) in (a) above holds. Thus

bn(e) = E@(Tn>_0

= n 2 {EZ— (1= a)E[Z+ Vbl g m<nii }
1—a

1/4
l—a [™
=~ » r¢(x — /nb)dz
since Z + 0y/n ~ N(0y/n,1).
(b) Differentiating the result in (a) gives

1/4

50 = = [ adte = Van)(-vi) do
nl/4
= —(1- a)/ » r(x — /nh)p(x — v/nb) dx  since ¢'(z) = —xp(x)

S0 if 040

by the dominated convergence theorem since x(z—+/nf)¢(x—/n0)1_,1/a y1/4(x) —
0 for each fixed z and is dominated by the integrable function 4e~'¢(z)/(]0] A 1)
(for n > (3/]6])").

Details of this domination: For |z| < n'/* it follows that

|z||z — V/nb| < n'/t —nMt— /nf) < 0%+ n340) < 20%4(|0) v 1)
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while

d(x — \/nb) Vnbz — nb?/2)
10|n>* — n6?/2)

6104 (1 = n'/*|6]/2))
1
—§|9|n3/4) if 1—n"40)/2 < —-1/2

I
<

IA IA
<

o
—~ /EA/‘\

or, equivalently, when n > (3/]0|)*. Combining these two bounds yields

]l —v/nblo(x — Vnb) < ¢(z)n®*2(|6] v 1) exp(—|6]n*"/2)
2n3/texp(—|0In3/4/2)  if 0] <1
= o) 2n3/40) exp(—|0|n®/1/2) if |6] > 1

— 2) (4/10])(n®*]0]/2) exp(—|0]n®/*/2) if |6] <1
A(n?4(0]/2) exp(—|0]n*/*/2) if |0]>1
4e~1
< —|9|M¢(w)-

When 6 =0

b, (0)=—(1—a) /” 22p(z) dr — —(1 — a) /00 2*¢(x)dr = —(1 — a).

_pl/4 -

1/4

(¢) The information inequality implies that

(b, (0) + 1)

Vare(v/n(T, — 0)) > 1)

= (0,(6) +1)*

since I(f) = 1. At the point § = 0 the right side converges to a?, while the limit
inferior of the left side is the variance of the limiting distribution at # = 0, namely
a®. Thus there is no contradiction with the information inequality.

. Suppose that Z ~ N(0,1) and, for p € Rand 0 > 0, that X = p+ 02 ~ P,, =
N(p,0?).
(a) Compute the likelihood ratio

(x) = oz — /o) and Y =log

o-1p(x/0)

What is the distribution of ¥ under F, and under P, ,?
(b) Plot the function I(y; X) = log(dP, ,/dFPo,)(X) as a function of s.

(¢) Find the maximum value of the function [(u; X) in (b) (as a function of px) and
the value of p = i which achieves the maximum.

(d) What is the distribution of g under Py, and under P,,? What is the
distribution of I(f1; X) under Py, and under P, ,?

P,
AP,

P, »
AP »

(X).



Solution: (a) The likelihood ratio

dpﬁ(x) _ oo —p)fo) _ exp(—(z — p)?/(20%))
dPy & o~ lo(z/o) exp(—z2/(202?))
poo 1P
= o (G 50)
Hence
WBus ) 1 X 14

Under Py, we find that E(Y) =0 — £5 and Var(Y) = u?/02 = V2 so that

202
1
Y ~ N(—QVQ,VQ) under Py, .

Under P,, a similar computation gives F(Y) = p?/o? — 1?/(20%) = V?/2 and
Var(Y)=V? so

1
Y ~ N(§V2, V?) under P, ..

(b) and (c). The function

APy, -
Wi X) =log o (X) = =93 =52 "3 o2

is quadratic in g with maximum value X?/(20?) which is achieved at u = ji = X.
(d) Under Py, it = X ~ N(0,0%) and I(i1,0; X) = X?/(20%) ~ x}/2. Under P, ,,
ft=X ~ N(u,0?) and I(j1,0; X) = X?/(20?) ~ x3(0)/2 with 6 = p?/o?.

. Suppose that (T'|Z) ~ Weibull(A~*e™7#, 3), and Z ~ G, on R with density g, with
respect to some dominating measure p. Thus the conditional cumulative hazard
function A(t|z) is given by

Ao p(tz) = (Ae¥21)P = NePrZh

and hence
Aog(tlz) = NPz ph—1

(Recall that \(¢t) = f(¢)/(1 — F(t)) and

A(t)z/o /\(s)ds:/o (1= P(s)2dF(s) = —log(1 — F(1))

if F'is continuous.) Thus it makes sense to re-parametrize by defining 6; = v (this
is the parameter of interest since it reflects the effect of the covariate Z), 0y = N,
and #3 = (. This yields

No(t|2) = 0305 exp (0, 2)t% !

You may assume that

a(z) = (0/0n) log g, (2)
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exists and E{a*(Z)} < oco. Thus Z is a “covariate” or “predictor variable”, 6, is
a “regression parameter” which affects the intensity of the (conditionally) Weibull
variable T, and 0 = (01, 65, 03, 6,) where 6, = 1.

(a) Derive the joint density py(t, z) of (T, Z) for the re-parametrized model.

(b) Find the information matrix for §. What does the structure of this matrix
say about the effect of n = 6, being known or unknown about the estimation of
61,062,037

(¢) Find the information and information bound for 6; if the parameters 6, and 63
are known.

(d) What is the information bound for 6, if just €5 is known to be equal to 17

(e) Find the efficient score function and the efficient influence function for estimation
of 8, when 05 is known.

(f) Find the information Iy1.(2,3) and information bound for #; if the parameters 6,
and 05 are unknown. (Here both 6, and 3 are in “the second block”.)

(g) Find the efficient score function and the efficient influence function for estimation
of 6; when 6, and 65 are unknown.

(h) Specialize the calculations in (d) - (g) to the case when Z ~ Bernoulli(d,) and
compare the information bounds.

Solution: (a) Integrating Ag(t|z) with respect to t gives
Ag(t|2) = 0y exp(6,2)t%
and hence the conditional survival function 1 — Fy(t|z) is given by
1 — Fy(t]z) = exp(—Ag(t]2)) = exp(—0y exp(6,2)t%). (0.2)

It follows that
fo(t]2) = 0205771771 exp(—0ye771%) |
and hence that

po(y,2) = fo(ylz)g(2) = 0203”5 " exp(—0ae”*t%) g, (2)
= = Bofse” % exp(—Bae"71%) gy, (2) .

(b) We first calculate the scores for . Note that the random variable W =
0y exp(60:Z)Y? has, conditionally on Z, a standard Exponential(1) distribution:

Py(W > w|Z) = Py(Oyexp(012)Y% > w|Z) = e
by (0.2). We calculate

WOy, z) = logps(Y, Z)
= loghy +logfs + 0,7 + (05 — 1) log Y — 02" 7Y % 1 log g, (Z) ,
L(Y,2) = Z—26,"%Y% = z(1-W),
1 By ?Yy?s 1

L(Y,Z2) = 9—2—9—2:9—2(1—W),
: 1
L(Y,Z) = & +1ogY — 02”7y % log Y



1
= — +log V{1 — 0?2V}

03
62 691 ZY93

= %{1 logW{ _W}}
- 9—13{1—1—{10gW log(2¢"7)H{1 — W}}

1
= g (L= (W =1)log W]+ (W — 1) log(6,¢" ")}
14<Y, Z) = G(Z) - (I(Z, 77) :
Moreover,
) 1 12y 03
. 01720 _ - 012y 72 4
Ls(Y,Z) = —Z6,e"7Y%logY = _293‘926 Y™ log ( Y )
Z
= —Q—W{log W — log(6,¢"7)}
3
- —eiW{log W —log(6:) — 612}
3
. 1 G912y 03
. 017~,0 _ = pn 01Zy0 v -
I3(YV,Z) = —e"?Y%®logY = _6293626 Y™ log ( 0,012 >
= -z 9 ——W{log W — log(f,¢"7)}
= ———W{logW —log(6;) — 0,2},
9293
Is5(Y,2) = —@{1 + Wlog W — log(0,¢"#]%} .
3

Thus we calculate easily:

In(0) = E,L(Y,2)*) = E{E[Z*(1—-W)*|Z]}
= E{Z’E[1-W)|2]} = B(Z%),
In(0) = Eo(L(Y,2)?) = Eo{E[0;°(1 = W)*|Z]} = 657,
I3(0) = 6052 {1+ E[W(logW)?| — 2E(W log W){log 65 + 6, E(Z)}
+ E{(log 6, + 912)2}}
= 0;° {1+ B*—2A{logb, + L E(Z)} + E{(logb, + 6,2)°}}
I2(0) = E(L(Y,2)(Y,2)) = E{E[Z0;"(1 - W)?|Z]} = 0, E(Z),

Ls(f) = —FEu{lis(Y,2)}
= 971 E(Z)[A - log ] — 0, E(Z2)},
Ly(0) = —Ep{lps(Y, 2)}

— (9293)_1{A —logb, — 01 E(Z)}

A= E{WlogW} = /Ooo(wlogw) exp(—w)dw =1—r,
B*=E{W(logW)*} =72/6+ (1 —v)* — 1.
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Note that since I;(y,z) = a(z) is just a function of Z, it follows easily that for
Jj =1,2,3 we also have

[j (9) = EG{jj(Y7 Z)l4(Y7 Z)}
— BV, 2)a(2)} = B{Blg;(W, 2)a(2)| 7]}
= Ela(2)E[g;(W. Z)|Z]} = E{a(Z) - 0} = 0,

Because of this orthogonality, the information bounds for (6;,6s,05) are the same
when 6, = n is unknown as when it is known.

(c) If #y and 3 are known, then the information bound for estimation of 6; is just
I;1(0) = 1/E(Z?). Tt follows that the information matrix for  is of the following
form:

E(Z?)  6;'E(Z) 0;'C 0
1(6) = 0, E(7) 0, > (6203)~1D 0
- 03_10 (9293)711) 03_2E 0

0 0 0 Ea*(Z)

where

C = E(Z)(A—-1logy) —6,E(Z?)
D = A- log62 - 91E<Z)
E = 1+ B*-2A(logby +0,E(Z)) + E(logfy + 6, 2)* .

(d) If 63 = 1 is known, then the information bound for 6, is I;;', where

L12(0) = I — 1oLy I
= E(Z*) - (E(2)/0,)%; = E(Z*) — (EZ)* = Var(Z).

Thus I}, = 1/Var(Z).
(e) When 03 is known, the efficient score function and the efficient influence function
for estimation of ¢, are given by

(Y, 2) = 1 — LI,
= Z(1-W)— 9;%(2)93%(1 - W)
= Z0-W)-EZ)1-W)=(Z2-E(Z))1-W),

and

L(Y,Z) = Iphii(v, 2)
1
= ———(Z—-FEZ)(1-W).
o7 2~ P21 -W)
(f) When both the parameters 6, and 5 are unknown, the information I11.(2,3) is
given by

Lo = s where the “second block” contains both 65, 05
= Iy — D215 (0.3)



where
Ly = (0,'E(2),0;1C),
-1 ( 02F  —0,05D > 1

22 —0505D 02 E— D2’
Thus the second term in (0.3 ) is
{[E(Z)’E —2E(Z)CD + C*} /(E — D?). (0.4)

Now the denominator is
E—-D* = 1+ B*>-2A(logby+ 0,E(Z)) + E(log by + 6,2)?
(A= loghy — 0,E(2))’
= 1+ B*>—-2A(logly + 0,E(Z)) + E(logfy + 6, 2)*
—[A? —2A(log Oy + 61 E(Z)) + (log 0, + 0, E(Z))?
= 1+ B?— A?+Var[logh, + 6, 7]
= /6 +0iVar(Z),
and, upon noting that
C—E(Z)D = E(Z)(A-logby) —0.E(Z*) — {E(Z)(A —log 6,) — 6,[E(Z)]*}
= —0,Var(Z2),
it follows that the numerator of (0.4) is
C? —-2E(Z)CD + [E(Z)’E = C?—-2E(Z)CD + [E(2)]*D*+ [E(Z2)]*(E — D?)
= (C—E(Z)D)*+[E(Z)*{r*/6 + 0;Var(Z)}
03 Var(2)]? + [BE(2)*{7*/6 + 0;Var(Z)} .
It follows that the information for #; when 6, and 63 are unknown is equal to
2(Var(2))> + [E(Z)]*{r*/6 + 03V ar(Z)}

I, = E(Z% -
11:(2,3) (Z°) m2/6+ 03Var(Z)

72 /6
= Var(Z) < Var(Z) < E(Z?
72/6 + 02Var(Z) ar(2) < Var(2) < E(Z)
with equality in the first inequality if and only if 8, = 0. Note that the information
decreases as 6 increases, and it converges to 72/(60%) as Var(Z) — oc.
(g) When 6y and 03 are unknown the efficient score function for 6; is, with the

“second block” containing both 65 and 65,
I = 1 — IR,
= 1, — (02(E(Z)E - CD),05(C — DE(Z))ly/(E — D?)

= 20w~ FRE R W)
WQ/gf;;‘(/ii(Z) {[1 = (W =1)logW] + (W — 1) log(#2¢"7)}

E(Z)E — CD + log(62¢"7)
- {Z_ 72/6 + 0iVar(Z) }(1_W)
02Var(Z)
72 /6 + 03V ar(Z)

{1— (W —=1)logW}.



(h) When Z ~ Bernoulli(n), then

Ill = E<Z2) =nN= 94,
Lo =Var(Z)=n(l—n) =04(1—0,4),

72 /6
Liiioa) = Var(Z
@3 = 126 0V ar(2) ar(Z)
72 /6
— 1—1n).
7T2/6+9%77(1—77)77( )

The corresponding information bounds are given by the reciprocals of these
quantities. See the following figures for comparisons of the information and
information bounds.

0.2 0.4 0.6 0.8 1
Figure 1: Plots of Iy, I11.2, and I1;1.(23) as a function of n = 04, and for 6, = .5, 1.0,1.5
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Figure 2: Plots of I};', I, and 1171?( ) as a function of n = 64, , and for §; = .5, 1.0, 1.5
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