Statistics 581, Problem Set 7 Solutions
Wellner; 11/16/2017

1. Consider the two parameter location-scale model
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and the (known) density f has a derivative f’ almost everywhere with respect to
Lebesgue measure .

(a) Calculate the information matrix () for 6.

(b) For which of the densities in (a)-(e) of problem set #6, problem 3, is 12(#) not
zero?

where © = R x Rt

Solution: (a) This follows Lehmann and Casella, Example 6.5, pages 126-127.
The score for location is
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and the score for scale is

l(z) = a%Zlog{e—tf (l;fl)}

Thus we compute
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(b) Note that 12y = 0 for all symmetric densities f since the score for location,
L(y) = —f'(v)/f(y) is odd 1;(—y) = —li(y), while the score for scale, 1,(y) =
—1—yf'(y)/f(y), is even (1(—y) = Iy(y)), and f is even. Thus I15(A) = 0 for cases
(a)-(d) in problem 3, problem set #6, while I15(f) = 0;%[155 # 0 in case (e). I

calculate
tay = [o(Lw) s

= / y(—1+e7)*e ¥ exp(—e)dy

_ /Ooo(logv)(v —1)2edy = —(1— )

where 7 is Euler’s constant. In fact this is related to I that we calculated already
for the Weibull family in Example 3.2.5 in the notes and in the first display at the
top of page 2 of the Handout on Gamma, Digama, and Polygamma. Note that from
problem 4, problem set #6, we also have

Iioc =1 for f = ¢, the N(0,1) density,

It =1/3 for f = the logistic density,

Ttioe =1 for f = the Laplace density,

Itioe = (K+1)/(k+2) for f = the t; density,

Tfioe =1 for f = the Gumbel or extreme value density.

On the other hand, we find that I .q. is given the the various cases as follows: (a)
For the normal density f = ¢, Ifseae = [(2* — 1)¢(z)dx = Var(Z?) = 2 where
Z ~ N(0,1).

(b) For the logistic density f, the information for scale is

o = [ e () 1V ar
_ /_Z (22F () — 1) — 12 dF(x) = (3 + 72)/9

as is given in detail by Johnson and Kotz (1970) and by deCani and Stine (1986).
(c) For the double exponential (or Laplace) density —(f'/f)(z) = sign(z), so

If,scale =1
(d) For the t; density, by using a change of variables much as in the location case,
2k
I scale = 7 o
fscale = k13

note that I, scate = (2k)/(k 4+ 3) = 2 = In(0,1),5cale 85 k — 00.
(e) For the extreme value distribution, F'(z) = exp(—exp(—x)), and therefore if
X ~ F the random variable Y = exp(—X) ~ exponential(1):

P(Y = y) = Plexp(—=X) > y) = P(X < —log(y)) = exp(—exp(logy)) = exp(—y).
Since —(f'/f)(x) = =14 €%, it is easily seen that
Iy = B{-1-X(f'/AX)} =E{(X1-e") -1}

= B{logY)(Y ~1) -1} =T (1)’



as in our information calculations for the Weibull family.

. Lehmann and Casella, TPE, Problem 6.6, page 142. If P, is the probability measure
with density py with respect to Lebesgue measure on R given by

pal) = (1= )o(x — ) + ~0 (fc — £)

T

where ¢ is the standard normal density and 6 = (£, 7,¢) € R x RT x [0, 1], find the
information matrix I(0) = I(&, 7, €).

Solution: T would prefer to write = (£,¢,7). The first thing to note about the
model

P ={P: (dPy/d\)(z) = p(x;0) = p(x)}

is that it is a location family: p(z;&,€,7) = po(x — &; €, 7) where

po(z;e,7) = (1 —€)p(x) + (e/T)p(x/T).

Moreover, all the distributions in the family Py = {Py., : € € [0,1],7 >
0} are symmetric about 0. Here are plots of these densities for 7 = 3 and
e = 0,.2,.4,.6,.8,1; the second plot is of the densities py for ¢ = .2 and 7 =
1.5,4,8,16, 32, 64.
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Figure 2: Densities p(x) for £ =0, e = .2, 7 = 1.5,4,8,16,32,64



Since ¢'(z) = —x¢(z), the score functions for €, &, and 7 are given by

i) = o {-9u-gew -9+ 55 (T2 ]

Thus with 0 = (&, ¢,7) and [,, the information matrix I(&,e,7) = I(0) is given by

1(9) = EG{ZG(X)ZH(X)T}
= (Bl(x)i5(X))) -

Hence it becomes clear that all of the elements of I(e,&,7) are constant functions
of &; hence it suffices to compute the information matrix for & = 0. Thus we take

= 0 in the rest of the argument. Now note that the scores for € and 7 are even
functions of z: I (—z) = l.(z) and similarly for [,. On the other hand, the score
function for ¢ is an odd function of z: [¢(—z) = —l¢(z). It follows that

Eo{l(X)I.(X)} =0, and  Ep{le(X)i.(X)} =0.

Thus the only non-zero entry off the diagonal is I3(f) = I..(#). I do not know
any “closed form” results for I11(0), Ix2(0), I33(0), or Io3(6), but it is not hard to
compute them as functions of 6 = (¢,&, 7) especially since they depend only on
(€, 7). See Figures 3-5 below.

Figure 3: Information for € as a function of 7 for e =.1,.2,.3,...,.9

. Suppose that P = {P, : § € ©}, © C R is a parametric model satisfying the
hypotheses of the multiparameter Cramér - Rao inequality. Partition § as 6 = (v,7)
where v € Rm and n € RF-™ and 1 < m < k. Let 1 = 1 = (13,15) be the
corresponding partition of the (vector of) scores 1, and, withl= I _1(9)1, the efficient
influence function for 6, let 1= (Tl,Tg) be the corresponding partition of 1. In both
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Figure 4: Information for £ as a function of 7 for e =.1,.2,.3,...,.9
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Figure 5: Information for 7 as a function of 7 for e = .1,.2,.3,...,.9

cases, 1, 1, are m—vectors of functions, and I, 1, are k —m vectors. Partition T (0)
and I71(6) correspondingly as
Ly o
1(0) =
(6) ( Iy 1o )

where I1; is m X m, I15 is m X (k—m), Iy is (k—m) X m, Iy is (k—m) x (k—m).
Also write I71(0) = [IY]; j=12.

(a) Verify that:

' = I7Y where I115 = Iy — Liplyy Loy, 17 = Iy}, where Ipg = Ipo — I I s,
I'? = — I 1015, and 1% = -1, Iy I

This amounts to formulas (4) and (5) of section 3.2, page 19.

(b) Verify that

1, = Iy + 120y = I575(1y — I1o05,'1), and

1, = I2Y, + 1221, = I35, (I — Iy I3').

(¢) Verify that 1, = I;5'l; — I;;'I15ly and hence that I3} = Iy" + Iy 1215 Iy I
This amounts to (15) and (16) of section 3.2, page 21.

Solution: (a) This is just block inversion/multiplication of matrices:

IH ]12 [11 [12 _ [ﬂl _Iﬂg[m]gizl Ill ]12
2 %2 Iy Iy — L In I Iy91 Iy Ip

5



I (L — a1 o) I (Lo — Ip)
12_2%1(—121 + 1) 12_2%1(—121111112 + I5)

( Ident 0

0 Tdent ) = Identity.

by using the definition of I11. and I59.1.
(b) This follows immediately from the formulas for I'' and I'? by just plugging
into the formula 1, = I''1; + I'*21, for 1;:

I, = I5LL — I3 1055,

= Ih0 = Laly'l) = 151
(c) As in the chapter 3 notes, page 21,
L+ I3 = 1Yy + Iy + I Lo (1P + 1721)

= I {(—711—711 + LI+ (I 1 + 112122)12}

= I3
Rearranging yields the claimed identity:

= I — I s,

Since 1, is orthogonal to [ll] (the linear span of the components of 11), it follows that

I3, = EWIY) = BE(IM, — I sl,) %2
= I+ I oI oy I

. Suppose that X ~ Gamma(c, §); i.e. X has density py given by

(o7

po(z) = %xal exp(—f)lx)(z), 0= (a,B) € (0,00) x (0,00) =0O.

Consider estimation of : A. qa(0) = EyX. B. qg(0) = Fy(z) for a fixed xg; here
(i) Compute I(0) = I(«, 5); compare Lehmann & Casella page 127, Table 6.1

(ii) Compute g4(0), qa(0), ga(¥), and 4p(0).

(iii) Find the efficient influence functions for estimation of g4 and ¢gp.

(iv) Compare the efficient influence functions you find in (iii) with the influence
functions 14 and tp of the natural nonparametric estimators X, and F,.(xo)
respectively; in particular, show that ¢4 € P, while Vg ¢ P.

Solution: For the Gamma(«, ) parametrized my way:

67

po(z) = Fﬁ(a) 2! exp(—pBr) L(0,00) ().

Thus
logpe(z) = (o — 1) log x + alog 5 — log I'(«v) — B,



and hence

/

io(z) = logz + log f — = (a) = log(8z) — v(a),

r
lg(x) = % —x
Furthermore,
loa(T) = _wl(a)v
ins(2) = 5 = bpale).
lgs() —%‘
Hence V(o) 18
a) —
=20 k)
(i1). Now ga(f) = o/, and
(0) = Py(X < xy) = /ffo LB“xa_le_ﬁm dx
qB = Iy > o) = . F(a)
_ [ t* tet dt
N /0 Ta) °©
_ F(CY,B.’EO)
I X (®))
where I'(a,y) is the incomplete gamma function; note that I'(a,00) = T'(«).
Therefore
. 0 0 1 « 1 o
q4(0) = (%QA, %QB) = (B’_ﬁ) = 3(17—5)
= Covy(X — Ep(X),II'(X)),
while, with 5
¢(0€,y) = a_alogr(a7y) = F’(a,y)/F(a,y) )
oo (TlenBr)  T(aBrT(0) (B0 o
0 = (SR )
_ F((X?ﬁxO) To
~ (P2 (o ) — (@) Dputon)
= (s(O){¥(e fxo) = (@)}, ro(w0))

= Covy[(Lue)(X) — Fy(20)), 15 ]

(iii). The scores are given by

i) = ( iﬁgg ) _ ( log<ﬁ%:c>_—xw(a) )

7



and the information matrix is

o= (0 R )

Thus
I740) = ( o/B 1P )—52
/8 ¥(a) ) apf(a) -1
and the efficient influence function for estimation of g4 is

s = 4a0)" 17" (0)ly
_ 1(17_04)(@/52 1/5) 3 <log(ﬁ:v)—w(a))

5 B\ 1B W) ) avia) — 1 57
——ﬁ - (log(pr) — Y« l—g'a g—l"
= a¢/(a)—1{0 (log(Bz) = w(e)) + (5 = Z¥(@))(7 — =)}
= (:z;—g)

Note that X — Ep(X) € [lg] = P; in fact, X — Eg(X) = —lg(X).

Similarly, [5(z) = Gp(0)I(0)ls(x); unfortunately, this does not simplify much,
largely due to the fact that 1o .,(X) — Fp(20) ¢ [lg] = P.

(iii) The information bound for estimation of g4 is

I7'(Plga,P) = ¢4l ' (0)ga
1 o fa/pr 1/B B 1 1
= 509 (Vs vl ) awter=1 (=ass ) 3

«
= E = Vary(X).
Similarly,
I_l(PIQBap) = = (jg[_l(e)(jBa

which does not simplify appreciably because 119 ., (X)— Fp(z0) ¢ [ls] = P. However,
since we know that {5 = II(1(g ) (x) — F(2)|P), it follows easily that

I} (Plgs, P) < Eo(ljg.u0)(X) — Fy(w0))* = Fy(0)(1 — Fy(wo));

i.e. it is possible to improve on the natural nonparametric estimator F,(zq) of
qp(0) = Fy(zo) when the model holds.



