Statistics 581

Problem Set 5 Solutions
Wellner; 11/2/2017

1. Suppose that X; = pu+o,¢; where €1, ... €, arei.i.d. with some distribution function
F with E(e;) = 0 and Var(e;) = 1 < oo. Consider estimators of u of the form
T, = T,(w) = > wyX; where w = w,, = (Wn1,...,Wny,) is a vector of weights

with Y0 wy = 1.
(a) Show that all the estimators T),(w) are unbiased, and that the choice of weights
which minimizes Var(T,,(w)) is
1/0?
(1) wom:L for i=1,...,n.

" Y /a)

(b) Compute Var(T,,(w")) and show that T,,(w") is a consistent estimator of y if

Z?(l/ajz-) — 0.
(c) Now suppose that X; = p+o0;¢; where €y, . . ., €, are i.i.d. with some distribution
function F' with E(e;) = 0 and Var(e;) =1 < oo as in 2(b) above. Show that

n

> (1/02) (Tu(w™) = 1) =4 N(0,1)
1
if
maxi<i<n(1/07)
2 (1/03)
(d) Compute Var[T,(w)]/Var[X,] in the case 0 = Ai" for r = .25, .50, .75, 1
and n = 5,10, 20, 50, 100, and oc.

— 0.

Solution:
(a) Unbiasedness of the estimators T, (w) is easy:

BT ) = 3 B0 =3 gt = 1> s = .
i=1 i=1 i=1
By direct calculation,
Var(T,(w)) = z”: w?,0?
i=1
and we want to minimize this subject to Y ", w,; = 1. Thus define

ViH(w, \) = Zn:wiiaf + A (Zn: Wi — 1) :
i=1 i=1

Thus
V3w, \) = 2wpo? + A, i1=1,....n,

8wm~



and setting this equal to 0 for all ¢ yields
A/2

2
a;

Wnp; =

where, in order to satisfy the constraint,

- A 1

and hence
—2

2?21(1/02'2) .

Thus the optimal choice of the weights w,; is given by

2
opt __ 1/02 i=1 n
n,L - n 2 9 e 9000y .
Zj:l(l/ o j)
Here is a more geometric proof involving a “dual” optimization problem. Write
w; = Wy;. We want to minimize

A:

w.

subject to the constraint >} w; = w’1 = 1. Alternatively, letting v; = w;o;, we
want to minimize

v’ subject to (v,1/0) =1

where 1/0 = (1/04,...,1/0,)". Geometrically this amounts to finding the radius
of the smallest ball which intersects the hyperplane determined by the vector 1/c
and the magnitude constant 1. Now the dual problem is:

maximize (v,1/0) subject to vy < C2.

Geometrically this amounts to finding the hyperplane with the largest magnitude
constant which intersects the ball with radius C. But by the Cauchy-Schwarz
inequality,

(2) (v,1/0) < VTv(1/0)T(1/0) < C 2(1/0’?) =1

ifC' =1/ ,(1/c?), and equality holds in the first inequality of (2) if v = A(1/0)

for some A. Translating back to w gives w; = w,; as in the first solution.

(b) The resulting minimal variance is

VarlT(w)] = 3 [ufo? = éﬁfa

Hence by Chebychev’s inequality

opt Var[T,(w)] 1
PI) =l =0 < = = asr amn




for every € > 0 if >7(1/0?) — occ.
(¢) When X; =+ 0;¢;, and we want to show that

D (1/02) (Tu(w™) = p) =4 N(0,1)

it is convenient (for clarity in avoiding clashes with the notation of the Lindeberg-
Feller CLT) to temporarily relabel the o; as a;, i = 1,...,n. Note that then the
quantity on the left side in the last display becomes

2 opt S (Lad)ae; <&
az) (T, (w) — ) = = Cri€
21/ (L) =) = Tee T = 2

where .
/ i=1,....n.

Cni = —YF=m———5v > )
V 2z (l/a})
By the same argument we have used several times now for weighted sums of i.i.d.

random variables with mean zero and finite variance, the Lindeberg condition holds
if

i<n(1/ai
max |Cpi| = maxlig ( /(2” — 0,
lsizn > e (1/af)
and we conclude that (3) holds.
(d) When o2 = Ai" for i = 1,...,n We have

_ "o AN T
VCL?”(Xn) — Z’L:l 0; — Zzzzlz

n? n

Y

while

Var|T, (w’")] =

Hence
Var[T,(w?)] n?
Var[X,] Qi i) (i i)
Computing this for r = .25, .50, .75, 1 and n = 5, 10, 20, 50, 100, and oo, and noting
that the above ratio equals

1 1
(TS ) ) (T S Gfn)  [Terde [ arda
= 1-r)(1+r)=1-1?

(where the convergence holds for 0 < r < 1 even though the first integral in the
denominator is infinite for r = 1), yields the following table.



Table 1: Efficiencies of X, relative to T}, (w")

5 1020 50 100 | oo
=.251.980 .970 .961 .952 948 | .9375
50| .923 .886 .854 .820 .801 | .7500
5] .836 .763 700 .633 .595 | .4375
1.0 | .730 .621 .529 436 .382 |0

3 03 3 33
|

2. Suppose that Xi,..., X, are i.i.d. with density given by f(z) = ra="*D1y ) for
some 7 > 1.
(a) Compute the distribution function F of the X;’s.
(b) Compute and plot the inverse distribution function F'~! corresponding to F.
(c) For what values of s > 0 is F|X;|* < 00?
(d) Find the distribution function of M,, = max;<;<,X;.
(e) For what values of s is E|M,|* < co?
(f) Find a sequence of constants b, so that M, /b, —, and find the limiting
distribution. [Hint: see Ferguson, ACLST, Theorem 14, page 95.]

Solution: (a) F(z) =0 for —co <z < 1,and F(z) =1—a2"" for 1 <z < 0.

(b) Setting F(z) = u and solving for # = F~(u) yields F~*(u) = (1 — u)~¥/" for
0 < u < 1. Note that F~*(1/2) = 2/"; F~1(1) = oo, and FF}(0) = 1. See Figure ??
for plots of F~! for r € {1,5,20}.

(c) We compute

E|\Xy° = / xsf(x)dx:/ 2 re”" e
1 1

o0 r
= r 2 e = <oo ifs<r.
1 r—s

Alternatively,

e’} 1 0
EX] = / sxs_l(l — F(z))dx = / sz ldr + / sz tr " dx
0 0 1

s r )
= 14+ = < oo if s<r.
r—s r—s

(d) For Mn = MaXj<i<n Xz we have

Fy (x) = P(max X; <z)=P(X;<uz,...,X, <x)

1<i<n
= Fa)"=01—-a2™)" if 1<z < oo,

and 0 otherwise.
(e) Since M = maxj<i<, X; < Yo, X7, it follows that EMS < Y | E(X}) =
nE(X7) < oo if s <7 by (c). Alternatively,
P(M, >zx) = P(lrgaéx X; >z) = P(UL,[X; > z])
< ZP(Xi >z)=n(l—F(z))=nz™", for 1<z <o0.
i=1



Thus

EM? = / P(M; > x)dx
0

1 o0
= / dx +/ P(M, > z'/%)dx
0 1

< 1—|—/ nz""*dx =1+n 1 <oo if s<r.
1 r/s—1
(f) Now from (d), for any x > 0,
P(M,/b, <z) = P(M,<zb,)=(1-0"2"")"
= (1_x7;r)” if b,"=1/n, or b, =n'/"

— exp(—z7") = G.(z) as n — oc.

Thus M, /b, —4 G,. In fact, G, is a member of the Weibull family with shape
parameter —r, and is one of the three different families that can arise as limit
distributions of maxima of independent rv’s; see e.g. Ferguson (1996), A Course in
Large Sample Theory, chapter 14.

. Suppose that X1, ..., X, areii.d. random vectors with values in R* with F(X}) = u
and E(XTX,) < co so that ¥ = F(X; — u)(X; — p)T is well-defined. Thus

Suppose that g : R¥ — R is a function, and suppose that Vg = (¢')T

Then the delta-method (or ¢’ theorem) tells us that

exists at p.

(3) V(g(Xa) = g(1) —a V()" Z ~ N(0,Vg(n) £V ().

(a) Show that we can strengthen (3) as follows: Suppose that Vg = (g)T is
continuous at p. Then /n(g(X,) — g(n)) is asymptotically linear at pu:

Vi(g(Xa) = g(w)) = Vo) Vi(Xn — 1) + 0,(1)

n

- %Zw(&)w(l)

i=1

where

(4) U(z) = Vg (z - )

which is called the influence function of g(X,) as an estimator of g(u), has mean
Ey(X;) =0 and Var(y(X;)) = Vg(p)"SVg(p).

(b) Does the result of (a) apply to the situation considered in problem 3(b) of
problem set #47 If so, what is the resulting influence function?

(c) Does the result of (a) apply to Example 2.3.6 (the correlation coefficient) on
pages 18-19 of the course notes?



Solution: (a) By Taylor’s theorem, for some Y,* satisfying |Y,* — | < | X, —p| —, 0
it follows that

Vi(g(Xn) —g(w) = Vg(Y,)vVn(X, — p)
Vo(u)vn(X, — )
+ {Vy(Y;)) = Vg(u)}vn(X, — p)
= Vg(p)vn(Xn —p) +o0p(1)

since Vg(Y;*) —, Vg(u) by continuity of Vg at p and since v/n(X,, — p) = O,(1).
Now note that

Vo(Vi(X ) fzw — ) == DU

with ¢ as in (4).

In fact, the hypothesis of continuity of Vg can be dropped: consider a new function
h(z) = g(x) — Vg(u)x. Then Vh(u) = Vg(u) — Vg(p) =0, and we can write

V(g(Xn) —g(p) = V() (Xn — ) = Vn(h(X,) — h(p))
(5) ey VR(W)Z=0-Z=0

by the delta-method applied to the function h. Since convergence in distribution
to a constant implies convergence in probability to the same constant, we conclude
from (5) that the left side of (5) converges in probability to 0. But this is just the
claimed asymptotic linearity with ¥ (z) = Vg(u)(z — p).

(b) The result in (a) does not quite apply since

Zy = \/ﬁ(yn — M SZ - 02)/
is not exactly an average of i.i.d. random vectors. But the key features of the proof
n (a) do carry through since n=Y/27, —, 0 and Z, = n=/23"" YV, + 0,(1) where
Y, = (X;—p, (X;—p)?—0?) areii.d. with mean 0 and finite second moment under

the assumptions of problem 3(b) of problem set #4. Thus the conclusion continues
to hold. Here is an argument: Thus with g(u,v) = v/u

52 o2 —
\/E (X_ - g) = Vg(u;;,a:f)\/ﬁ(Xn - M, 5721 - ‘72)
where ||(MZ w0y — )| < N(Xn —p, Sz — 0%)|| =, 0
= Vy(us,02?) (VnY, +op )
= Vg(u,o*)WnY, + (Va(u,,0%) — Vg(u, %)) VnY,,

+ V(. 077)0p(1)
!

= M —0? [, 1)v/nY,, + 0,(1)O0,(1) + 0,(1)0,(1)

1 1 s 5 07
— %Z—{(Xi—u) —0 —?(Xi—ﬂ)}+0p(1)
= \/—Z@Z) ) +0,(1)



where

has Fi(X;) =0 and
4 2
Var(wx) = {24 =222 4 S v

as in the solution of problem 3(b), Problem Set 4.

(c) As in (b), (a) does not apply directly, but it does apply once we take care
of smaller order terms. In this case r, = Sxy/vVSxxSyy = 9(Sxv,Sxx,Syy)
where g(u,v,w) = u/\/vw is differentiable at (p,1,1) with derivative Vg(p,1,1) =
(1,—p/2,—p/2) and where (Sxy, Sxx, Syy) is the vector of (average) cross-products
and squares of the X’s and Y’s as in the notes. As shown in the notes,

Sxy —p @—P
\/ﬁ SXX—l = \/E )ﬁ—l +0p(1)
Syy — 1 Y2 -1
= Zn_I—OP(l)

where Z,, =4 Z ~ N5(0,%) and ¥ is as on page 19 of the chapter 2 notes. Thus it
follows by arguing as in (b) above, that

\/ﬁ(rn - p) = \/H(Q(SXYa SXX7 SYY) - g(ﬂv 17 1))

= =3 {E - - fE - ) =L - 1)} +o,0)

in terms of the “standardized” data (X;Y;)) = ((X; — px)/ox, (Y; — piy) /oy ). Thus

) =
Y(z,y) = (x;;X) : (y;YMY) _g(x—aix) _g(y—ggY)Q_

. (a) Write out a proof of (17) on page 27 of the Chapter 2 notes. Compare the result
with what you get by combining (11) and (16).

(b) Write out a proof of the corresponding fact (38) concerning the general empirical
process G,: G,, =4 G where G,, and G are as defined on page 21 of the chapter 2

notes; i.e. for any f1,..., fx € La(P), (G, (f1), ..., Gn(fx)) —=a (G(f1),---, G(fr)).

Solution: (a) /n(F, — F) =4 U(F). To see this, let 1 < --- < z € R. Then
the vector (v/n(F,(z1) — F(x1)), ..., vn(F,(zx) — F(xk))) can be written as
)

L(—o0,21)(Xi) — F'(21) n
= n /2 Xl
1(—oo,xk}(Xi> - F(Ik) =1

23

3\

7



where the Y,’s are 1.i.d. with £Y; ; = F(z;) — F(z;) =0for j=1,...,k and
Y= EY,\Y{ = (F(e; A F(xy) = Fz;)F(xy))]

Jy'=1"

It follows from the multivariate CLT that n~/23F ¥, —4 Ni(0,%). But this is
just the distribution of (U(F(z1)),...,U(F(xx)))". Thus /n(F, — F) =4 U(F)
holds.

To see that this agrees with the result of (11) and (16) note that v/n(F,,—F) L U, (F)
where U,, =74 U by the argument detailed below. Thus \/n(F,, — F) =4 U(F).

Details for U,, =74 U: To see this, let 0 < t; <ty < --- <, < 1. Then define
random vectors Y, by

Y, = (1pou)(&) — 1, Lo (&) — te),
for i =1,...,n. Note that £Y; = 0 and

(1l —ty) ty—tyty -t — ity

ty—tity b1 —ty) -ty — oty
EY,Y| =

t—tity o —toty - te(1—tg)

k _
= (LAt —tt);,_ =3
Thus it follows from the multivariate central limit theorem that

(Un(t1), ..., Un(tr)) = v/nY, —a Ni(0,%).

But for a Brownian bridge process U, (U(t1),...,U(tx))" ~ Ni(0,%), so we have
shown that (U,(t1),...,Un(tx)) —a (U(t1),...,U(tx)). But since this holds for
every k and every choice of ¢, ..., it follows that U, — ;4 U.

(b) G, —ra G. To see this, let fi,..., fx € Lo(P). Then define random vectors
Y, by
for i =1,...,n. Note that FY, =0 and
P(f?) = (P(f1)*>  P(fif2) = PAPf2 - P(fifs) = PAiPfi
P(fif2) = PHPf:  P(f3) = (Pf)* -+ P(f2fe) = PfaPfi

EY Y| =

P(fify) = PHiPfe P(fofi) = PfoPfi -+ P(ff) — (Pfi)?
= (P(fify) — sz-Pfj)ij:l =3
Thus it follows from the multivariate central limit theorem that
(Gn(f1>a s 7Gn<fk)), - \/ﬁzn —d Nk(o, E)

But for a P—Brownian bridge process Gp, (G(f1),...,G(fr)) ~ Ni(0,%), so we
have shown that (G, (f1),...,G,(fx)) —a (G(f1),...,G(fx))". But since this holds
for every k and every choice of fi,..., fi € Lo(P), it follows that G,, =4 G.



5. Suppose that Xi,..., X, are ii.d. exponential(d); i.e. with density pg(z) =

0 exp(—0x)1j000)(z). Let X,y = Xy be the largest order statistic of Xi,..., X,.
(a) Find constants ¢, so that Y, = X(n) — €y —q Y for some random variable Y’
and find the limiting distribution of Fy .

(b) Compute the density of Y,, and show that it converges to the density fy of Y.
(¢) What can you conclude from the result of (b) and Scheffé’s theorem (chap. 2
notes, prop. 1.14, page 9)7

Solution: Let ¢, = 6~'logn = F, (1 —1/n). Then

Fn(y):P(YnSy) = P(X(n)_cnSwIP(X(n)§y+cn)
= P(X;<y+4c,foral 1<j<n)

= P(Xi<y+c)"=(1—exp(—0(y+cn)"

= (1 - T)n — exp(—e%)
= Fy(y);

this is an extreme - value distribution of the the “double-exponential” or “Gumbel”
type; see part (c¢) of Theorem 14, Ferguson, ACILST page 95.

(b) The density of Y,, is found easily by differentiating in the previous display. The
result is that

faly) = (1 = n""exp(—0y))" " exp(—0y) — exp(—e~") exp(—0y) = fy(y) = f(y).

(c) Since the densities f,, converge pointwise to the limiting density, we conclude by
Scheffé’s theorem that with P, begin the probability measure on R corresponding
to F, and P the corresponding probability measure on R corresponding to Fy,

dTV Pn,P /|fn ‘dy—>0



