Statistics 581, Problem Set 1 Solutions
Wellner; 10/6/2017

1. Ferguson, ACILST, #2, page 6: Suppose that X, is uniformly dis-
tributed on the set of points {1/n,2/n,...,1}. Show that X, —4 X
where the distribution of X is Uniform(0, 1). Does X,, —, X7

Solution: If X,, ~ Uniformly on {1/n,2/n,...,1} then

Ft) = P(x, <t)=robi/mst ot
n n

Note that |F,(t) —t| < 1/n for each fixed 0 < ¢ < 1. Then F,(t) —

F(t) =t forall 0 <t < 1. That is, X,, =4 X ~ Uniform(0, 1).

These X,,’s do not necessarily converge in probability to X because the

random variables X, are not necessarily defined on the same probability

space.

2. (Continuation of the previous problem). Now suppose that U ~ Uniform(0, 1)
and for each n > 1 define V, = 37, (/1) 1((j—1)/n.j/n) (V).
(a) Show that V,, £ X,, where X, is as in problem 2.
(b) Show that V,, =, U.
Solution: (a) Note that P(V,, = j/n) = P(U € ((j — 1)/n,j/n]) =
1/n = P(X, =j/n). Thus V, £ X,.
(b) To see that V,, —, U, note that

P(|V, =U|>¢) = P(V,—U>¢) since V,, > U
= PU_{Va=U>e}n{(j - 1)/n<U<j/n})
= P {j/n-U>etn{(j - D/n<U < j/n})
= nP{1/n—-U>¢€eN{0<U < 1/n})
B n(l/n—e)=1—mne, ifl/n>ce¢
N 0, if 1/n <e.

Hence it follows that V,, —, U.

3. Suppose that X has an inverse power distribution with distribution
function F,(x) =1—x~* for z € [1,00) where a > 0.
(a) Show that E(X) = a/(a—1) for a > 1 and
Var(X) = a/((a —2)(a —1)?) for a > 2.
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(b) Let Y, = (o — 1)X — « (so that Y, has mean 0 and variance
converging to 1 as a — 00). Show that Y, —4 Y, for some random
variable Y., and find the distribution function of Y.

Solution: (a) By straightforward computation, fo(z) = az™* 1} o) ()
and hence for o > r we have

EX") = / foa(x)dx:oz/ g~ g
1 1

«

a—1r

This yields E(X) = a/(a — 1) when r = 1 and E(X?) = a/(a — 2)
when r = 2. Thus

Var() = B0 -(p0? o f - Ao o e

(b) It is easily seen that Y, = (o — 1)X — a has E(Y,) = 0 and
Var(Y,) = a/(a —2) — 1 as @ — oo. Furthermore, for any fixed
Yy Z _17

PYoa<y) = Plla—1)X-a<y)=PX <(y+a)/(a—-1))

—Q 1 —
_ g a+y 1 1+y+
a—1 a—1

— l—exp(—(y+1)), as a — oc.

Thus Y, =4 Yoo = Z — 1 where Z ~ exponential(1).

. (Lehmann and Casella, TPE, problems 1.2 and 1.3, page 62.)

(a) Let X1, ..., X, beuncorrelated random variables with common ex-
pectation @ and variance 2. Show that, among all linear estimators
S a; X; of 0 satisfying Y a; = 1, the mean X,, has the smallest vari-
ance.

(b) In the preceding problem, minimize the variance of

>ooiXi (Yai=1)

(i) When the variance of X; is 6%/¢; ( ¢; known).

(ii) When the X; have common variance o2 but are correlated with
common correlation coefficient p.



Solution: (i) First solution — via the Cauchy-Schwarz inequality: First
recall the Cauchy-Schwarz inequality in R": if u,v € R", then (u'v)? <
(v'u)(v'v) with equality iff u = cv for some real number ¢. Now extend
this as follows: if ¥ is positive definite and z,y € R", then

(a'y)? = (B22)(27%) < (@'S2)(y'="'y)
with equality iff £1/2z = X271 2y; ie. iff 2 = X1y,

Now consider X, a random vector in R", with F(X) = 16 and Cov(X, X) =
E[(X-EX))(X—-EX))] =%, where1 =(1,...,1) € R™. A linear
estimator &’ X = a1 X1 +...+ @, X,, is unbiased for § iff § = F(a/X) =
'E(X) = (/1)0 for all 6; i.e., iff @’1 = 1. The variance of o/ X is
Var(a/X) = o/3a. To find the best such estimator, we must find

min{a'Ya : o/1 = 1}.
But by the Cauchy-Schwarz inequality, if o’1 = 1, then
oYa>1/(1's711)

with equality iff & = ¢X711. The condition o/1 = 1 then implies that
c = 1/(1’S711), so the optimal « is ap = X7'11/(1'27!1), and the
optimal linear unbiased estmator is apX = (1'27'X)/(1'S7!1) whose
variance is Var(apX) = 1/(I'S711).

The solutions to 1.2, 1.3(a), and 1.3(b) now follow:

(a) In this case ¥ = 01, so ag = 1(1/0?)/(1'11/c?) = 1(1/n).

(b)(i): The inverse of the matrix diag(1/c;) is just diag(c;). This
implies that ap X = (327 :Xy)/ (O] @) and Var(opX) =02/ ¢;.
(b)(ii): The inverse of the matrix with 1 on the diagonal and p off the
diagonal is of the form «a in the diagonal entries and b in the off-diagonal
entries for some a,b. Hence X7'1 = 07%(a + (n — 1)b)1, which leads
to 'S X =0 2(a+(n—1)0)(X1+...+ X,), and 'S =67 2(a +
(n — 1)b)n. Hence we find that apX = > ] X;/n. But £1 = o?(1 +
(n—=1)p)1,s01=0c*(1+(n—1)p)X7'1 = (1+(n—1)p)(a+(n—1)b)1,
and hence [a + (n — 1)b] = [1 + (n — 1)p]~!. Therefore

Var(apX) = 0—2[1+(n—1)p]{ >o%/n if p>0

n <od’/n if —1/(n—-1)<p<0 "~



[Note that if p < —1/(n — 1), the matrix ¥ of this form is not a
covariance matrix!]

(ii) Second solution via Lagrange multipliers:

(a) When the X;’s are uncorrelated with common variance o2, the
variance of o/ X is just 02 Y] o2, so we want to minimize Y} o subject
to ] a; = 1. Thus we set

S, ) =) ol + A ai—1), a€R", AeR
=1 1

To find the stationary points we look for solutions to

VoS(a,\) = 2a+ A1 =0,

0

55(@,)\) = al—1=0.
Solving the first for a yields a = —(A/2)1. Substitution of this in the
second equation gives 1 = o'l = —nA/2. This yields A = —2/n and
hence o = n7'1 = o and hence Var(apX) = 02 /n, in agreement with
the first argument above via Cauchy-Schwarz.
(b)(i) When Var(X;) = 0%/c¢; for 1 <i <n, Var(a’X) =023 7 2 /c;,
and now we want to minimize Y a?/c; subject to 1’a = 1. Thus we
let

Sla, \) = icila? + A(iai —1),
i=1 1

and to find the stationary points we look for solutions to

VoS(a,A) = 2diag(c ')a+ A1 =0,

0

ES(&,)\) = al—1=0.
Solving the first of these yields a = —(\/2)diag(c)1, and plugging this
into the second equation yields A = —2/(1'diag(c)1) = —2/>""  ¢;.
Thus «y is given by ag; = ¢;/ 2?21 c¢; and the minimal variance is just

o?/ Z?:l Ci.



b(ii) In this case Var(a’X) = (/Xpa) 02 where Y is the matrix with
1’s on the diagonal and p everywhere off the diagonal. Thus we want
to minimize o/Yga subject to o’1 = 1, and we define

S(a,\) = o'Soa+ A(1T'a—1).
Then we look for solutions to

VaoS(a,A) = 285+ A1 =0,
0
55(0(, A) = al—1=0.

Solving the first of these for a yields ap = —(A/2)3;'1. Substitution
of this in the second equation yields A = —2/(1’$;'1), and it follows
that ap = ¥,'1/(17%;'1) in agreement with the first solution above
via Cauchy-Schwarz.

. (a) First suppose that X has distribution function F' on R™ = [0, c0)
and Y with distribution function G on R* are independent random
variables. Find the joint distribution of Z = min{X,Y} and W =
H{X <Y} Thatis, find P(Z < z,WW =1) and P(Z < z,W =0) in
terms of F' and G.

(b) Show that if F' = exponential(A) and G = exponential(u), then Z
and W are independent.

Solution: (a) Rewriting by using indicator functions and then condi-
tioning yields

P(Z S Z,W = 1) = P(X S Z,X S Y) = E{l[XSz]l[XSY}}
= EF{lix<glix<v| X} = Ellix<g E{lix<v)| X }]

- Eﬂwgmf%%X—D%jA]G—%XWJMF@)
Similarly,

P(Z<zW=0) = PY<2zX>Y)=FE{ly<lixsv}
= EE{ly<qlixsv)|Y}] = Elly<aE{lix>y|Y'}]

=.mm9ﬁ—Fwn=A”u—F@mmw.



Also note that by independence of X and Y

1-H(z) = P(Z>2)=P(X>z2Y >2)

= P(X>z2)P(Y >z)=(1-F(2))(1-G(2)),

(1)

and on the other hand, by an application of the first identity in Propo-
sition 1.4.1 (course notes, page 17),

P(Z<z) = PZ<z,W=1)+P(Z<zW=0)

_ /K]7Z](1—G(x—))dF(a:)+/[072}
~ (1-GEFE) - [

[0,2]

= F(2)+G(z) — F(2)G(2)
= 1-(1-F()(1-G()=1-(1-H(z)

in agreement with the result in (1).
(b) When X ~ exp(A) and Y ~ exp(u), 1 — G(x—) = exp(—pux) and

1 — F(y) = exp(—Ay) so

P(Z<zW=1)

Similarly,

P(Z <2z, W =0)

z
/ e M \e M dx
0

z

A
Kot Jy Qe e
L(l — 6—(>\+M)Z)'
A+

z
/ e e M dx
0

z

I —(\p)
— A+ p)e TR
p O( 1) y

I — (A2
—(1—ce¢ w=y,
AJFM( )

(1 - F(y))dG(y)

FdG—i—/[O ](1—F(y))dG(y)

Thus Z and W are independent with Z ~ Exponential(A + u) and

W ~ Bernoulli(A/ (A + p)).



