Statistics 581, Problem Set 9 Solutions
Wellner; 11/26/2014

1. Consider the Weibull family of example 3.2.5 and problem set #6, problem 1: P =
{Py: 0 € ©} with © C R™ given by the (Lebesgue) densities

_P

pol) = =(2)" " exp(— () o) (@)

where 0 = (o, 3) € (0,00) x (0,00) C R?. Suppose that X, X;,..., X, are i.i.d.
with density function py.

(a) If X ~ Py € P, show that the distributions of log X form a location and scale
family from a Gumbel (extreme value) density on R. (This amounts to a rephrasing
of the statement of problem 1 in problem set 6.)

(b) Use the result of (a) to construct method of moments estimators or quantile
based estimators 6, of § = (a, 3).

(c) Show that the method of moments or quantile estimators 6, of 6 are
asymptotically normal, and find the asymptotic distribution; i.e. show that

Vn(0, —0) —4 N2 (0, %) for some Y.

[We will use these estimators as “starting points” approximate (or one-step)
maximum likelihood estimators in the next problem .]

Solution: (a) Recall that Y = (X/a)? ~ exp(1l), and that W = —log(Y) ~
Gumbel:
PW <w)=P(—=log(Y) <w)=P(Y >e ") =exp(—e ).
Thus it follows that
W = —log(Y) = p{—log(X) +log(a)},
or equivalently that

= —log(X) = %W — log(a).

Thus the distributions of 7' = —log(X) form a location - scale family of the Gumbel
(extreme value) distribution with d.f. exp(—exp(—z)).

(b) Now T'= —log X has

1 2
E(T) = % —log a, Var(T) = E%
where v = .577... is Euler’s constant. Since T = —2.9822... and Sr = 2.12897...
(biased variance estimator) or S = 2.0383... (unbiased variance estimator), moment
estimators of (o, ) based on (8) are given by

_ — T 1
o = = .60243.., n = —=— =.62921...
& & \/65T

S
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and for these two estimators of 3,

a=exp(—T + %) = 51439, @@= exp(—T + 2) = 49.383...

RS 1B

respectively for the given data in problem 2 below.

(c) Asymptotic normality of (&, 3,) follows from joint asymptotic normality of
(T, S%) and the delta method: by the multivariate CLT and Slutsky’s theorem

V(T — ET) /o
< Vn(Sz — 02)/(v202) ) —a Z ~ Ny(0,%)

where, with v, = E(T — E(T))3/0%., v = E(T — ET)*/o} — 3,

¥ < WVE 171/;52 > |

Then since (@, 3) = g(T,S2) and (a, ) = g(EyT,Vary(T)) where g = (g1, 92) :
R? — R? is defined by

n(e.9) = e - )

7/ V6
\/g ;
it follows by the delta method with Z = (Z;, v/20%2,) that

gg(l‘, y) =

Vi (@, B,)" — (a, B)T) —a VgZ

where

Vg = Vg(E)T, Var,T) = ( o (3173/67;2/):2/8 ) |

. (Problem #1, continued).

(a) Does a maximum likelihood estimate of § = (&, 3) exist? Is it unique? (See
Lehmann and Casella, Example 6.1, page 468.)

(b) Compute an approximate (one - step) maximum likelihood estimate 6 of § using
the method of moment (or quantile) estimators 6,, as the preliminary estimators
based on the following data (with n = 12):

1, 1, 2, 3, 12, 21, 46, 54, 65, 109, 317, 413.

[These are failure times in seconds for “breakdown” of an insulating fluid between
two electrodes subject to a voltage of 40 kV. — from Nelson, Applied Life Data
Analysis, page 252, modified slightly.]

(¢) Compute the maximum likelihood estimator 6,,, and compare it with the one
step estimator computed in (b).

Solution: (a) The maximum likelihood estimator exists and is unique in this
model if not all the X;’s are equal (which happens with probability 1 if the model
holds). The following solution is from Lehmann, TPE, page 536 (with slightly
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different notation).
We first reparametrize the Weibull model by writing

po() =~ (=)l (@)
_ B s z”

= St e
n Ui

Py ()

where = o and v = (8, 7). Then

n 1 n
[(71X) = nlog B —nlogn + (8 —1) ) log X; — EZXf-

Thus, with v, = 3, 72 = 1, the likelihood equations become

I1(~]X) ——+ZlogX ——ZXflogXi:O,
nz 1
and
. n 1 &
- DIP
noon e
or

R
_E;Xi

from 0.2. Substitution of 0.3 into 0.1 yields the equation

L Xlog X 11§y
> X/ Fom3
or .
= ;logXi
where 5 5
h(B) = > X! log X > X! log X

<
> X! ﬁ > X7
since 0 > 0. Now
, . X (log X;)?
W = ZillERl
> X
= [+11

> 1,

S X log X; 0, 1
X7 R

52

and furthermore,

I = Z a?pi Z alpl = Vary(a)

(0.1)

(0.2)

(0.3)



since, with a; = log X;, p; = Xf/ Zj Xf >0, Y .p; =1 Thus I > 0 and hence
h'(5) > 0 from (0.6) while

B—0

1 n
—00 = lim h — log X; < log X(,,) = lim Ah(B).
oo = lim h(f) < - ZZI og X; < log Xy 513010 (8)

[Draw the picture!] (To see this last limit, note that with p; = Xg)/ > Xf,

1

X X,
(G2 + ...+ (5o

N 0, i<n (so Xn)/X@) > 1)
1, i=n (so X/ Xm <1, j<n)

Py

as 3 — 00.) Thus (0.5) has a unique solution 3. By taking this value of 3 in (0.3),
we see that the MLE 4 of 7y exists and is unique. Thus the unique MLE of § = («, )
is 6 = (&, B) with & = 7'/,

(b) The method of moment estimators were computed in 1(b) above. The one step
estimator using 1(6,,) = 1(0,) is

[(8,)) = (53.7305..., 0.55833.. ).

O =00+ 1,1(0.)(

S

The one - step estimator using 7,,(,) = (—n'1,,(6,,) gives the result

0, = (52.5638...,0.561407 . ..),

(¢) The maximum likelihood estimate is 6, = (53.5665... , 0.563395...) (by profile
methods), but note that the likelihood surface is quite flat as a function of a as
shown in the plots on the following pages.

Mathematica input for moment and one-step estimators:

Print["Here is the data:"]

x=q{1, 1, 2, 3, 12, 21, 46, 54, 65, 109, 317, 413}
(*x NSS is the sample size *)

NSS = Length[x]

(* First transform to -Logl[x]: =)
Print["Here is the transformed \

data, -Log[x]"]

t = N[-Loglx]]

(* Now compute Mean and Variance of y *)
Print["Mean of T = -Log(x"]

tbar = Mean[t]

Print["Standard deviation of T"]

Stt = Sqrt[Variance[t]]

tsquaredbar = Sum[t[[i]]~2, {i, 1, NSS}]/NSS
Sttl = tsquaredbar - tbar~2



Print["Biased estimator of std dev"]
Stt2 = Sqrt[Stti]

(*compute mean and variance of standard Gumbelx)
VarGumbel := (Pi~2)/

6
MeanGumbel := EulerGamma

(*The the Method of Moment Estimators of beta and alpha are:*)
\

Print ["Moment estimator of beta, version 1:"]
betabar = N[Sqrt[VarGumbel/Stt~2]]
Print["Moment estimator of beta, version 1:"]
betabar2 = N[Sqrt[VarGumbel/Stt272]]
Print["Moment estimator of alpha, version 1:"]
alphabar = N[Exp[-tbar + MeanGumbel/betabar]]
Print["Moment estimator of alpha, version 2:"]
alphabar2 = N[Exp[-tbar + MeanGumbel/betabar2]]
Print["theta bar estimator, version 1"]
thetabar = {alphabar, betabar}

Print["theta bar estimator, version 2"]
thetabar = {alphabar2, betabar2}

(*f is the Weibull density function:x*)
flt_, a_, b_] := (b/a)*(t/a) (b - 1)*Exp[-(t/a)"b];

(*L is the log-likelihoodx)

Lla_, b_] := Sum[Log[f[x[[il], a, b]], {i, 1, NSS}];

(#*Now for the One-Step Estmators of Theta=(a,b):*)
(*We compute the \

One-Step Based on Two Estimators*)

(*of the information matrix \

I(theta)*)

(*f is the Weibull density function:*)

flt_, a_, b_] := (b/a)*(t/a)" (b - 1)*Exp[-(t/a)"b];

(*aa and bb are the constants in the Weibull Informaton:*)

N[-(1 - EulerGamma)];
N[(Pi~2)/6 + aa"2]

aa :
bb :

(*Inf is the (theoretical) information matrixx*)
(xand Infminusl is \



the inverse informaton matrixx*)

Infla_, b_] := {{b"2/a"2, aa/a}, {aa/a, bb/b"2}};
Infminusi[a_, b_] := Inversel[Infl[a, bl]

(¥Sc is the vector of Scores*)
(xfor all the data/sample sizex*)

Scla_, b_] :=
Sum[{(b/a) (((x[[i]J]/a)"b) - 1), (1/b) (1 -
Logl(x[[i]J]/a) bl*((x[[il]/a)"b - 1))}, {i, 1, NSS}]/NSS

Print["Information matrix based on thetabar"]

Inf [alphabar, betabar]
Print["Inverse information matrix estimator based on thetabar"]
Infminus1[alphabar, betabar]
Print["vector of scores evaluated at thetabar"]

Sc[alphabar, betabar]
Print["sample size n (NSS in the program)"]
NSS
Deltal := Infminusl[alphabar, betabar].Sc[alphabar, betabar]

Print["adjustment to the preliminary estimator"]

Deltal

thetaCaretl := {alphabar, betabar} + {Deltal[[1]], Deltal[[2]]}
Print["resulting one step estimator; based on theoretical inform \
matrix"]

thetaCaretl

LDotDot[a_, b_] :=

Sum[{{(-b/(a~2))*(((x[[i1]/a)"b)*(1 + b) - 1), (1/
a)*x((x[[i1]/a)"bx(1 + Logl(x[[il]l/a)"b]) - 1}, {(1/
a)*((x[[i1]/a)"b*(1 + Logl(x[[il]l/a)"p]) - 1), (-1/
b 2)*x(1 + ((x[[i]]/2a) b)*(Logl(x[[il]/a)"b])~2)}}, {i, 1,

NSS}]/NSS

Inf2[a_, b_] := -LDotDot[a, b]

Print["information matrix based on -Hessian of log-likelihood"]

Inf2[alphabar, betabar]

Print["inverse information matrix from Hessian"]

Infminus2[a_, b_] := Inverse[Inf2[a, bl]

Infminus2[alphabar, betabar]

Print["adjustment to the preliminary estimator"]

Delta2 := Infminus2[alphabar, betabar].Sc[alphabar, betabar]

Delta?2

Print["resulting hessian based version of one-step estimator"]

thetaCaret2 := {alphabar, betabar} + {Delta2[[1]], Delta2[[2]]}

thetaCaret?2



Mathematica output for one-step estimators:

During evaluation of In[958]:= Here is the data:

Out[959]= {1, 1, 2, 3, 12, 21, 46, 54, 65, 109, 317, 413}

Out [960]= 12

During evaluation of In[958]:

Out [962]= {0., 0., -0.693147,
-3.98898, -4.17439, -4.69135,

During evaluation of In[958]:

Out [964]= -2.98224
During evaluation of
Out [966]= 2.12897
Out [967]= 13.0486
Out [968]= 4.15481
During evaluation of
Out [970]= 2.03834
During evaluation of
Out [974]= 0.602427
During evaluation of
Out [976]= 0.629214
During evaluation of
Out [978]= 51.4388
During evaluation of
Out [980]= 49.3827

During evaluation of

In[958]:

In[958] :

In[958]:

In[958]:

In[958]:

In[958]:

In[958]:

Here is the transformed data, -Logl[x]

-1.09861, -2.48491, -3.04452,

-5.7589, -6.02345}

Mean of T = -Log(

X

-3.82864, \

Standard deviation of T

Biased estimator

estimator

Moment

estimator

Moment

estimator

Moment

Moment estimator

of

of

of

of

of

std dev

beta, version 1:

beta, version 1:

alpha, version 1:

alpha, version 2:

theta bar estimator, version 1



Out [982]= {51.4388, 0.602427}

During evaluation of In[958]:= theta bar estimator, version 2

Out [984]= {49.3827, 0.629214}

During evaluation of In[958]:= Information matrix based on thetabar

Out [994]= {{0.00013716, -0.00821918}, {-0.00821918, 5.02505}}

During evaluation of In[958]:= Inverse information matrix estimator based on theta
Out [996]= {{8083., 13.2209}, {13.2209, 0.220628}}

During evaluation of In[958]:= vector of scores evaluated at thetabar

Out [998]= {0.000676756, -0.240412}

During evaluation of In[958]:= sample size n (NSS in the program)

Out [1000]= 12

During evaluation of In[958]:= adjustment to the preliminary estimator
Out [1003]= {2.29176, -0.0440942}

During evaluation of In[958]:= resulting one step estimator; based on theoretical

Out [1006]= {53.7305, 0.558333}

During evaluation of In[958]:= information matrix based on -Hessian of log-likelih

Out[1010]= {{0.000158242, -0.0121582}, {-0.0121582, 5.52737}}

During evaluation of In[958]:= inverse information matrix from Hessian
Out [1013]= {{7604.62, 16.7273}, {16.7273, 0.217712}}

During evaluation of In[958]:= adjustment to the preliminary estimator
Out [1016]= {1.12503, -0.0410201}

During evaluation of In[958]:= resulting hessian based version of one-step estimat

Out [1019]= {52.5638, 0.561407}

Mathematica input for maximum likelihood estimators:



Clear[a,b,ahat,bhat]
(* Here is the data: %)

(x x ={.19, .78, .96, 1.31, 2.78, 3.16, 4.15, 4.67, 4.85,

6.50, 7.35, 8.01, 8.27, 12.06, 31.75, 32.52, 33.91,
36.71, 72.89}
*)
(x 2008 data
x={1,1,2,3,12,25,46,56,79,125,323,417 }
*)
(x 2009 data
x={1,1.3,1.7,3.2,10.7,24.3,51.2,77.1,93.7,105,111,305.}
*)
(*
x=4{1, 1, 2, 3, 12, 25, 46, 54, 68, 109, 319, 413 }
*)
x =41, 1, 2, 3, 12, 21, 46, 54, 65, 109, 317, 413 }

(* NSS is the sample size x)

NSS = Length[x]

(* Some useful functions: *)

(* £ is the Weibull density function: *)
flt_,a_,b_] := (b/a)*(t/a)~(b-1) *Exp[-(t/a)"b] ;

(* aa and bb are the constants in the Weibull Informaton:

aa := N[-(1-EulerGamma)];
bb := N[(Pi"2)/6 + aa"2 ]
(x Inf is the information matrix *)
Infla_,b_] := { {b"2/a"2 , aa/a}, {aa/a, bb/b"2}} ;
(x L is the log-likelihood *)
Lla_,b_] := Sum[Log[f[x[[i]], a,p]], {i,1,NSS} ] ;
(* Sc is the vector of Scores *)
Scla_,b_] := Sum[{(b/a) (((x[[il]/a)"b) -1),
(1/b) (1-Log[(x[[i]]1/2)"bI*((x[[il]/a)"b -1))},
{i,1,NS8}];
aprof[b_] := (Sum[x[[i]]"b, {i,1,NSS}]/NSS )~ (1/b)

Plot3D[L[a,b], {a,2,100}, {b,.05,2.0}]
ContourPlot[L[a,b],{a,2,100},{b,.05,2.0}]

Plot [L[aprof [b],b],{b, .4, .8}]

FindMinimum[-L[aprof [b],b],{b, .63}]
FindMinimum[-L [aprof [b],b],{b,.63}] [[2]]
bhat=Replace[b,FindMinimum[-L[aprof [b],b],{b,.63}] [[2]]]
ahat=aprof [bhat]

MinL=FindMinimum[-L[a,b], {a,47},{b, .62}]

*)



MinL[[1]]
MinL[[2]]

Mathematica output:

100

-100
-150

-200

1.0

0.5

Figure 1: Weibull likelihood.

{b -> 0.563395}

0.563395

53.5665

{61.62, {a -> 47., b -> 0.62}}
61.62

{a > 47., b -> 0.62}
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Figure 2: Contour plot Weibull likelihood

3. (a) Ferguson, ACILST, problem 17.2, page 117: I would suggest modifying

Ferguson’s definition of the density to:

T 1—=x

po(z) = f(x]6) =2 { 91[079](95) + T 01(9,1](33)} :

(b) Do our hypotheses A0-A2 hold in this example?

(c) Compute K (Py,, Py) where Py has density as given in this problem.

(d) Do our hypotheses A3 and A4 hold in this example? Why or why not?
(e) Does there exist an estimator 6, of # which is n'/?—consistent?

Solution: (a) Let X(1) < X(o) < ... < X, denote the order statistics of the sample

Xi,...,X,. Now
T 11—z

pg(ﬁ) =2 (91[0,9]($) + 11— 91(971]($)) ,

so the likelihood function is

L,(0|X) = H2{71[0,0](Xz‘) + Ty 1(9,1](Xi)}
=1




-61.4
-61.6
-61.8
-62.0
-62.2
-62.4
-62.6
-62.8
0.4 I 0‘.5 I O.‘6 I 0.‘7 I 0T8
Figure 3: Profile plot Weibull likelihood
= [I2 {Xgi)l[o,e}(xw) + 11__)(;”1(9,1]()((1»))}
Z:; g 2 \"" .
= (5) ]];Jl:X(J) (m) ]_1;[“(1_)((])) it Xy <0< Xt
Thus

1,(0|X) =log L,(0|X) = —klogf — (n — k)log(1l — ) + const. in 6,
for Xy < 8 < X341y, and on this interval

k- n—k n9—/~c{>0, if 6> k/n,

hol0lX) = =5+ T4 =50 =g | <0, if 6<k/n,

so l,, and Ly, are decreasing on Xy < 0 < X(p41)Ak/n and increasing on X ) Vk/n <
0 < X(k+1).

(b) First note that L, (@) is continuous. Moreover, by the computation in (a), it can
only have local minima at the solutions of the likelihood equations (which can only
occur at the points k/n, k = 1,...,n), and hence the local maxima of the likelihood
occur only at the order statistics. Furthermore, if (k —1)/n < X < k/n, then the
log-likelihood [,,(#) and the likelihood function L,(¢) has a local maximum at X:
if k/n >0 > X then I, 4(0|X) < 0 from (a), while if (k — 1)/n < 6 < Xz, then
I,6(A|X) > 0 also by (a).

Here is a plot of the two examples of the likelihood function for samples of size
n = 4,10, and n = 50.

Solution: (a) (i) Since the density function py is given by

T 11—z

pg(ib‘) =2 {51[079]@6) + 1 91(9,1] (.17)} , (06)
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Figure 4: Three log-likelihood functions for problem 3, n =4, n = 10, and n = 50

it follows that for X ;) < 6 < X(41) the likelihood is given by

L) =2 [[ X1 -0 " T](1 - X))

i<k i>k

(This corrects the expression on page 215 of Ferguson in several respects: it changes
Ferguson’s + to -, and it changes the second product from [[ X to [[(1 — X(4)).)
Thus for X) <0 < X(;41) we compute

k n n—=k
06 1-6’
which is < 0if § < k/n and > 0 if 0 > k/n.
(a) (ii) Similarly, for X < 0 < X(g41),

. k n—k

1,00)= -+ —F5 >0,

) =5+ a=9p

so the roots (or zeros) of the likelihood equation correspond to local minima of
the (log-)likelihood, and any local maxima of the log-likelihood occur at the order
statistics X(). It is easily seen that a local maximum occurring at an observation
Xy must correspond to a cusp in the (log-)likelihood: i.e. a point at which 1,,(6) is
positive to the left of X(;) and negative to the right of X(;). Therefore if 0 = X,
yields a local maximum we have

{_(k’—l) n—k+1} k=1 n—k+1

lim

= _ > 0,
0,/ X 1) 0 + 1—-0 +

Xwy 1= Xw

and
Y { k L= k:} k L= k <0
im < —— =— .
NXm | 0 1-06 Xy 1-Xu
But these two inequalities imply that

k—1 k E—1 k
<X < — or — <F.Yk/n) < —.
n n n

n

(b) A0 - A2 all hold in this example: If 6 # 6*, then py # pp- and hence Py # Py-.
The set A = {x : pp(x) > 0} = (0,1) for all #, and hence does not depend on 6;

13



thus A1 holds. A2 holds with p given by Lebesgue measure on [0, 1].
(c) Suppose that 6y < 6. Then the Kullback-Leibler information K (FPy,, Py) is given
by

KR ) = [ outetoso/oi s [ p g (=52 ) s

! 16
1
+ /e Do () ogl_eod:c

1-02 1-6
1
1-6, ®1_0,

1 9 9 0
bl = (- 0o ()

2 o R
1—2)1 dx.
+1_90/90( x) og( " ) x
Similarly, if 8y > 6, then

K(Pu ) = [ nt)tos(0/yis + [ (o) 1og (2122 s

! 1-6
+ /00 Po, () log 1 _eoda:
62 1-6
= —1 1—26y)1
o 0g(0/6o) + (1 — 6o) Sy

1 1—0\ 2 (% x
—{05 — 0°}1 —/ 1 dx.
+90{0 }og( 0o >+90 0 xog(l_x) ’
Here is a plot of 8 — K(Py,, P) for 6y = .2.

= 90 10g(0/00) +

0.6

0;2 0:4 0l6 0:8 i
Figure 5: Kullback - Leibler function K (Py,, Fp), 6y = .2

(d) Since py is given by (0.6),

| (2) = log 2 + log z — log 0, if z<9,
08 po\T) = log2 +log(l —z) —log(1—0), if =>4,

14



SO . .
lp(x) = —=1y, L
o(z) glle<e + T—ple>1-0)
but the derivative does not exist at § = x (since the left and right derivatives are
different). Similarly

. 1 1
loo(z) = 6_21[x<9] + ml[m>l—€]7

but the second derivative does not exist at 8§ = . Note that 19 is a discontinuous
function of 0 for every 0 < z < 1. Although

. 1 1
Egly(X) = —= —(1—-0) =
olo(X) = —50+7—5(1-0)=0,
and ) ) )
E2(X) == _
we also have
1 1 1

—Eylgg(X) = 6 T-6 " 6(1-0) # Eglj(X).

Thus A3 and A4(iii) fail, while A4(i) and A4(ii) hold.

(e) First a y/n—consistent estimator of # via moments: note that

0 2 1
x z(1—x)
BX = 2 Zarso | BTy
6 /0 gt /9 11— @
2 2 1. 1
_ fprg 2 (L2 losp
30 15" 37

Since X,, —, FgX = (1+6)/3, it follows by continuous mapping that 3X, —1 —,, 6.
Thus with g(z) = 3x — 1 we have

Vi(g(Xa) = 0) =4 g'(0)0(0)Z

where ¢'(z) = 3, 02(0) = Vareg(X) = (1 — 60+ 6%)/18, and Z ~ N(0,1). Thus it
follows that o
Vn(3X, —1—0) =4 N(0,(1 — 0+ 6%)/2).

Thus the estimator §,, = 3X,, — 1 is a \/n—consistent estimator of 6.

Now for an estimator of # based on the median. The distribution function Fy
corresponding to py is

x? (1—z)?

Fo(x) = 5 lpe () + (1 1 g ) Lo (@),
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and the corresponding quantile function is

Fy () = VOulpeg + (1= /(1= 0)(1 = )Tz

Thus the median is

Fy ' (1/2) = V6/21 1200 + (1= V(1 = 0)/2)11 250 = 9(6),
which has inverse function
g (@) =22 s yg + (1= 2(1 — 2)*) 1 jpcryg = h(2)
Note that ¢g7*(1/2+) = ¢g7'(1/2—) = 1/2, so g~! is continuous at 1/2, and
d d
o (z) = %h(fﬁ) = 4rlp>1/9 +4(1 — 2) 11y,

so the derivative of g~! is also continuous at x = 1/2. It follows that g~ *(F,1(1/2)) =
h(F;!) is a consistent and asymptotically normal estimator of 6:

9 (F 1 (1/2)) —as g7 (Fy (1/2)) = g7 (9(0)) = 0,

and

V(g (FLN(1/2) — g7 (FN(1/2) = Va(R(F,'(1/2) — h(F;'(1/2)))
—a N(Ey){=Q'(1/2)U(1/2)} ~ N(0,0°(9))
where
o*(0) = {W'(Fy(1/2)}* - Q'(1/2)* - (1/4).
There are many other /n—consistent estimators of # in this example and, in fact,

the MLE is consistent, y/n—consistent, and asymptotically efficient. We will return
to this example in Stat 582.

. (a) Lehmann and Casella, problem 6.3.1, page 501.
(b) Lehmann and Casella, problem 6.3.2, page 501.
(c) Lehmann and Casella, problem 6.3.4, page 501.

Solution: (a)(i) Since log P,(X = z) = xlog p+(n—=x)log(1—p), we have I(p|X) =
Xlogp+ (n — X)log(1l — p); differentiating this with respect to p yields

X_n—X:X(l—p)—(n—X)p

pr = —

b1 p 1-p p(l—p)

and this equals 0 if p = p = X/n. Since the second derivative is
- X n—X
Ip|X)=—-———-——=<0
R A =k

it follows that p = X/n is the MLE of p € [0, 1].
(a)(ii) Since ([T, v:)Y™ < n~Yyy + -+ + y,) for any numbers y; > 0, it follows,
with y; =np/X fori=1,..., X, and y; =ng/(n — X),i =X +1,...,n, that

(o ()} = oot
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or, equivalently,

- s () ()

with equality if and only if p = X/n = p. Thus p = X/n is the MLE of p € [0, 1].
(b) When the closed interval [0, 1] is replaced by the open interval (0, 1), then the
MLE exists if 0 < X < n and is p = X/n € (0,1) in this case. If X = 0, then the
log-likelihood equals nlog(1 — p), so sup,co 1) l(p) = 0, but this supremum is not
achieved (in the set (0,1)). Thus the MLE does not exist in this case. Similarly, if
X = n, the the log-likelihood equals n log p, so sup ¢ 1) l(p) = 0, but this supremum
is not achieved (in the set (0,1)).

(¢c) When Xq,..., X, are i.i.d. N(&, 1) with £ > 0, the log-likelihood is

n

L(€) = —% log(27) — %Z(Xi —£)?

=1

= —Slog(2n) — 3 Y (X~ X - S(Ka— 82

When X,, > 0, 1,,(€) achieves its supremum over (0,00) at £ = X,,; hence the MLE
is fn = X,, in this case. On the other hand when X, < 0, 1, (&) fails to achieve
its supremum over (0,00), and hence the MLE does not exist. (A “reasonable”
estimator is 7, = Ynl[o,oo) (X,,), but it is not the MLE.)

. Optional bonus problem 1: Suppose that X, ..., X, are i.i.d. log-normal(u, o%)

with density
1 log z — p)?
po(z) = exp (—M) L(0,00) ().

xV2mo? 20?
Here 6 = (p,0%) € R x R = (—00, 00) x (0, 00).
a) Find the MLE 0 = (fi,6?) of 0 = (u, 0?).
b) Show that log X < yi+ 0 Z ~ N(u,02) where Z ~ N(0,1).
c)
)

Suppose that v(Fy) = q(0) = Ep(X). Express ¢(f) explicitly as a function of 6.
d) Suggest a natural nonparametric estimator 7,, of Ey(X).

e) Find the asymptotic variance of \/n(v,,—v(P)) for the estimator 7,, you proposed
in (d).

(f) What is the MLE 7, of v = v(Fy) assuming that the log-normal model is
true?” What do our results in chapter 3 say about the asymptotic distribution of
Vn(vn — v(Py)) (assuming that the model holds)?

(g) Compare the variances you found in (e) and (f). Which estimator do you prefer
if the log-normal model holds?

(
(
(
(
(

Solution: First part (b): Note that with Y = log X it follows that the density fy
of Y is given by

fr(y) = fx(e”)e? = po(e?)e”
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ie. Y =log X ~ N(u,0?).
(a) Since Y; = log X;, i = 1,...,n are i.i.d. N(u,0?),

p=n""! iYi =n! ilogXi
i=1 1

and
n n

62 =n""t Z(Y’ ~Y,)?=n"! Z(log X; —log(X))?

=1 i=1
are the MLE’s of u and o2.

(c) Since Y = log X L )+ 07 where Z ~ N(0,1) and the moment generating
function of Z is Ee'? = exp(t?/2), it follows that

v(By) = q(0) = Ey(X) = Egexp(Y)
= Epexp(u+0Z) = et exp(c?/2).
(d) A natural nonparametric estimator of ¢(f) = FEyp(X) is v, = v(P,) =
P

[ xdP,(z) = X,.
(e) Note that the variance of X is:

Varg(X) = EpX?— (FyX)? = Eexp(2u+207Z) — e+

2 2 2 2
= {62" —BU}ZGQMQU {e” —1}.

Thus it follows from the central limit theorem that

Vi@, —v(P) = (X, — Es(X))
—  N(0,Varg(X)) = N(0, e {e7° — 11).

(f) From our theory in chapter 4 it follows that
V((j1,6%) = (1,0%)) —a D = No(0,17(0))

where I7'(9) = diag(c? 20"). Therefore by Corollary 4.1.1 with ¢(f) =
(1,27 explu + 0%/2).

Vo —v(Py)) —a 407102
~  N(0,4(0)"1(0)"'q(9)) = N(0,e+7" (0 + 0 /2)).

(g) The ratio of the asymptotic variances in (e) and (f) is

et (g2 4 g4 /2) X (1+0%/2)
erto?(e® —1) eo? — 1

< 1 forall p,o?

e” > 1+x+2%/2 for all z > 0. Note that this ratio become very small as o2 grows;
see Figure yy.

18
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Figure 6: Ratio of asymptotic variance of MLE to variance of /n(X, — Ey(X)), lognormal
mean estimation, as a function of o.

6. Optional bonus problem 2: Lehmann and Casella, TPE, problem 6.3.22, page

503, reworded as follows. (In other words, prove (vi) of theorem 1.2, pages 5-6,
chapter 4 notes). Suppose that Xi,..., X, are i.i.d. with density py, § € © C RF,
satisfying the hypotheses of theorem 4.1, page 463 (the Cramér conditions given in
(A) - (D) on pages 462-463). Show that the following Local Asymptotic Normality
(LAN) result holds for the (local) log- likelihood ratios: (in the following I have
changed notation slightly to agree with the course notes) with

= log(Hpg(Xi)) = ZInge(X)

for a fixed 0y € © we have
(0o +n"Y2t) — 1,(0) = i Z tT1,(X;) — —tTI(eo)t +0,(1)
1
—q N(0,t71(6p)t) — §tTI(90)t
S N(=0*/2,0°)
under P, where 0% = tT1(6y)t. (The convergence in the last display actually holds

under the considerably weaker hypothesis of Hellinger differentiability of py at 6y,
as stated in Corollary 3 of section 3.3, page 28, of the Chapter 3 notes.)

Solution: This follows easily from the same expansion method we used earlier in
the proof of Theorem 1.2:

(6o +nY2t) — 1,(6)) = 1y(6o) X:) + nae(O*)—
0 0 Z 0 2\/— \/—
1
= 17, — §tT(—n_lln799(9;kL)tT

1
= 17, - 5tTI(eo)tT + 0,(1)

19



where

Z,=n""Y (6] X).

i=1

. Optional bonus problem 3: Suppose that (Y|Z) ~ Poisson(\e??), and Z ~
Bernoulli(n), and 0 = (\,7,n). Let X = (Y, Z), and suppose that we observe
Xq,..., X, 1id. as X.

(a) Find the score equations for estimation of 6.

(b) Give conditions on the data Xy,...,X,, = (Y1,21),...,(Ys, Z,) guaranteeing
that the score equations have a unique solution which maximizes the likelihood.
Call the resulting estimators 9 = ()\n, s T ) -

(¢) What does theorem 4.1.2 (Chapter 4, page 5), say about the asymptotic
distribution of \/ﬁ(é\— 6p) when the distribution of the data is given by Py, 7

(d) Suppose that 6; # 6y is the “true” value of the parameter 6, and we
consider the likelihood ratio L, (6;)/L,(6p) where L,(0) = [[;_, po(X;). Show that
n~ ' og(L,(01)/Ln(0y) —, some constant, and identify the constant explicitly in
terms of 61, 6,.

Solution: (a) The density of X = (Y, Z) is

Po(y,2) = Frn(yl2)gn(2) = % (1 =)'

for y € {0,1,...}, 2 € {0,1}, and hence

log py(y. 2) = ylog(Ae™) — Ae™* —log y! + zlogn + (1 — z) log(1 —n) .
From this we calculate the scores [ A, iw and in:

- 1

= Z _ e = _(y— \e"?
b)) = § - =S,
L(y,z) = yz—XeTz=2z(y— IeT?),

. z 1—z
l = —— )

Thus the score equations for § = (), v,7n) are

0 = sz Y;, 7,) AZY Ae)
0 = Y hZ) =Y A AR,
=1 =1

n

0 = Stz =Y {Z - - Y-

i1 .1 L—=mn i=1

(b) The third equation always has the unique solution # = Z,,. It is clear that the
score equation for A has only the solution A = 0 if all Y; = 0, and in this case there
is clearly no unique solution for v. So as least one Y; must be non-zero in order to
get a unique solution. If all the Z;’s are equal to 1, then the two equations agree,

20



and it is clear that all we can estimate is the product Ae”. Similarly, if all the Z;’s
are equal to 0, then the score equation for « is trivially satisfied (for any ), and the
score equation for A gives just an estimator of A\. For the first and second equations,
we compute

.. 1 &
ln AN = T Y;
, D) E i
)\ =1
n
. 2. .
ln,/\w = - E Zie’y b= ln,'y)\a
=1
n
Ly = =AY Z}e%
=1

Thus the matrix of second partial derivatives (the Hessian) fails to be negative
definite if Y Y; = 0 or if

n n n 2
(AZZfe%) (/\‘2 ZY) < (Z Zie“’z") .
=1 i=1 i=1

Because the Z;’s are Bernoulli,

n n n
E ZZ?@VZ' = E ZieVZi =¢7 E Zl .
=1 =1 i=1

Thus the above inequality holds if and only if

i Y, < e i Z;. (0.7)
=1 =1

(Note that upon division by n the right side converges in probability to nyAe? while
the left side (divided by n) converges to ngAoe™ + Ag(1 — 19).) At the MLE, the
inequality (0.7) holds if and only if

Sy va.
i=1 i=1

This inequality can occur only if Z; = 1 whenever Y; > 0. Thus it becomes clear
that the equations will have a unique solution yielding a maximum of the likelihood
if at least one Z; = 0 and Y; > 1.

(c) Theorem 4.1.5 says that

V(B — 65) —q N3(0,1(6)™")

where

AN LE(e?)  E(Ze?) 0
10)= | Eze?) I\E(2207) 0
0 0 (n(1—mn)~"
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(d) When 6, is true,

Here

SO

K(P917P60)

_ Ln(el) — = De
ntlog "~ = n 'Y log (X,
Ln<90) ; Dag ( )
—, FEy, log @(Xl)
Doy
= K(Pgl, Pgo) .

Poo Aper0%
+zlogm+(1—z)lg _771,
Mo L =m0

A e’YIZ
E91 <Y 10g /\(l)ew) + Th()\o(f’y0 — )\1671) + (1 — 771)()\0 — )\1)

1_
+ mlog_1+(1—771)10g1 n
0 — o
7 )\1€’YIZ
Egl )\1671 log Noc10Z + 771(/\0670 — )\1671) + (1 — 771)()\0 — )\1)
0

— T
— Mo

1
)\1671 /\1
Y _ -
m (>\1€ 1 IOg ()\0670)> + (]. 771) <>\1 IOg (/\0>>
+ (A€ — Ae™) + (1 — ) (Ao — A1)

1
—l—mlogm—l—(l—m)log 771.
7o 1

— /0
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