Statistics 581, Problem Set 8 Solutions
Wellner; 11/19/2014

1. (a) Show that if §,, = cn/? and T}, is the Hodges super-efficient estimator discussed
in class, then the sequence {y/n(T,, — 6,)} is uniformly square-integrable.
(b) Lehmann and Casella, Problem 2.13, page 501.
(c) Let R,(0) = nEy(T, — 0)* where T, is the Hodges superefficient estimator as in
Example 3.3.1 (so T,, = §,, of Example 2.5, Lehmann and Casella pages 440 - 443).
Show that R, (n~*) — oo as n — oo.

Solution: (a) First recall that (with §, = T},) since v/n(X — ) L7~ N(0,1) we
can write
\/ﬁ(Tn - 9) = \/ﬁ(ynl[lyrb‘>n71/4} + aynlnynlgnfl/zl] - 0)
Zl[|Z+9\/ﬁ|>nl/4] + [CLZ + \/ﬁ@(d - 1)]1[\Z+9\/ﬁ|§n1/4]
= Z+ [(Cl - 1)Z + (CL - 1)\/59]1[|Z+9\/ﬁ\§n1/4}
= 7Z- (1 — CL)[Z + \/ﬁe]l[|Z+0\/m§n1/4}'

Thus (as we showed in class) when 6, = cn™'/2 we have

d
\/E(Tn — Qn) = Zl[|Z+c|>n1/4] + [CLZ + C(CL - 1)]1[|Z+c\§n1/4}
= 7+ [(CL — 1)Z + ((Z — 1)6]1[|Z+c|§n1/4]

Il

Z — (1= a)[Z + 74 e<ni/a)- (0.1)
Thus
Y, = {Va(T, -0}

i {Z — (1 — a)[Z + C]l[|Z+c\§n1/4]}2

< 2(Z2+(1-a)*(Z+0¢)?) =Y
where

E(Y)=2(E(Z*) +(1—a)’E(Z + ¢)*) < .

Thus

limsup E{Y, 1y, >} < E{Y1ly>x} — 0

n—o0
as A — oo. Hence {Y,,} is uniformly integrable; that is, {y/n(T,, — 0,)} is uniformly
square-integrable.
(b) (a’) Note that the identity (0.1) in (a) above holds. Thus

ba(0) = Eo(Tn) -0

— 2 {EZ _ (1 — CL)E[Z + \/59]1[|Z+9\/ﬁ\§n1/4}}

1—a
= — \/ﬁ E[Z + \/59]1[|Z+9\/ﬁ|3n1/4]
1/4

= — 1\;ﬁa /_n1/4 r¢(x — /nb)dz




since Z + 0y/n ~ N(0y/n,1).
(b’) Differentiating the result in (a’) gives

1/4

50 = == [ 2l van(-vi) do
nl/4
= —(1- a)/_ » z(x — vnb)p(x — /nb) dv  since ¢'(z) = —z¢(x)

— 0 if #£0

by the dominated convergence theorem since x(x —+/nf)(x—/n0)1_,1/a 1/4(2) —
0 for each fixed x and is dominated by the integrable function 4e~'¢(x)/(|0] A 1)
(for n > (3/10])*).

Details of this domination: For |z| < n'/* it follows that

[z]|lz — /0B < n'/4 — n'/* — /nb) < n'? 4+ n¥40) < 203410 V 1)
while

d(x — v/nb) Vnbz — nb?/2)
10|n>* — n6?/2)

16]n%/*(1 —n'/*|6]/2))
—%|9|n3/4) it 1= n/0]/2 < —1/2

I
<

IA IA
<

o
—~ RA/‘\

or, equivalently, when n > (3/]0|)*. Combining these two bounds yields

[#l|z — Vnblp(x —v/nh) < (a)n®*2(0] v 1) exp(—|6]n*/"/2)
2n3/texp(—|0In3/4/2)  if 0] <1
= o) 2n3/40) exp(—|0|n®/1/2) if |6] > 1

_ ¢(x){ (4/16]) (n®*16]/2) exp(—|0]n*//2) if |0] <1

a 4(n|6]/2) exp(—|0|n3/*/2) if 0] >1
- 4e1
When 6 =0
n1/4 (o]
b, (0)=—(1- a)/ 22p(z) dv — —(1 — a)/ 2*¢(x)dr = —(1 — a).
_pl/4 o

(¢’) The information inequality implies that

(b,(0) + 1)

R CXORS i

Vare(v/n(T, — 6)) >

since 1(f) = 1. At the point 6§ = 0 the right side converges to a?, while the limit
inferior of the left side is the variance of the limiting distribution at # = 0, namely



a®. Thus there is no contradiction with the information inequality.

(b) Using the distributional identity in (a) yields

R.(0) = 1+ (1—a)’E(Z+Vn0)*1yz, 0 m<nt/y
—2(1 = a)B{Z(Z + VnO) 210 m<ni/a}
= 1+{(1—0a)* = 2(1 = a)}E(Z + V/n0)*112, 9 mi<niry
+2(1 = a)VnOE{(Z + /nb) 1 719 mi<nr/n}
= 1—(1=a®)E(Z+ vVn0)*1y7, 0 m<ni/
+2(1 — a)VnOE{(Z + /nb) 1 719 mi<nr/n}
(This confirms the first identity in Lehmann’s example 4.7, page 442.) Squaring out
the expectation in the second term and writing the third term as the sum of two
terms yields, with o, = n'/* — \/nf, B, = —n'/* — \/n#,
R.(0) = 1—(1—a*)EZ*1yz. 9 m<ni/
— 2(1 = &®)WnbEZ1 4 jmj<ni/
— (1 - )b (D(B,) — Blan))
+ 2(1 — a)nd*(®(B,) — P(an))
+2(1 — a)VnOE{Z1 5 9 m<nii}
= 1—- (11— )EZ 1,9 m<nii
+(1 = a)*nf*((B,) — P(awn))
—2a(1 — a)\/ﬁeE(Zl[‘ZJre\/mgnl/ﬂ)

where
Bn
E(Z1[|Z+9\/ﬁ|§n1/4]) = / Z¢(Z>d2

Bn
= — [ ¢2)dz  since ¢/(z) = —2¢(2)

Qn

= — (#(Bn) — dlan)).
Thus it follows that

R,(0) = 1—(1—a*)EZ*1y7 9 m<ni/
+ (1= a)’nd*(2(8,) — ®(ay))
+ 2a(1 — a)v/nb($(Ba) — d(an)).
(This confirms the second identity in Lehmann’s problem 4.7, page 442.) Now we
take 6 = 6, = n~Y*, and note that a,, = —2n'/*, 3, = 0. Since the expectation of

in the second term in the last display is bounded below by zero and above by 1 we
find that

Run ) > @ (1— (12 - D(—20lY
+2a(1 — a)n'"*(¢(0) — ¢(—2n"/"))
— a’+ 00+ 00 =00



since n'/2®(—2n'/*) — 0 and n'/4¢(—2n'/*) — 0.
(b), Second (more elegant) solution: from the lecture notes, 3.3 (3), it follows that
R,(0) = E[n(T,, — 0)%] = nVar[T,] + nb,(0)* > a* + nb,(9)*.

Using the formula for b, (6) from part (a) above, it follows that it is enough to show
that

1/4

/ zé(z — n*)dx
_pl/4

But we have, with Z ~ N(0,1) (and hence E|Z| < 00),

— OQ.

nl/4
|/ zé(x —n'Y)dx
_pl/4

- ‘/_;/ (y+n" 4)¢(y)dy'

0 0
1/4 _
> | [ o[ [ st
> nY4(®(0) — d(—2n'/Y)) — E|Z|
— OQ.

. Suppose that Z ~ N(0,1) and, for p € Rand 0 > 0, that X = p+ 02 ~ P,, =
N(u,0?).
(a) Compute the likelihood ratio

dPu,a o 071¢(($ - M)/U) dPu,a

— d Y =1
by (z) o~ to(x/o) an 08 dPy o

(X))

What is the distribution of Y under F, and under P, ,?

(b) Plot the function I(y; X) = log(dP, ,/dPy,)(X) as a function of pu.

(c) Find the maximum value of the function I(y; X) in B (as a function of u) and
the value of ;1 = i which achieves the maximum.

(d) What is the distribution of g under F,, and under P,,? What is the
distribution of I(; X) under P, and under P, ,?

Solution: A. The likelihood ratio

Poo 1y — o '¢((x — p)/o) _ exp(—(z — n)*/(20%))
dPy & o~ lo(z/o) exp(—z2/(202?))
= e (ML
- P T T 92
Hence P X 1.2
Y =log Sl (xy=t2 21
o8 dPOU( ) co 202
Under Py, we find that E(Y) = 0 — L5 and Var(Y) = y?/0® = V2 so that

Y ~ N(—%VQ, V?) under P, .



Under P,, a similar computation gives E(Y) = p?/o? — u?/(20%) = V?/2 and
Var(Y) =V? so

1
Y ~ N(§V2,V2) under P, .
B and C. The function

AP, -
.3 X) =log G (X) = 0 =55 =55 "5 g7

is quadratic in g with maximum value X?/(20?) which is achieved at u = i = X.
D. Under Py, i = X ~ N(0,0?) and I(i1,0; X) = X?/(20%) ~ x3/2. Under P, ,,
=X~ N(u,0%) and I({1,0; X) = X?/(20%) ~ x3(8)/2 with § = p?/o?.

. Suppose that (T'|Z) ~ Weibull(A~'e™%, ), and Z ~ G,, on R with density g, with
respect to some dominating measure p. Thus the conditional cumulative hazard
function A(t|z) is given by

Aoap(t]2) = (NZt)P = NPePr24P

and hence
Mas(tlz) = NP7t

(Recall that \(t) = f(t)/(1 — F(t)) and

Alt) = /0 A(s)ds = /0 (1 — F(s)) 'dF(s) = —log(1 — F(t))

if F'is continuous.) Thus it makes sense to re-parametrize by defining 6; = S (this
is the parameter of interest since it reflects the effect of the covariate Z), 0y = N,
and 03 = . This yields

No(t]2) = 0505 exp(0y2)t%

You may assume that
a(z) = (0/0n) log g, (2)

exists and E{a*(Z)} < oco. Thus Z is a “covariate” or “predictor variable”, 6; is
a “regression parameter” which affects the intensity of the (conditionally) Weibull
variable T'; and 0 = (01, 65,05, 0,) where 04 = 7.

(a) Derive the joint density py(t, z) of (T, Z) for the re-parametrized model.

(b) Find the information matrix for . What does the structure of this matrix
say about the effect of n = 6, being known or unknown about the estimation of
01,05, 057

(c¢) Find the information and information bound for 6; if the parameters 6, and 03
are known.

(d) What is the information bound for #; if just 65 is known to be equal to 17

(e) Find the efficient score function and the efficient influence function for estimation
of #; when 05 is known.

(f) Find the information I;1.(23) and information bound for ¢, if the parameters 6,
and 03 are unknown. (Here both 5 and 65 are in “the second block”.)
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(g) Find the efficient score function and the efficient influence function for estimation
of #; when 0y and 65 are unknown.

(h) Specialize the calculations in (d) - (g) to the case when Z ~ Bernoulli(6,) and
compare the information bounds.

Solution: (a) Integrating Ag(t|z) with respect to t gives
Ag(t]|2) = Oy exp(6,2)t%
and hence the conditional survival function 1 — Fy(t|z) is given by
1 — Fy(t|z) = exp(—Ag(t]|2)) = exp(—0y exp(6,2)t") . (0.2)

It follows that
fo(t]2) = 02057 7t% 71 exp(—0ye77t%) |

and hence that

po(y,2) = fo(ylz)gn(z) = Y exp(—926912t93)gn(2)
= = 0503”7 1%  exp(—0,6"7% ) gy, (2) .

(b) We first calculate the scores for ¢. Note that the random variable W =
0y exp(0,Z)Y? has, conditionally on Z, a standard Exponential(1) distribution:

Py(W > w|Z) = Pyp(Oyexp(012)Y?% > w|Z) = e
by (0.2). We calculate

WOy, Z) = logps(Y, Z)
= logfy +logfs + 6,7 4 (03 — 1) log Y — 02" %Y +log go,(Z) ,
L(Y,2) = Z—26,e"%Y% = z(1-W),
1 By 2Yy?s 1

IQ(sz) = 9_2_9—2 62(1_W)’

: 1
5(Y,2) = o TlogY — 057y % log Y
3

1
= oo +logV{l- fye"12y 0}
3

1 02 601 ZY93

= 93 {1+log6—{1—W}}
- 9_3{1+{logw log(0c”#) 1 — W1}

1
T 0 [1— (W = 1) log W]+ (W — 1)log(#2¢"7) }
L(Y,2) = a(Z)=a(Zn).
Moreover,
) 1 0?12y 03
(Y. 2) = —26,6"7¥"logY = ~Zg s 7Y log (W)

6



= —gW{log W — log(62M%)}
3

= —giW{log W —log(0s) — 0,7}
3

Is(Y,2) = —e"Zy%logy = —ﬁ%e@lzy% log (%)
= —ée?)W{logW — log(6,¢"%)}
= —%Q?)W{logw —log(6y) — 612},

iny(Y,2) = —0%{1 + Wllog W — log (6 7]2}

Thus we calculate easily:

Li(0) = Eo(Li(Y,2)%) = Eo{E[Z*(1 = W)*| Z]}

= E{ZQE[(l ~W)|Z]} = BE(Z?),
In(0) = Eo(L(Y,2)*) = Ep{E[0;*(1 — W)?|Z]} = 6,
I3(0) = 6052 {1+ E[W(logW)?] — 2E(W log W){log 6> + 6, E(Z)}

+ E{(log b, + 91Z)2}}

= 0;°{1+ B*—2A4{logb, + . E(Z)} + E{(logb, + 6:2)*}}

Lo(0) = EyL(Y, 2)a(Y, Z)) = E{E[20,' (1 - W)*|Z]} = 0, E(Z),

L3(0) = —Eo{liz(Y,2)}
= 0;YE(Z)[A—logby] —6,E(Z*)},
[23(9) = _E6{123(Y7 Z)}

= (0203)_1{14 — IOg 92 — QIE(Z)}
where
A=E{WlogW} = / (wlogw)exp(—w)dw =1 — 7,
0
B*= E{W(logW)*} =7%/6+ (1 —v)* — 1.

Note that since I4(y,z) = a(z) is just a function of Z, it follows easily that for
j=1,2,3 we also have
Lu(0) = Eo{l;(Y.2)L(Y, 2)}

= E{g;(W,2)a(2)} = EXElg;(W, Z)a(Z)|Z]}

= E{a(2)Elg;(W, 2)|Z]} = E{a(Z) - 0} = 0,
Because of this orthogonality, the information bounds for (61,02, 63) are the same
when 64 = n is unknown as when it is known.
(c) If 65 and O3 are known, then the information bound for estimation of 6; is just

I;1(0) = 1/E(Z?). Tt follows that the information matrix for 6 is of the following
form:

E(Z%)  6;'E(Z) 0;1C 0
1(6) = 0, E(2) 052 (0203)"'D 0
- 0;'C (0.05)7'D  0;°E 0

0 0 0 Ea*(Z)
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where

C = E(Z)(A—1logy) —6,E(Z?)
D = A—10g02—91E<Z)
E 1+ B? —2A(logfy + 0, E(Z)) + E(log 0y + 0, 2)*.

(d) If 3 = 1 is known, then the information bound for 6, is I;;', where

L12(0) = I — 1oLy Iy
= E(Z%) - (E(2)]0,)%; = E(Z*) — (EZ)* = Var(Z).

Thus I}, = 1/Var(Z).
(e) When 63 is known, the efficient score function and the efficient influence function
for estimation of #; are given by

(Y, 2) = 1 — LI,
= Z(1-W) - eglE(Z)egel(l - W)
= Z(1=-W)=-EZ)1-W)=(Z-E(Z)1-W),

and

L(Y,Z2) = I;LI(Y,2)
1
= Vol (Z —EZ)1-W).

(f) When both the parameters ¢, and 3 are unknown, the information I1q.(23) is
given by

Loz = Ia where the “second block” contains both 6, 03
= I — L1315, (0.3)
where
Ly = (6, E(2),65'0),

i ( BE 66D 1
= —0,0sD 62 E— D2’

Thus the second term in (0.3 ) is
{[E(Z)?E —2E(Z)CD +C*} /(E — D?). (0.4)
Now the denominator is
E—D* = 1+ B*—2A(logf, + 0,E(Z)) + E(log s + 0,2)>
—(A —loghy, — 6, E(2))?
= 1+ B*>-2A(logby +0,E(Z)) + E(log by + 6, 2)*
—[A? —2A(log 0y + 61 E(Z)) + (log 0, + 0, E(Z))?
= 1+ B?— A?+Var[logf, + 6, 7]
= 7/6+6;Var(Z),
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and, upon noting that

C—B(Z)D = E(Z)(A—loghy) — 0,E(Z%) — {E(Z)(A —loghs) — 6,[E(Z)P)
= —0Var(Z),

it follows that the numerator of (0.4) is

C? —2E(Z)CD + [E(Z)’E = C?—-2E(Z)CD + [E(2)]*D*+ [E(Z2)]*(E — D?)
= (C—E(Z)D)* +[E(Z)*{n*/6 + 61Var(Z)}
92[Var( )P+ [E(Z){7*/6 + 67Var(Z)} .

It follows that the information for 6; when 6y and 63 are unknown is equal to

2(Var(2))* + [E(Z)]*{r*/6 + 02V ar(Z)}
72/6 + 03V ar(Z)

111-(2,3) = E<ZQ)_

- = fgggar g Varl2) < Var(z) < E(2?)

with equality in the first inequality if and only if 8 = 0. Note that the information
decreases as 6 increases, and it converges to 72/(66%) as Var(Z) — oc.

(g) When 6y and 63 are unknown the efficient score function for 6, is, with the
“second block” containing both 65 and 65,

I = 1 — 15k,
= 11 = (B(E(2)E — CD),05(C — DE(Z))L,/(E — D*)

_ z0-w)- BDE-CD

ﬁz/ngQSiLZ) {I1 = (W = Dlog W] + (W — 1) log(6,¢"*)}
_ E(Z)E — CD + log(69e"%)
a {Z_ 72/6 + 03V ar(Z) }(1_W)
02Var(Z)
26+ var(Z)

(1-Ww)

W —1)logW}.

(h) When Z ~ Bernoulli(n), then

Iy = E(ZZ) =1 =04,
]11.2 == V(IT’(Z) == 77(1 — ’I]) == 04(1 — 04) s

72/6
N1 = Var(Z
e = 361 gvar(z) )
72 /6
= 1-7).
7T2/6+9%77(1—77)77( ")

The corresponding information bounds are given by the reciprocals of these
quantities. See the following figures for comparisons of the information and
information bounds.



0:2 0:4 0:6 0:8 1
Figure 1: Plots of Iy, I11.2, and I11.(23) as a function of n = 0,, and for 6, = .5, 1.0,1.5
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Figure 2: Plots of I};', I;;%,, and [1_1?( as a function of n = 6,, , and for 6; = .5, 1.0,1.5

2,3)

4. Optional bonus problem 1: Suppose that X ~ Fy = exponential(f) with density
fo(x) = 071 (g o) (z) and Y ~ G, independent of X with densities {g, : n € R},
a regular parametric model on (0,00). Consider the following three scenarios for
observation of X or functions of X:

(a) Uncensored: we observe X and Y.

(b) Right-censored: we observe T(X,Y) = (XAY, 1{X <Y} = (min{X, Y}, 1{X <
Y} = (Z,A).

(c) Interval-censored (case 1): we observe S(X,Y) = (Y, 1{X <Y}) = (Y, A).

In each of the three scenarios (a), (b), (c):

(i) Find the joint density of (X,Y") and joint distributions of 7'(X,Y") and S(X,Y).
(ii) Find the scores for 6 and n. (Let (9/9n)log g,(y) = aly) with a € LY(G,).)
(iii) Compute and compare Ixy(0), Irxy)(0), and Igxy)(¢). Make the
comparisons in general and then explicitly by making one or more choices of the
family {g,}.

Solution: (i) In case (a) when we observe X and Y the joint density of X,Y
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is simply fo(z)g,(y) = Oexp(—0x)g,(y). In case (b) the joint density p(z,d) =
p(z,0;6,n) (with respect to Lebesgue measure on (0, c0) times counting measure on
{0,1}) is given by

p(z,60) = {(1 = Gy(2)) fo(2)}{(1 = Fy(2))gy(2)}'°.
In case (¢) the joint density p(y,0) = p(y,d;6,n) of S(X,Y) = (Y, A) given by
p(y:0) = Fo(y)°’ (1 = Fp(y))' 9, (v)-

(ii) In case (a),

log pxy(z,y;0,n) = log fy(x) 4 log g,(y) = log 6 — Oz + log g,(y),

and hence the scores for § and n are

l'9(x7y) = 971 - T,
ly(,y) = a(y).
In case (b) we find that
logp(z,0;6,m) = d(log fy(2) +log(1 — Gy(2))} + (1 = 0){log gy(2) + log(1 — Fy(2))}
— Slog fo(2) + (1 — 8)log(1 — (=) + (1 8)gy(2) + (1 — Gy(2)).

Thus the scores for 6 and 7 are given by

lo(2,0) =607  —2) + (1 —0)(—2) = 0716 — 2,

[e.9]

I2.0) = (1= 8)al2) + 31~ G2 [ aly)dGi(y).

z

In case (c),

logp(y,6;6,m) = dFp(y) + (1 — ) (1 — Fy(y)) + log g,(y).

Thus the scores for 6 and 7 are given by

b(0n0) = { G )+ 1 )}

l(y,0) = aly).

(iii) In case (a), the information matrix for (6, 7) is given by

Ixy(0,n) = ( 6(;2 EaQO(Y) ) ’

11



and hence the information for  is simply 02,
(b) In case (b),
[11(6777) = EH,nig(Z7 A)
= Ep,(07'A—2)%
But we can also calculate )
19,9(27 5) = _9_257
and hence
Li(0.n) = —Egyloo(Z,A)=072Pp,(A=1) (0.5)
= / FydG, = 6-2E,g(8Y) < 672 (0.6)
0

where g(v) =1 — e™" where the inequality is strict if P, (Y < co) > 0. Note that
lp(2,6) =0,

and hence I15(0,1) = I51(6,17) = 0. Thus we conclude that the information for  is
simply I11(60,n) = 072P,,(A = 1) as calculated in (0.6). When Y ~ Exponential(n)
this yields

Li12(0,m) = 0_2/ (1 — exp(—0y)n exp(—ny)dy
0

_ 9—2{1—n/0mexp(—(9+n)y)}
= (9—2{1—$}

1
= Q_QL:WQ— with r = /6.
0+n IL+r

(¢) In case (c), since (A]Y') ~ Bernoulli(Fy(Y)) we calculate conditionally on Y to
find that

L1(6,n) = Epnlg(Y,A)?

V2(1 - Fy(Y))?
Fy(Y)* (1 — Fp(Y))?
(0Y)*(1 — Fy(Y))

Fp(Y)

= By {Fp(Y)(1 - F(Y))}

= 0 *FEy,

= 072E,h(0Y)

where h(v) = v?e /(1 — e™") is a bounded function vanishing at 0 and oo and
Ih|loo < .65; see Figure 3.

Again by computing conditionally we see that

La(0,m) = Egula(Y, M), (Y, A)
_ E {E {(A — FQ(Y))§Z<(§)) |Y}}

p{ B (o - RrMY

= 0.

12
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Figure 3: The functions g(v) =1 —e ¥ and h(v) = v?e77/(1 —e™").

Thus the information for § based on observation of S(X,Y) = (Y, A) is
L1(0,m) =0 2E,h(0Y) < 072E,g(0Y) < 672

where h(v) = v?e /(1 —e™) < 1—e? = g(v); to see this last inequality note it
holds if and only if

e’ < (1—e)?=1-2"+e %,
or, if and only if
(2+v3)e " <1+e? or,if and only if 2+ v* < e’ +e ",

or, if and only if
1+U2 < 1( 1)+ —’U).
5 Sole e

and this last inequality is indeed true.

When Y ~ Exponential(n) this becomes
11(8,m) = 07°25¢(3, 1+ n/6) = 67°2r¢(3, 1+ 1)

where ((s,a) =Y 1 ,(k+a)~® is the generalized zeta function and (again) r = /6.
Figure 4 shows Ixy(0)/Irx,y)(0) and Ixy(6)/Isx,y)(0) when Y ~ Exponential(n)
as a function of r = n/#.

. Optional bonus problem 2: This is a continuation of problem 4 on the midterm
exam.
(a) Suppose that f is differentiable at . What further assumptions on f’ or f”

and b, do you need to show that /nb, {E(fn(x)) — f(a:)} — 0?7 (This says that

the bias of f, for estimating z is o((nb,)/2).)
(b) Combine the conclusion of (a) with the conclusion of problem 4(d) on the exam

to find the limiting distribution of v/2nb,(f,(z) — f(z)).
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Figure 4: ARE’s Ixy(0)/Irxy)(0) and Ixy(0)/Isx,v)(#) as a function of r

(c) Now suppose that z,y € R satisfy © # y, f(z) > 0 and f(y) > 0. Find the
limiting joint distribution of

Vi (B )

under appropriate further hypotheses on derivatives of f at x and y and the sequence
by,
(d) Compare the result in (c¢) with the joint limiting distribution of

Fn(z) — F(z) )
n
Vi ( F(y) — F(y)
obtained in Chapter 2 (what is it explicitly?).

Solution: (a) Assuming that f’ exists and is continuous in a neighborhood of z,
we see that

Efi(x) = F(z+ bn)anF(x —by)

= g (4 buS(0) 4 (V2B ) = (Fl) = baf () + (/20 (02))

= @)+ () - P

here we have both |23 — x| < b, — 0 and |z} — x| < b, — 0. Thus
£ nb??, T 1( %
Vb (Efu(a) = f(@)) = Y28 (f/() = f'(a7)) = 0

if either (i) f’(y) is bounded in a neighborhood of z and nb?> — 0, or (ii) nb3 = O(1)
and f'(y) is continuous in a neighborhood of z. Thus b, = en~" works with v > 1/3
in case (i) and b, = cn™/? works in case (ii).

Alternatively, if f” exists, then

F(z +by) — F(z — by)
2,1

Efn(m> =

14



B % {F(@) +buf(2) + (1/2)0,f () + (1/6),.f" (27)
= (F@) = buf(x) + (/Db f' (@) = (1/6)bnf" (1)) }

= J@) () )

where again |z, — x| < b, — 0 and |z} — x| < b, — 0. Thus

Vb (Bfu(e) = 1)) = @ (" (a3) + 7 (a3)) = 0

if nb> — 0 and f” is continuous at z. Under this assumption on the second
derivative, b, = en™7 with v > 1/5 works.

(b) When either set of hypotheses in (a) hold, then by the argument given in the
solution of problem 4 on the Midterm exam, if b, — 0, nb, — oo we have both

\/ann(fn(aﬁ) — Efn(x)) —a N(0, f(z))
and

V2nb, (Efu(w) = f(x)) = 0.

Thus we conclude that

V2, (ful@) = [@)) = V20b(fa(@) = Efa(@)) + /20y (Efale) = f(2)
—a N(0, f(z)).
(¢) If x #y and f(z) >0, f(y) > 0, then for a,b € R consider
a(20b,) (Fu(2) — Eful@)) + b(@2b) (Fuly) — Efuly))

= a Z (Lo—bn o) (Xi) = Pal)) +0 Z (Lty—bn ) (Xi) — P())

i=1

where

Yni =a (1(x—bn,m+bn}(Xi) - pn(x)) +0 (1(y_bn:y+bn](Xi) - pn<y)) ’
= F(zx+b,) — F(x —b,),

)
pn(y) = F(y +bn) — F(y — bn).

Note that F(Y,;) =0 for all n and 1 < i < n. Furthermore, note that for n so large
that |z — y| > 2b, we have (x — by, z + b,] N (y — by, y + b,] = 0. Hence

on; = Var(Yo) = a’pu(2)(1 — pu(x)) + 0%pu(y) (1 — pa(y)) — 2abpn(x)pa(y),

and
op = Z o2 = a’np,(2) (1 — pa()) + 0*npu(y) (1 — paly)) — 2abnp, (z)pa(y),
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and it follows that

— a’f(z) + b f(y) - 0= a2f( )+ f (y)- (0.7)

Moreover, by the C,.—inequality with r = 3,
E|Y,?

a’2? {pn($)<1 —pn(flf)){(l _pn< )) +pn( )2}
+ 07 2% (1) (1 = P () {(1 = pu(¥))® + Pu(v)*} }

Yni

IA

and hence

Tn = Z’ym'
< 22 {aPnpa(2)(1 = pa(@)) + Brpa(y) (1 = pu(y)) } -

Thus it follows, much in the same way that we verified the Lyapunov condition in
the proof of normality in the midterm solution for one point = alone, that

o 2 {d’mpa(@)(1 = pa(x)) + 0Pnpa(y) (L= pu(y))} | (20ba)*?
ol (2nb,, )3/? ol
1
= V@ ermEe

Thus the Liapunov condition holds and we conclude that > " | Y,:/0, —q N(0,1).
But this combined with (0.7) implies that

Z?:l Yo

—q N (0,0 f(z) + b*b(y)),
2nb,

or, equivalently that

A~

a(2nb,) Y2 (fo(2) — Efu(@)) + 0(200,) Y2 (fuly) — Efu(y))
—a N(0,af(x) + b2 f(y)) £ (a,0)Z

where Z ~ N5(0,3) where
_( flz) 0O
- ( 0 f(y) ) ‘

Thus by the Cramér - Wold device we conclude that

— ( ula) — o) N
V20bn (fn() Bhky ) ez M)

Combining this with the hypotheses (i) or (ii) of part (b) at both x and y we conclude
that

[ () — f(@) N
V 2nbn (fn(y)—f(y) ) a2 No(0,5).
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Note that the estimators f,(z) and f,(y) are asymptotically independent for all
x # y. In this case there is no “tight” (Gaussian) limit process.
(d) We know from Chapter 2 that

A(E0=R ) (SR ) - o

where

gz( F(a)(1 = F(x)) F(x) NF(y) — F(x)F ())
F(x) N F(y) — F(x)F(y) Fy)(1 = F(y)) '

Thus the asymptotic distribution of F,(z) and F,(y) is positively correlated, and
there exists a tight Gaussian limit process, namely {U(F(z)) : = € R}.

. Optional bonus problem 3: Suppose that Xi,..., X, are i.i.d. F on R, and
let F,, denote the empirical d.f. of the X;’s. Let ® denote the standard normal
distribution function, ®(z) = [*__ ¢(y)dy where ¢(y) = (2m)" /% exp(—y?/2) is the

standard normal density. Let 0 < a < 1 and define a new estimator ﬁn of F' by

F,(z) = (1—a)®(x) +aF,(z), if ||F, — ®|le < n 4,
T Fala), if |F, — @ >n 4

(a) Find the limiting distribution of the process {y/n(F,(z)— F(z)) : = € R} when
F=9a.

(b) Find the limiting distribution of the process {y/n(Fy,(z)— F(z)) : x € R} when
F#9. R

(c) Show that F}, is not a regular estimator of ' at F' = ® (in an appropriate sense
to be defined), but that F' is a regular estimator of F' at any F' # ®.

Solution: This is from Beran (1977). (a) First, note that /n(F, — F) < U, (F) if
the sample is drawn from F'. Furthermore, much as in case of Hodges’ estimator we
have

V(EFy(z) = F(z)) = Vn(Fu(z) = F(2)1jp_ o). sn/i

+ Vi ((1 = a)®(x) + aF(z) — F(2) Ljp_a|.<ni/
= Un(F)p_a)jw>nira)

+ {aUn(F) — (1 = a)v/n(F — @)} g o). <ni/y-

Thus when F' = & is true, since U, (F') = U, (®) = U(P) so that |U,(P)||e = O,(1),
it follows that

QL

\/E(Fn_F>:\/ﬁ(Fn_q)) :>CLU<CI))
(b) When F # ®, we have ||[F — ®||, > 0 and /n||F — ®||» — 00, s0

Vn(F, — F) = U,(F) + 0,(1) = U(F).

(c) one definition of a (locally) regular estimator sequence {F,} of F at Fy would be
that if {F),} is a sequence of distribution functions with v/n(F, — Fy) — ¢ uniformly,
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then /n(F, — F,) = Z under sampling from F, where Z depends on Fy but not on
g. For our current estimator, if Fy = ® and \/n(F,, — ®) — ¢ uniformly, then under
F,, we have

~ d
VilF, = Fa) = Un<Fn)1mUn<Fn>+f<Fn ®)floc>n1/4

+ {aUn(Fo) = (1 = a)Vn(Fo = @)} L, (5 +yFa—) oot/
= aU(P) - (1— a)g =7,

In this case the distribution of Z = Z, depends on ® and on g. Hence {F,} is not
locally regular.
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