Statistics 581

Problem Set 5 Solutions
Wellner; 10/29/2014

1. Suppose that Xi,..., X, are i.i.d. Cauchy(0,1); so the density of each X; with
respect to Lebesgue measure on R is f(z) =7 '(1+2%)7', x € R.
(a) Compute the distribution function F of the X;’s.
(b) Compute and plot the inverse distribution function F'~! corresponding to F'.
(c) For what values of r > 0 is E|X;|" < 007
(d) Find the distribution function of M,, = max;<;<,X;.
(e) For what values of r is E|M,|" < co?
(f) Find a sequence of constants b, so that M, /b, —4 and find the limiting
distribution. [Hint: see Ferguson, ACLST, Theorem 14, page 95.]

(1/m) [T (1 +*)~tdt = (1/7r){arctan(x) +m/2}.

u and solving for = F(u ) yields F~'(u) = tan(m(u —
1(1/2) = tan(0) = 0; F~(1) = tan(n/2) = oo, and F~1(0) =

Solution: (a) F(x) =
(b) Setting F(z) =
1/2)). Note that F'~
tan(—m/2) = —oo.

(c) We compute
T 1 > T 1
E|Xq]" = —/Oo|x| 1—|—x2d$
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if » < 1. Since

E|X1|" < oo if and only if r < 1.
(d) Since the X;’s are i.i.d. with distribution function F,

Fy,(z) =P(M, <z)=P(X; <z, ...,X,<z)=Fx)"
(e) First, note that

L=Fia,|(2) = P(IMy| > ) = PUL[|X] > a]) < Y P(IXi| > 2) = n(1=Fx, ()

i=1

where Fix,|(z) = P(|X1| < z) = F(x —x). Hence
E|M,|" = / rt" (1 — Fia,, (t))dt
< / rt"tn(1 — Flx|(t))dt
= nE|Xi|" <o
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if r < 1 by part (d). But since E|M,|” > E|X;|" = oo if r > 1, we conclude that
E|M,|" < oo if and only if r < 1.

(f) Note that 1—F(z) = [°(1+¢*)~'dt ~ 1/(7x) in the sense that z(1—F(z)) —
1/7 as x — oo. [This follows easily by writing the left side as (1 — F(z))/(z~!) and
using L’Hopital’s rule.] Hence for b,, — 0o and = > 0

Fyopp, () = P(M, < xb,) = F(xb,)" by part (d)
and, with ¢, = xb,(1 — F(xb,)) — 1/,
Faro o, () = F(b,)" = (1 = (1 = F(xby)))"
= (1= [zba(1 = F(xby))]/ (2bn))"
(1 —c,/xb,)".
From this last expression it becomes clear that the choice b, = n yields,
Fa, b, () = exp(—=1/mz) = G(x), for x > 0,
while for x <0
FMn/bn (.I') —0

since F'(xb,) < 1/2 for x < 0. Note that G(0) = exp(—o0) = 0, G is monotone
increasing, and G(oo) = exp(0) = 1. In fact, G is a member of the Weibull family
with shape parameter —1, and is one of the three different families that can arise
as limit distributions of maxima of independent rv’s; see e.g. Ferguson (1996), A
Course in Large Sample Theory, page 95.

. Suppose that X1, ..., X, areii.d. random vectors with values in R* with F(X}) = u
and E(X{ X)) < oo so that ¥ = F(X; — u)(X; — p)T is well-defined. Thus

Suppose that g : R¥ — R is a function, and suppose that Vg = ¢ exists at y. Then
the delta-method (or ¢’ theorem) tells us that

(1) Vn(g9(Xn) = g(1) —a Va(u)"Z ~ N(0,Vg(p)"SVg(p)) .

(a) Show that we can strengthen (??) as follows: Suppose that Vg = g is continuous
at p. Then /n(g(X,) — g(p)) is asymptotically linear at y:

Vi(g(Xa) = g(p)) = Vo) Vi(Xn — p) + 0,(1)

n

- %Zwmw(m

where
(2) U(x) = V()" (z — p)

which is called the influence function of g(X,) as an estimator of g(u), has mean
EY(X;) = 0 and Var(y(X;)) = Vg(u)"SVg(p).
(b) Does the result of (a) apply to the situation considered in problem 3(a) of
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problem set #47 If not, formulate another result of the same type as in (a) which
does apply, and use it to find the influence function of S?/X,,.

Solution: By Taylor’s theorem, for some Y;* satisfying |V;* — u| < |X,, — p| —, 0
it follows that

Vi(g(Xn) —g(w) = Vg(Y,)vVn(X, —p)
Vo(u)vn(X, — )
+ {Vg(Y;) = Vg(u)}vn(X, — )
= Vg(p)vn(Xn —p) +0p(1)

since Vg(Y;*) —, Vg(u) by continuity of Vg at p and since v/n(X,, — p) = O,(1).
Now note that

Vg(u)v/a(X - ) fzw —u>=%2w<x

with ¢ as in (?77).

In fact, the hypothesis of continuity of Vg can be dropped: consider a new function
h(z) = g(xz) — Vg(u)x. Then Vh(u) = Vg(u) — Vg(u) =0, and we can write

V(g(Xn) —g(p) = V() (Xn — ) = Vn(h(X,) — h(p))
(3) —q¢ Vh(W)Z=0-Z=0

by the delta-method applied to the function h. Since convergence in distribution
to a constant implies convergence in probability to the same constant, we conclude
from (?7) that the left side of (??) converges in probability to 0. But this is just
the claimed asymptotic linearity with ¢ (z) = Vg(u)(z — ).

(b) The result in (a) does not quite apply since

Zn = \/ﬁ(yn — M 3721, - 02>/

is not exactly an average of i.i.d. random vectors. But the key features of the proof
n (a) do carry through since n=1/27, —, 0 and Z, = n~Y23"" Y, + 0,(1) where
Y, = (X;—p, (X;—p)?—0?) areii.d. with mean 0 and finite second moment under
the assumptions of problem 2(a) of problem set #4. Thus the conclusion continues
to hold.

Thus for the setting of problem 4.3(a), with g(u,v) =v/u

\/ﬁ(;——%) VWA, — 1)+ o(1)

- %<—<r?/u, DV, = py) + 0p(1)

2

_ %il {(XZ- —p)?—o%— %(Xi —u)} + 0p(1)

= \/—Z@Z) ) + 0p(1)



where

has Ev(X;) =0 and
ot oy o* 5

as in the solution of problem 4.3(a).

. (a) Write out a direct proof of (17) on page 27 of the Chapter 2 notes, using the
multivariate CLT, and compare with the result of using (10) and (16).

(b) Write out a proof of the corresponding fact concerning the general empirical
process G,: G, —rq G where G, and G are as defined on pages 30-31 of
the chapter 2 notes; ie. for any fi,...,fx € L2(P), (Gn(f1),....Gu(fr)) —d
(G(f1),-..,G(fx)) where G is a P—Brownian bridge process with mean 0 and
Covariance E{G(f)G(g)} = P(fg) — P(f)P(g) as in (39) on page 32.

Solution: (a) /n(F, — F) =4 U(F). To see this, let —co < 21 < 23 < -+ <
xp < 00. Then define random vectors Y, by

Y= (1coow ) (Xi) = F(21), -+ 1 oomy(Xi) = Flaz))"

for i =1,...,n. Note that £'Y; = 0 and

F(z)(1 = F(x1)) F(z)(1 = F(x2)) -+ F(a)(1— F(a))
Fz1)(1 = F(a2)) F(z2)(1 = F(a2)) -+ F(a2)(1 = F(ay))
By — : . :
Fz)(1 = Fak)) Faa)(1— Fag)) - Flan) (1 — Fa))
= (F(xj Aay) = F(z))F(zy))j - =8

Thus it follows from the multivariate central limit theorem that

V(F,(z1) — F(xy), -, Fo(zr) — F(z)" = vnY,, —a Ni(0,%).
But for a Brownian bridge process U, (U(F(xy)),...,U(F(zy))T ~ Ni(0,%), so we
have shown that

V(Fu(z1) = F(ar), - Fa(ar) = Flar)" —a (UF (21)), ..., UF ()"

But since this holds for every k and every choice of 1 < 2o < -+ < xy, it follows
that \/E(Fn — F) —f.d. U(F)
(b) G,, —ra G. To see this, let fi,..., fx € La(P). Then define random vectors
Y, by

Y, = (fi(Xi) = Pfi,... fu(Xs) = Pfi)"
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fori=1,...,n. Note that £Y, = 0 and

P(f3)— (P(f1)> P(fifo) = PHiPfs - P(fifr) — PfiPfi
P(fifs) = PfiPfa  P(f3) = (Pfa)* -+ P(fofs) = PfaPfi

By, YT =

P(fify) — PfiPfi P(fofi) — PfoPfi ---  P(f2) — (Pf)?
= (P(fif5) — Pfipfj)ﬁjzl =.

Thus it follows from the multivariate central limit theorem that

(Gn<f1>7 s ’Gn<fk))T = \/@n —d Nk(O, E)-

But for a P—Brownian bridge process Gp, (Gp(f1),...,Gp(fr)) ~ Ni(0,%), so
we have shown that (G, (f1),...,G.(fx))! —a (G(f1),...,G(fr))T. But since this
holds for every k and every choice of fi,..., fi € Lao(P), it follows that G, =4 G.

. Suppose that Xi,..., X, are i.i.d. with continuous distribution function F. Let
Fy be a fixed, specified continuous distribution function. Suppose we want to test
H: F = Fyversus K : I # Fy. Consider the Cramér - von Mises statistic given
by

C? = /00 n(F(z) — Fy(z))2dFy(x) .

o

(a) Show that if the null hypothesis H holds (so that Fp is the true distribution
function of the X;’s), then

1
ez [ a0 - 1par
0

where G,, is the empirical d.f. of n i.i.d. Uniform(0,1) rv’s.
(b) Show that when the null hypothesis is true,

1
c? —>d/ U(t)*dt
0

where U is a standard Brownian bridge process.

[Hint: Use the fact that U, = U in (D[0,1],] - ||«) and the continuous mapping
theorem.]

(c) Suppose that the null hypothesis fails. Thus F' # F. Show that in this case

nC? = /_oo (F(z) — Fo(z))*dFy(z) > 0,

[e.e]

and hence the test based on C? is consistent for all F' # Fj.

Solution: (a) Now /n(F, — F) < U, (F) is always true (for any df F') when the
X, are i.i.d. F', so under the null hypothesis F' = Fj

[e.9]

C2 = / h n(Fo(z) — Fo(x))2dFy(z) < / [U,,(Fy)2dFy

—c0 —00
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holds. By the change of variable t = Fy(x), the variable ¢ takes on all values in
(0,1) when Fj is continuous, and

/_ h U, (Fp))?dFy = /0 1[Un(t)]2dt.

o0

Thus the stated Conclusmn holds
(b) Now U,, = U and g(x fo t))?dt is a continuous function from (D[0,1], |- ||)
to R (since

o) =91 = | [ (@0 =2 O)i] < 1o =yl + .

Thus by the continuous mapping theorem, when the null hypothesis is true,

C2 £ g(U,) —q g(U) = /01 U?(t)dt.

(c) When F # Fy, |[F,, — Flleo —as. 0 by Glivenko-Cantelli, so we define ¢ =
A(F, Fy) = [7_(F(z) — Fo(z))?dFy(z). Then

|n7102 2’

Fy(x))* = (F(x) — Fo(x))* }dFy(x)
/_ |(Fn () = Fo(x) = (F(2) = Fo(2))(Fn(z) = Fo(x) + F(z) = Fo(z))|dFo(z)

IN

IN

/ Fo — FI{|Fa — Fo| + |F — Fo|}dFy

[e.9]

< 2IF, — Flloo —as. 0.

Thus we conclude that n™'C? —,, 2.

. Optional bonus problem: This is a continuation of the previous problem, and
should be thought of in analogy with our development for the Pearson chi-square
statistic.

(a) Suppose that F' = F,, satisfies \/n(F,(x) — Fy(x)) — g(x) in Ly(Fyp); i.e

JWalFu@) = Fa(o) - gla)PdFo(a) 0.

Describe the limiting distribution of C2? under the local alternatives F, in terms of
a Brownian bridge process U and g.

(b) Let ¢* denote the constant on the right side in Problem 5(c) above. In the
set-up of that problem, show that when F' # Fj it follows that

\/ﬁ(n’leb — 02) —a N(0, V2)

and find V2.
[Hint: Use \/n(F,, — F) =4 U, (F), U,, = U, and the continuous mapping theorem.]



Solution: (a) If F' = F,, satisfies \/n(F,, — Fy) — g, then
¢z 4 / WIS (2) — Fule)) + Via(Fu(e) — Fo())PdFo(a)
- / UL(F) + Va(Fa — Fo)PdFy
S / U(Fo) + gPdFy

where only a few more lines are needed to completely justify the convergence in the
last line.
(b) For a fixed alternative F' we can write

Vn(C, — ) = \/ﬁ/{(lﬁ‘n—Fo)Q—(F—Fo)z}dFo
_ \/ﬁ/{(Fn—FO— (F — F)(F, — Fy+ F — Fy)} dFy

_ /\/ﬁ(m — F){F, + F — 2R} dFy

Il

/ U (F) {Go(F) + F — 2F,} dFy
L / U(F)2(F — Fy)dFy ~ N(0,V2)

where

V2 Vi(F,, F)

= 1 [ [(F@) - R@)(FW) - B) (Fe Ay - F@)F©) dR@)dF)



