Statistics 581, Problem Set 10 Solutions
Wellner; 12/3/2014

1. (a) Ferguson, ACLST, page 139, problem 3.
(b) What if Ferguson’s density f(z|f) with 6 € (0,1) is replaced by 6 = (v,n) €
(0,1) x (0,00) and
f(@l0) = faly,n) = {(1 = 7)e™ + m’zexp(—nz) .0 (2)?

Can you estimate v and n by the method of moments? Can you improve method of
moment estimators via one-step estimators?

Solution: (a) First,
EyX = (1—9)+9/ e Pdr=(1-0)+0T(3)=1—-0+20=1+9.
0
Thus the method of moments estimator 8,, of 6 is given by 0, =X, —1. Now

Ey(X?) = (1—0)/ xQe_””dm—i—Q/ e "dx
0 0
= (1-0)I'(3) +6I'(4)
(1-0)2+4 03! =2(1—-0)+ 60
= 2+40.

Thus
Varg(X) =2+40 — (1+60)*=1+20 — 0>,

Hence it follows by the CLT that
V0, —0) = Vn(X, —1— (Eg(X) = 1)) =4 N(0,1+20 — 6°).

Now
[(0)X) =log f(X|0) =log[(1 — 0)e™™ + Ozxe™ "],
and hence
. re ¥ —e " r—1
lo() = (1—0)e*+ Oxe® 1+ O(x — 1)
Furthermore

. (x —1)2
[ = — :
Qﬁ(x) [1 + 9(:13 N 1)]2
Hence a one-step Newton approximation to a root of the likelihood equation is given
by

L (xi—1)
0, =0,+ I,(0,) n Z 1+0,(X;i—1)

i=1




where
Lo I (X 1)
[ (0n) Egju+§gxy—np‘

=1

Note that
(X —1)?

1+0(X —1)2

increases from 1 at § = 0 to oo at # = 1, so 1/1(#) decreases from 1 at § = 0 to
0 at & = 1, while the variance of the method of moments estimator, 1 + 20 — 62,
increases from 1 to 2 as 6 increases from 0 to 1. Hence the gain in efficiency by use
of the efficient one-step estimator is quite large for 6 near 1. See the plot of 1/1(6)
and 1+ 260 — 62 below.

1(0) = —Eplop(X) = Ej

2
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Figure 1: 1/1(6) and 1 + 26 — 6*

(b) When Ferguson’s density f(z|f) with 6 € (0, 1) is replaced by

f(@ly,m) = {1 = y)e™* + y’z exp(—nz) 000 (z)

with v € (0,1) and n > 0, the parameter to be estimated is # = (v,7n), and
we can again implement a one step procedure starting from some n'/*—consistent
preliminary esimator 6,,. One possibility for 8, is a a method of moments estimator.
We calculate

2 2
E(X) = (1—7)+75:1+7<5—1>
2 _ _ 6_ 6_
EX%) = (1 7)2+7n2_2+7< 5 2).

For n # 2 this yields

E(X*)—2 6/n*—-2 6—21°
E(X)-1  2/np—1 2p—n*

(0.1)
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The difficulty is that solving this for ) yields two non-negative solutions in general.
I have not yet found a “nice” starting point (preliminary estimator) 6, for this
problem.

But once we have found a starting point, the one-step procedure is again relatively
simple: we calculate

n2$€fna: — e

1 6 T = —
0 f(xly,n)
1 2"}/773;6_7715 _ ')/7725526_77:5
L (0lx) =
(0 f(@ly,n)
(2= nz)ynze™
f(xlv,n)
1 (n*xe ™ — e77)2
1 0 X = — :
v (02) Ty
L,(0lzr) = nre (2 —nx) ynre (2 —nz)[pfre — e
nY f(zly,n) (x|, m) )
1 (2 - nx)nxe_m (2 — nx)272772$26—2nx
Ly (Olz) = _ 2 |
f(x]v,m) 2zl n)
Then
. _ ~ 1 .
where )
i=1
and

. Ferguson, ACLST, page 118, problem 3. (See also Example 4.3.7, page 21, Chapter
4 notes.)

Solution: (a) The likelihood is given by

L(p,0%) = ]i[]'[\/21_7T exp (_(ng;m?)




and hence

d n
d 1
lp,0%) = —% log(o?) — ) Z (Xy; — pi)? + constant
j=1 i=1
nd 9 1 -
= -5 log(o”) — 557 Z (X5 — fu)* + dz + constant.
7=1 =1

where f1; = d™! 2 j=1 Xjjfori=1,... ,n. This is easily seen to be maximized by

where

(b) Note that the random variables {S?}"_; defined in (a) are i.i.d. and dS?/o? ~
X5_1- Therefore
d—1

7

It follows from the strong law of large numbers that

:_252 _12

as n — 0o. Our Theorem 4.1.2 on consistent roots of the likelihood equations does
not apply because, in the current problem, the dimension of the parameter space
© = R"™ x R is n + 1, which grows with the sample size n.

(c) A consistent estimator of o2 is given by

E(SY) =

d n

. d
ngd_la —1nzz i, ,Mz

7j=1 =1

. Lehmann and Casella, problem 6.8, page 5009.

Lehmann and Casella, problem 6.8, page 509. If py(x,y) is the bivariate normal
density (with known means p and v equal to zero without loss of generality), the
information matrix I(0) for = (02,72, p) is given by

2-p>  _—p* —p
40% 4202722 202
2 — —P —p —P
(1 - p )I(@) - 40272 P! 272 (0.2)
—»  —p 1+
202 272 1—p2
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and
20 202012 p(1 — p*)o?
I710) = 2p%0%7? 274 p(1 — p?)7?
p(1—p*)a* p(1—p)7*  (1-p°)?

Solution: The bivariate normal density py(x,y) is given by

=2 L

(2.1) 1 1 x? ry P
= exp| ———— (=
Pty 21/ ?72(1 — p?) P 2(1=p?) \o? Yo7 T

SO
1 2 1 2 1 2
logpo(,y) = —log(2) — 5 log(0®) ~ 3 log(r) £ log(1 — ?)
1 x? ry y?
_ ) PN A
2(1—p?) (02 pUT * T2

Thus we compute

. 1 1 a?  xy
2 = — PR
o2(z,9y) 2052 + 202(1 — p?) (02 0-7—) ’
. 1 1 y©  wy
l2(x, = T35 T 5941 o\ P>
(z,9) 972 + 272(1 — p?) (7-2 07')
2 2
: p p x Y Y 1 zy
I = - P i g oo
p($7y> 1_p2 (1_p2)2 (0-2 100_7__'_7_2>+1—p20'0-

Note that
Eiz(XY):—1+ ! (1-p*) =0
Pz 202 20%(1 — p?) ’
. 1 1
Eyl2(X,)Y)=—— 1 Y =0
0 72( ) ) 272 27_2(1 _ 2) ( /)) ?
; P P 2 P
Eyl,(X,Y) = — 2 — 0.
0 ( ) ) 1_p2 (1_p2)2( p)+1_p2
Furthermore,

. 1 1 x? Ty 1  pxy
i = - 2 57 T\ i T e,
02702(1’,9) 20,4 20.4(1 _ p2> (0-2 pUT) + 20.2(1 _ p2) ( 0.4 + 20’37-



o a(ry) . 1 [y xy 1L [y pxy
x = — . p=Z) — < 22
2\ Y 274 1—p? \ 72 oT 1—p2\72 2071 ’

. 1 x? P Ty
Lol y) = =2 (1 — (; + ﬁ) + 4pg;

(1= p?)? 1—p’or
, 1 2 1+p*xy
ot (T,y) = m 2 9 o[
Doy = ¥ _1irtry
pre\ Y 72(1 — p?)? P 2 o1)’
. P Ty

l0'2 T2 , - T A AT .
~(T:y) 4o?m2(1 = p?)oT

Thus we compute:

Bolyo 2(X,Y) = ! T DR ST g 2=
0lo2,02 ) - 20_4<1 _ p2) 2p P P - 40_4(1 — p2)7
. 2—p2
Byl (X)Y) = ——F
ol XY) = = )
2

—Byl, ,(X,Y) = T (=0 =20+ p(1+ 9}

1

I
Y
—Fy(l X)Y) = —/———m——
9( p,UQ( ) ) 20_2(1_p2)7
—Fy(l X)Y) = —————
9( p,TQ( ) ) 27_2(1_p2)a
. —p2
—E9<l0277—2 (X, Y) - W,

and hence the information matrix I(6) is as given in (0.2).

To invert this information matrix, it is instructive to proceed via block-inversion.
Let 0 = (61,0,) where 6, = (02,72), 6 = p. Then we first calculate I;;', the

information bound for estimation of §; = (¢, 72) when 6, = p is known. This gives

1 2 i 1
_ o} 0272
]11 = (1 - P ) 492 42_92 (2—p?)2 ol

40272 40t 160474 ~ 160477
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Next we calculate [;q.o:

I = ]11—11212_21[21

| A ¥ 1) ( = ) L ()
— 29 o - - p =< o T
1 - p2 40'572-2 24722 5'% ]‘ + p2 202 2
_ 2 —p?
— 1 24_0% 402722 _ p2(1 _ p2) ﬁ 40%72
- |\ %= 3% L+ \ iz m

_ 2

_ L o e

20=p)1+p) \ & =&
2

This yields the information bound for estimation of #; = (02 7%) when 6, = p is
unknown:

1 P 1
I, = 2(1—p2><1+p2>( 7T )—
L _

Next we use I;;" to calculate Iy .;:
Iy = [22—121]f11]12
_ L (1 (2 ) (7,0 por 207
1— p2 1— p2 1 — p2 202 272 p20.27_2 7_4(2 . pQ) %
1 1
(1—p2)2{ +p 4(P+P)}
1

(1—p%)?

Thus 1,5, = (1 — p?)? as claimed. This completes the computation of the diagonal
entries I, and I,,', of I71(6). It remains to compute I'? or its transpose I?'. From
our general formulas in chapter 3 we know that

" = —I50L0
_ _2 0.4 P0272 1 % (1 _p2)2
po’r? 1—p2 \ 3% 1+ p?
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_ ot poir? 5\ p(1 = p%)
po?r? Tt T_12 —1+p2

as claimed.

. Ferguson, ACLST, page 150, problem 3. Does the theory in our chapter 4 (or
Ferguson’s chapter 22) apply directly? Does the local asymptotic power of your test
depend on the common value of ¢; in the null hypothesis?

Solution: The theory in chapter 4 of the course notes does not apply directly since
the data is not i.i.d., at least in the form given in Ferguson. The difficulty is that
the distribution of the data in the general (unconstrained) setting is not that of
i.i.d. random variables from one distribution, but that of k independent samples
from from different distributions, namely Poisson(6;), i = 1,...,k. On the other
hand, in this special case with all the sample sizes equal to n we can consider the
data as consisting of the vectors X ; = (X1j,..., Xy ) for 5 = 1,...,n where the
components X; ; of X, are independent Poisson(6;) random variables. Thus the X j
random vectors are i.i.d. with (joint) probability mass function given by

6

;i
i

po(z) = H exp(—0;)

In this way the setting in section 4.1 of the course notes does apply. (Note that
this apparently breaks down if the sample sizes nq,...,n; in the separate Poisson
populations are possibly different.)

Now we calculate
k
log po(z) = Z {z;logb; — 0; — log(x;")}
i=1

and

T
lo(z) = (%—1,...,2—:—1) ,

so that we have, by independence of the coordinates of X,

671 0 0
-] % Y | g
— = 1a .
. 0 ... 0 B\
0 0 6!



Thus the (unrestricted) MLE of 8 = (64, ..., 0y) is given by
0=(X1,..., X5
where X; = n~! Z?:l X, fort=1,...,k, and it follows from Theorem 4.1.2 that
V8, = 8) —a Ni(0,171(8)) = Ni(0, diag(6)).

Under the null hypothesis that all the ;’s are equal, all the X, ;’s are i.i.d Poisson(6)
and the MLE of § = 61 is

In this case Theorem 4.1.2 applies directly and we have
Jn (QO - Q°> = V(X — 6°)1 — Dol ~ Ny (0, 5716°)1 ~ N, (0, k~16°117).

and
k
Vi (X —6°) = ( ZY 0>—>k‘1/2D0~N(0,k‘100).

Moreover, under the null hypothesis it is easily seen that
X, —6°
Q 0 Ikxk k= 11
vn X, — 0, %d(E)NNkH(O,@(k”T 11
F L X — 6
and, furthermore, that
X, - X D, —D
vn : —d : ~ N;, (0,6°( — k'117)) , (0.3)
X, - X Dy, —D
Note that dim(©) = k and dim(©,) = 1. Since

Z] 1 Xij

L,(6q,...,0k Hexp —nb;) H X, |,

it follows that

ln 91, :Z{Zn:leong—nﬁl}

=1
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and hence .
ln(éh s 7é7€) = nz {yz logyz_ YZ} ’
i=1
while

k
L0, 00) =n> {XlogX - X} =n{kXlogX — kX}.
i=1

Hence the log-likelihood ratio statistic is given by
2log Ay = 2{0,((01,...,0,) —1,(6Y,...,69)}

k
= 2n {ZYZ log X; — kngY} )
i=1
When the null hypothesis holds, our considerations in the i.i.d. case lead to
the conclusion that 2log\, —4 X7_,. It is instructive to consider the natural
Wald statistic W, in this problem problem starting from (0.3) and see that we
also have W, —, xi_, under the null hypothesis. If 0, = (0,1,...,00k) =
(0° + n=2ty, ..., 0° + n~'/%t;) where t; # ty for some i # ¢, then I claim that
2log Ay —a X3_1(8) where § = S°F (t; — )2/6° and similarly for 1W,. Thus the
noncentrality parameter § depends inversely on 6°.

. Suppose that (as in Lemma 5.2, page 38, Chapter 3 Notes) P and @ are
two probability measures on a measurable space (X,.A) with densities p and ¢
with respect to a o—finite dominating measure p, and P" and Q™ denote the
corresponding product measures on (X" A,) (of Xi,...,X, iid. as P or Q
respectively).

(a) What is the relationship between K(P", Q") and K(P, (@), if any?

(b) If P is the Normal(0, 0%) distribution and @ is the Normal(u, 02) distribution,
compute K (P,Q), p(P,Q) = [ /pgdy, and H*(P, Q).

(c) Use the results of (a) and (b) together with Lemma 5.2 to calculate K (P", Q"),
p(P", Q"), and H?(P",Q™) when P and Q are as in (b).

(d) Find a sequence p, so that, with @,, being the Normal distribution with mean
fn, the quantities K(P",Q"), p(P",Q"), and H?*(P", Q") converge to finite limits
as n — oo.

Solution: (a) Note K(P", Q") = Epnlog(p,/q,) where p,(z) = [[_, p(z;) and
gn(2) = I Tizy (), s0

K(P",Q") = FEpnlog(pn/n)(X) = Epn ; log §E§:;

P(Xl)
q(X1)

= p(Xy)
= Epnlog = nEplog
; T

= nK(P,Q).
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(b) If P is N(0,0?) and Q = N(u,0?), then

73 &P (mgz(@—p)?) _ exp (urc 2 ) |

p exp —#1172) o2 202
SO
q uX ol
K(P,Q) = Ep {—logg(X)} = Ep {_ <? _ Tﬂ)}
_”
202’
q
p(PQ) = /\/p_qd)\:/\/;pd)\
pX
= FEpexp <@ — @>
M 2 0.2 :U“2
- eXP((@) 7—@)
2
— _r
= exp( 802>’
and hence

2
H2(P,Q) =1~ p(P,Q) =1 - exp (—8“7> |

(c) From (a) we have K(P",Q") = nK(P,Q) = nu*/(20?). From Lemma 2.5.2 it
follows that

§P @) = (P Q)" = (-3 ).

and hence )
2 n n\ __ n,u
H*(P",Q")=1—exp (—@).
(d) When p,, = ¢/+/n for some ¢ € R we see that
2

2
n n _ nlun_ C
RUPLQu) = 500 =g

C2
2 n _ _
p(P", Q) exp( 802),
2

H2(Pn,Q2) = 1—-p(P",Q;)=1=exp <_é)

exactly for every n.
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6. Optional Bonus problem 1. Lehmann and Casella, problem 6.9, page 509:

Suppose that (X;,Y;), i =1,...,n are i.i.d. bivariate normal with E(X;) = E(Y;) =
0, E(X?) = E(Y?) = 1 and unknown correlation coefficient p. Let py denote the
true value of p.

(a) Show that the likelihood equation is a cubic for which the probability of a unique
root tends to 1 as n — oo [Hint: for a cubic equation az® + 3bz? + 3cx +d = 0, let
G = a®d — 3abc + 2b® and H = ac — b?. Then the condition for a unique real root is
G? +4H?* > 0]

(b) Show that if p, is a consistent solution of the likelihood equation, then it satisfies
\/ﬁ(ﬁn - pO) —d N(O’ (1 - p(2))2/(1 + p(z)))

(¢) Show that 4, = n™'> " X,Y; is a consistent estimator of p and that
V(6. — po) —a N(0,1+ p2). Hence 4, is less efficient than the MLE.

Solution: (a) When the means and variances are known to be 0’s and 1’s
respectively, the likelihood equation for estimation of p is

0 = Sixv)
=1

= > =) {p(1=p) = p(XF+Y2) + (1+ ) XYi},  (04)

i=1
or, equivalently,
p(1—p*) — p(X2, +Y2,) + (1 + p) XY, = 0. (0.5)
This is a cubic equation which can be rewritten as:
U, (p)=p* = XY, p* + (X2, +Y2, —1)p— XY, =0.

Note that if pg is the true correlation, then XY, =, po, X2, —5, . 1, and Y2 >,
1 and hence

U(p) —as p° = pop” +p—po =V (p).

Note that ¥(pg) = 0. By the hint, a cubic equation ax® + 3bx? + 3cx +d = 0 if
G? +4H? > 0 where G = a*d — 3abc + 2b% and H = ac — b*>. Thus we compute

G, = 1(—XV,—3-1. (—%Wn)u/za)(ﬁn YR, 1) 4 2(—%Wn)3

S 2
= XV, 4 XY, (X24+Y2—1)— =XV,
3 27
.

1 —
H, = 1-§(X2+Y2—1)—(?XY7L)2
I —  — 1—
= (X24Y2-1)—- -XY,.

STV 1) - XV,
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Note that

1 2 1
Gn —as — Py o-FP0 — — 1 _2EG7
Po 3P0 = 5P 3m(‘+9%) 0
1 1
Hn%as ~pa H7
53 gpo 0
and hence
4 4 1
Gt AH, e Go+4HT = 5p5(1+p0)° + 5= (1= 5p0)°
4 4
= —(14p)?%>—>0
A

after a bit of algebra. Thus ¥(p) = 0 alway has a unique real root, and, with
probability converging to one, ¥, (p) = 0 also has a unique real root. Here is a plot
of G + 4H} as a function of py:

01}

ey ey
-1.0 -05 0.0 05 1.0

Figure 2: G§ + 4H{ as a function of pg

(b) If p, is a consistent solution of the likelihood equation (0.4) or (0.5), then by
Theorem 4.1.2 is satisfies (since conditions A0-A4 hold)

V(pn = po) =+a D ~ N(0,1(po)~") = N(0, (1 = pg5)* /(1 + p}))
where we have used the information matrix computed in problem 3(a) above.
(c) Now 6, = XY, —, po and, by the CLT,
VA6, — po) =4 N(0,Var(XY)) = N(0, 1+ g2)
since
Var(XY) = EVar(XY|X)+ Var(E(XY]|X)) = E{X?Var(Y|X)} + Var{XE(Y|X)}
= E{X*(1 - pp)} + Var(X?po) = 1 — pj + 29

(1—p5)?

= 1tz
0
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1 L L L 1 L L L L L L L L
-1.0 -0.5 0.5 1.0

Figure 3: 17'(po)/Var,,(XY) as a function of py

with equality if and only if pg = 0. Here is a plot of the ratio: I~*(pg)/Var,,(XY):

This example is treated along with other problem involving multiple roots in:
Small, C.G., Wang, J., and Yang, Z. (2000). Estimating multiple root problems
in estimation. Statistical Science 15, 313-341. A somewhat different approach to
this problem and generalizations thereof is pursued in: Sampson, A. R. (1978).
Simple BAN estimators of correlations for certain multivariate normal models with
known variances. J. Amer. Statist. Assoc. 73, 859-862.

. Optional Bonus problem 2. Ferguson, ACLST, page 149, problem 2 modified as
follows:

(a) Find the LR test statistic of the null hypothesis Hy : u = cf for any fixed
number ¢ > 0, and find the asymptotic distribution of the LR statistic under H,.
(b) Does the theory of our chapter 4 (or Ferguson’s chapter 22 ) apply directly?
(c¢) Does the local asymptotic power of your test depend on ¢?

Solution: (b) First, allow me to slightly re-name the parameters: I will assume
that Xi,..., X, are i.i.d. exp(\) and Y,... Y, are i.i.d. exp(p), so that 6 = (A, p).
Furthermore, we can recast the problem into the context of chapter 4 by considering
the pairs of observations (X;,Y;), i =1,...,n as i.i.d. with density

Po(2,y) = Do (T, y) = Ae™ 10,00 (@) e 1 (0.00) (Y) -

Now we are testing Hy : = ¢\ versus H; : i # cA. By a reparametrizaton, we can
put this exactly in the setting of Section 4.2: if the original parameter is 6 = (A, u),
then the new parameters 7 = (7y1,72) where 71 = A, 72 = p — ¢\. Then the null
hypothesis Hy becomes Hy : 72 = 0,7, = anything.

(a) The MLE 0 of 6 = (A, p) under Hy is 0= (A, i) where \ = 1/X and i =1/Y.
The MLE 6° under Hj is ()\0 c)\o) where

N =2/X+cY).
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(0) = 1(\ ) =Y _{log A — AX; +log it — i} = nlog A+ nlog pp—nXA—nYpu.

=1

Thus the LR statistic for testing H, versus H; is given by

2(1,(0) = 1,(@)) = %{m%(yz&)—bym—m%iﬁ
—4 Xi

under H,.
(¢) To compute the local asymptotic power of the LR test, we can reparametrize
the problem by v = (71,72) where 73 = A, 72 = u — c¢A. Then the null hypothesis
Hy becomes Hy : 75 = 0,7 = anything. Then the problem fits in the context
of Theorem 4.2.7: under P, with 7, = 7o + tn~/2 for 79 = (710,0) in the null
hypothesis, we have

21og An —va X} ()

where the non-centrality parameter § is given by t35.1(70), and it remains only
to compute Iy9.1. By straightforward computation the information matrix for v is
given by

(c71+72)? (e71+72)?

1 c? c
I(v) = ( 7T (CC’Y1+72)2 (6714{72)2 ) .
Thus, under the null hypothesis Hy : 75 = 0 we find that

_ 1/2

I21(70) = I22(70) — L21(70) 117" (0) 112(70) = CQ_Q/2
1

which does depend on c¢: the noncentrality power of the limiting distribution

decreases as 0_2 as ¢ increases.

. Optional bonus problem 3: Lehmann and Casella, problem 6.10, page 510: in
the context of the bivariate normal distribution in problem 3, show that if p and 7
are known, then the MLE of o satisfies

Vi (# =) s (0,270

2 — p?

Solution: This follows immediately from the information matrix 7(6) computed in
problem 3: When p and 7 are known,



and hence our general theory gives

v ((272 B 02> —a N(0, [ﬂl(e)) =N (0’ M)

2 — p?

as claimed.
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