Statistics 581, Problem Set 1 Solutions
Wellner; 10/1/2014

1. Ferguson, ACILST, #2, page 6.
Solution: If X,, ~ Uniformly on {1/n,2/n,...,1} then

Fat) = P(anyf):#()fjénﬁt: L?;tJ_

Note that |F,(t) —t| < 1/n for each fixed 0 < ¢t < 1. Then F,(t) —
F(t) =t for all 0 <t < 1. That is, X,, —4 X ~ Uniform(0,1).
These X,,’s do not necessarily converge in probability to X because the
random variables X, are not necessarily defined on the same probability
space.

2. (Continuation of the previous problem). Now suppose that U ~ Uniform(0, 1)
and for each n > 1 define V,, = 37, (5/1)1((j-1)/n,j/n) (U)-

(a) Show that V,, 2 X,, where X,, is as in problem 2.
(b) Show that V,, —, U.

Solution: (a) Note that P(V,, = j/n) = P(U € ((j — 1)/n,j/n]) =

1/n = P(X, = j/n). Thus V, £ X,,.
(b) To see that V,, —, U, note that

n(l/n—e)=1—ne, ifl/n>e¢

P(|V"_U|>E):{O, if 1/n<e.

Hence it follows that V,, —, U.

3. Suppose that X, has the Binomial distribution, Binomial(n, p) for some
0<p<l.
(a) For fixed k, find lim,, o, P(X,, < k —1|X,, < k).
(b) Now let the distribution of Y;, be the conditional distribution of X,
given X,, < k with & > 1 fixed. Express the result in (a) in the form
Y, —aqY.



Solution: (a) Since X,, ~ Binomial(n, p) it follows that
P(X,<k—1) X5 (p(1—p)

P(Xp<k)  Sh (M)p(1—p)
(M)t — p)””“

P(X,<k-1X,<k) =

= 1—
(WP —p)* + 35 ()P (1 = p)-
1
g 1 ' -
L+ Yo MR k(1 p)kes
1
BRI

since for j € {0,...,k — 1} we have (n — k)!/(n — j)! = 0 as n — oc.
(b) The result of (a) implies that P(X, = k|X,, < k) = 1 asn — oo
and that P(X, < j|X, < k) < P(X, < k—-1X, < k) — 0 for
j€40,...,k—1}. Thus Y, —,4 Yy where Yy = k with probability 1.

. Suppose that X has an inverse power distribution with distribution
function F,(x) =1 — a2~ for x € [1,00) where a > 0.

(a) Show that F(X) = a/(a — 1) for @« > 1 and Var(X) = o/((a —
2)(a—1)?) for a > 2. (b) Let Y, = (&« — 1) X — « (so that Y, has mean
0 and variance converging to 1 as a — oo). Show that Y, —,; Y for
some random variable Y., and find the distribution function of Y.

Solution: (a) By straightforward computation, fo(z) = az™* 1} o) ()
and hence for a > r we have

EX") = /1 xrfa(a:)dxza/l g~ =) gy

«

a—r

This yields E(X) = a/(a — 1) when r = 1 and E(X?) = o/(a — 2)
when r = 2. Thus

Var(X) = E(X?)—(E(X))* = {a - o 1)2} - eI

(b) It is easily seen that Y, = (o« — 1)X — « has E(Y,) = 0 and
Var(Y,) = a/(a —2) — 1 as @ — oo. Furthermore, for any fixed
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PYo<y) = Plla-DX -a<y)=PX <(y+a)/(a—-1))

_ g a+y 1 1Jry+1
a—1 a—1

— l—exp(—(y+1)), as a — occ.

Thus Y, —4 Yoo = Z — 1 where Z ~ exponential(1).

. (a) Lehmann and Casella, TPE, problem 1.2, page 62.
(b) Lehmann and Casella, TPE, problem 1.3, page 62.

Solution: (i) First solution — via the Cauchy-Schwarz inequality: First
recall the Cauchy-Schwarz inequality in R": if u,v € R", then (u'v)? <
(v'u)(v'v) with equality iff u = cv for some real number c¢. Now extend
this as follows: if ¥ is positive definite and x,y € R"™, then

() = (SV)(57%) < (@ Da)(y's )
with equality iff £1/2z = ¢212y; ie. iff x = X1y,

Now consider X, a random vector in R", with F(X) = 16 and Cov(X, X) =
E[(X - EX)(X - E(X))] =%, where1 = (1,...,1) € R". A linear
estimator o’ X = oy X7 +...+a, X, is unbiased for 6 iff § = E(o/X) =
dE(X) = (/'1)8 for all 6; i.e., iff @'l = 1. The variance of /X is
Var(o/ X) = o/ Xa. To find the best such estimator, we must find

min{a/Ya : o'1 = 1}.
But by the Cauchy-Schwarz inequality, if o’1 = 1, then
oYa>1/(1'S711)

with equality iff & = ¢X~'1. The condition a/1 = 1 then implies that
c = 1/(1’S711), so the optimal a is ag = £ 711/(1’27'1), and the
optimal linear unbiased estmator is af X = (1'S71X)/(1'27'1) whose
variance is Var(apX) = 1/(1'S711).

The solutions to 1.2, 1.3(a), and 1.3(b) now follow:

1.2: In this case ¥ = 021, so ap = 1(1/0?)/(1'11/0?) = 1(1/n).
1.3(a):  The inverse of the matrix diag(1/¢;) is just diag(c;). This
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implies that op X = (3] @:X;)/ (37 @) and Var(opX) = 02/ ¢;.
1.3(b): The inverse of the matrix with 1 on the diagonal and p off the
diagonal is of the form a in the diagonal entries and b in the off-diagonal
entries for some a,b. Hence X711 = 07%(a + (n — 1)b)1, which leads
to 'YX =0 2(a+(n—1)0)(X;1+...+ X,), and 'Sl =0 2(a +
(n — 1)b)n. Hence we find that afX = Y 7 X;/n. But X1 = o%(1 +
(n—1)p)1,s0 1 =0?(1+(n—1)p)X"'1=(1+(n—1)p)(a+(n—1)b)1,
and hence [a + (n — 1)b] = [1 + (n — 1)p]~'. Therefore

2

Var(agX) = %[1 + (n—1)p] {

>o?/n if p>0
<o?/n if —1/(n—1)<p<0

[Note that if p < —1/(n — 1), the matrix ¥ of this form is not a
covariance matrix!

. Bonus problem 1: Let X = (0,1), Y = (0,1), both equipped with
the Borel sets and Lebesgue measure. Let

for (z,y) € (0,1) x (0,1).

Show that:
fo fo z,y)dy)dx = /4.

fo fo z,y)dz)dy = —7 /4.
( ) Why does Fubini’s theorem fail here?
Solution: (a) It is easily seen that

1

Y 1 1 1

) dy = = -0 = —F,
/Og(xy)y 2+ 12 ly=o0 (1“32 ) 1+ 22

and hence

1l 1
1
/0 (/0 9(z, y)dy)dx = /o g xde = arctan(x)|j = 7/4.

(b) Similarly,
1 x 1 1 -1
do = ——"——| =-— V) =i
/0 g(x,?/) € 22 + 92 le=0 (1+92 > 1+y27




and hence

Al(/olg(x,y)dy)dx = —/01 ! dy = — arctan(y)|s = —7/4.

1492

(c) It is clear that the hypothesis g € Ly (A x A) fails in this example; if
it held, the two iterated integrals in (a) and (b) must be the same by
the Fubini part of the Fubini-Tonelli theorem. To see that g ¢ Li(puxv)
directly, note that the function g is non-negative on the set 0 < y <
x < 1, and non-positive on the set 0 < x <y < 1. Thus

1 1
/ / g, y)|dwdy = / / o(a, y)dedy + / / — gl y)dady.
0o Jo {0<y<a<1} {0<z<y<1}

where, by the Tonelli part of the Fubini-Tonelli theorem

//{OSysxg}g(x’y)dxdy - /01 (/ylg(a:,y)dx> dy

By symmetry it follows that

{0<z<y<1}

and hence we have [ [|g(z,y)ldzdy = oco. Thus g ¢ Li(A X ) on
0,1] x [0,1].

. Bonus problem 2: Suppose that X ~ F on R = [0,00), Y ~ G
on R, and X and Y are independent random variables. Let Z =
min{X,Y} = X AY and A = 1{X <Y}. (This is right-censored data:
if we view X as a survival time, and Y as a censoring time, then Z = X
when X <Y, but Z=Y when X >Y.)
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(a) Find the joint distribution of (Z, A).

(b) If X ~ Exponential(A) and Y ~ Exponential(u), show that Z and
A are independent.

[Hint: for (a), compute P(Z < z,A=1) and P(Z < z,A =0).]
Solution: (a) Since Z =min{X,Y} =X AY and A = 1{X <Y}, it
follows that

Hoz) = P(X<2X<Y)= /[0 (1= Gle)ar @),

and
Hi:)=P(Y <X >Y) = /[O (1= F)ac).

These two sub-distribution functions completely determine the joint
distribution function H of (Z, A) since

0, if 6<0,
P(Z <z, A<§) =< H.z), if 0<o<1,
He(z)+ Hue(2), if 1<d<oo.

Note that
1—H.z2)—Hy,=P(Z>z)=(1-F(2)(1—-G(2)),
so the marginal d.f. of Z is
H(z,1) = H.(2) + Hye(2) =1— (1 = F(2))(1 — G(2)).
(b) When 1 — F(z) = exp(—Az) and 1 — G(x) = exp(—pzx), then
1= H(z,1) = (1= F(2))(1 - G(2)) = exp(=(A + p)z),

while )
PIA=1)=P(X<Y)=H, =
(A=1)= P(X £¥) = (o) = 5

so Z ~ Exponential(A + p), A ~ Bernoulli(A/(A + p)). Furthermore,

H,.(z) = /0 e M e M dx = ﬁ (1 —exp(—(A+p)z))

H.(z) = /0 e M Ne M dy = )\i—u (I —exp(—=(A+p)z)) ,

so that Z and A are independent in this case.



