STATISTICS 581:
Day 1 Quiz Solutions, Fall, 2010

1. State the (classical) Central Limit Theorem.
Solution: If Xi,..., X, are i.i.d. with E(X;) = p and Var(X;) = 02 < oo, then

VX, — ) —=q Y ~ N(0,07).

That is,

P(Vn(X,—p) <z)—= P(Y <z)=PlcZ <x)=®(x/0)

where Z ~ N(0,1) and P(Z < 2) = ®(z) = [*__(2m) 2 exp(—t?/2) dt
2. State the weak law of large numbers.

Solution: If X;,..., X, are i.i.d. with F|X;| < oo, then

Xo=n"> Xi—,p=E(X))

i=1

3. Suppose that X has density f(z) = 227°1 «) ().

(a) For what values of r € R is it true that E(X") < co?

(b) For the values of r for which the expectation is finite, compute it explicitly.
(

c) If Xy, Xs,... are i.i.d. with the same density as X, does the law of large numbers

hold?

(d) If Xy, Xo,... are i.i.d. with the same density as X, does the central limit theorem

hold?

Solution: (a) We compute

00 o 5
E(Xr> = / xrf<l’)dl’ = / 21'T_3d1‘ — 2$T_2|(1>o
1 i r—

2 if r <2
= 1 .
2—r "

Thus F(X") < oo if r < 2.

(b) The computation in (a) gave EF(X") =2/(2 —1).
(¢c) The WLLN holds since E|X| = E(X) =2 < 0.
(d) The central limit theorem fails since F(X?) = co.



4. Define what is meant by:
(a) X, converges in distribution to X for random variables X and X,,, n > 1.
(b) X, converges in probability to X.

Solution: (a) X, —4 X if
Fx, (r)=P(X, <z)— P(X <z) = Fx(x)

for all z € Cp,, the set of continuity points of Fly.
(b) X, —, X if
P(lX,—X|>¢) —0 as n— 0
for every € > 0.
5. Suppose that U is a random variable with a Uniform(0, 1) distribution. For each
integer n > 2 define X, = nljg 1/, (U).
(a) Does X,, —4 X7 (If so, identify the distribution of the limiting variable X.)
(b) Does X,, =, X? (If so, identify the limit variable X.)
(c) Compute E(X,). Does it converge to E(X) for some X7

Solution: (a) & (b) X,, =, 0 = X. To see this, let ¢ > 0. Then
P(|X,| >¢) < P(U<1/n)=1/n— 0.

Since X,, —, 0, we also have X,, —4 0.

(c)

E(X,) = E{nlpim(U)} =nElp/mU)
nP(U <1/n)=n(1/n)=1.

Thus E(X,) — 1 # 0= E(X) where P(X =0) = 1.

6. Suppose that X1, ..., X,, ... are independent and identically distributed Exponential(6)
random variables (i.e. P(X > z) = exp(—0x) for x > 0). Let T,, = X7 + ... + X,,.

(a) What is the distribution of 7,,7

(b) Does X,, = n~'T,, —, something? If so, what is “something”?

(c) Does /n(X, — p) —4 something? If so, what is “something”?

(d) What is the Cramér-Rao bound for unbiased estimators of p?

Solution: (a) 7, ~ Gamma(n,6).
(b) First, for any r > 0

E(X") = /0 "0 exp(—0x)dr = 9’”/0 tretdt =07 T(r + 1).

Thus for r = 1 we have E(X) = 07'T'(2) = 0!, and for r = 2 we have E(X?) = 07°'(3) =
2072, Hence it follows that

Var(X) = E(X*) - E(X)* =202 — (07" =02

(¢) From the WLLN X,, —, E(X;) =671
(d) From the CLT, -
VX, — 071 =4 N(0,672).
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(e) p(z;0) = G exp(—0z)1 ) (z), sO
log p(z;0) = log 0 — Oz,

and . )
19(1’) = 9_1 — X, lg’g(x) = —9_2.

Thus the information for 6 (in a sample of size = 1) is I(f) = 672, and the information
lower bound for unbiased estimators of 6 is 1/(nI(0)) = 6*/n.



