Statistics 581, Problem Set 7 Solutions - Corrected
Wellner; 11/17/2010

1. Suppose that Xi,..., X, are i.i.d. with the Weibull distribution Fy given by
1 = Fy(z) = exp(—(z/a)’), >0

where 6 = (o, ) € (0,00) x (0, 00).
(a) Find the inverse (or quantile function) F, '(u) corresponding to Fy in terms of
a, 8, and u € (0,1), and show that

1 1
log Fe_l(“) =loga + B log log (m) .
(b) Fix r € (0,1/2) and s € (1/2,1) Use the r—th and s—th quantiles of the X;’s,
namely F,'(r) and F,'(s), to obtain simple consistent estimators ¢, and 3, of «
and . Prove that your estimators are consistent.
(c) Prove that your estimators &, and (3, satisfy

~

Gy —
ﬁn - 6
and identify ¥ as a function of «, [, and . A

(d) How would you choose r and s to minimize the asymptotic variance of 3,7

N ( ) —q No(0,%)

Solution: (a) Since 1 — Fy(z) = exp(—(z/a)”), it follows we can solve Fy(z) = u
for z = F; ' (u). This yields

Fyt(u) = a(~log(1 —u)'/?,

1 1
—100 1 L
log Fy " (u) = log o + 5 log log (1 — u) . (0.1)

(b) Since we can estimate F, '(r) and Fj, '(s) respectively by F,(r) and F,(s)
respectively, the relationship in (0.1) suggests that we estimate a and [ as the
solutions & and S of the pair of equations

1
logF, ' (r) = log & + E loglog1/(1—r), (0.2)
1
logF, ' (s) :logol—i—éloglogl/(l —5). (0.3)
Letting A, = loglog1/(1 —r), and By = loglog1/(1 — s), we find that

1B = - (logF; (s) ~ log ;' ()

= a,slog Fgl(s) —a,slog F;l(r)
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and

Ly Bs —
loga = B A log F,, ' (s) + B A log I (1))
= ¢ 5log Ft(s) + d,slog F-t(r)
where
= 1 =_-A d..=B
Qps = Bs — Ar’ Crs = rQr.s r,s = Dglrs -

Since (F;1(r),F;1(s)) —as (Fy'(r), F,'(s)), It follows easily by the continuous
mapping theorem that

1 1
E —ra.s. Qr 5108 Fgfl(s) — a,5log Fe’l(r) = B ,

and
log & =45 ¢ 5log Fe_l(S) +d, slog Fe_l(r) =loga,

and hence by the continuous mapping theorem, (&, ,5’) —as. (a, ).
(c) First, we know that

F,\(r) - F(0) N
Vi Ea(  ale) ) a2 20

where

27“1(;:11”) F_lr(lfsl)w_1

- f ﬁ(l_sgr)) I (5?1){(5) (s)) .
FIEZH) f(F~1(s)) fAF=1(s))

This implies that

logF 1 (r) — log F~1(r)
vn ( loglF, 1 (s) —log F~1(s)

b= ( Y yrh) ) |

) —4 DZ ~ Ny(0, DX.DT)

where

Hence it follows that

\/ﬁ( 1/8—1/8 )

log & — log v

B logF 1 (r) — log F~1(r)
= Myn ( logF1(s) — log F~1(s) )

—4 MDZ ~ Ny(0, MDED"MT).

—Qrs Ors _ —1 1
M= ( dr,s Crs ) B @r,s( Bs _AT ) '

where



Finally, with g(z,y) = (91(2), 92(¥)), 91(x) = 1/z, g2(y) = expy, we find, by the
delta-method, that

ﬁ(?—ﬁ)

a—

—q VgMDZ ~ Ny(0, VgM DD M*Vg")

_p2
Vg:( OB 2)

We begin combining all this by noting that DX D? involves the function

s = afls(20)) 2 (le(1)) T a-w

— B(1—u)log (ﬁ) = fBg(u)

where

at the points u = r and u = s. Computing DX.D7? yields

7‘(1—;’) r(l—s) cll(r 5) 012(T S)
N R T G i A B

g(r)gls)  g(s)? cra(r,s) caa(r, s

Since the matrix M just depends on 7, s, we find that the matrix

_ dii(r,s) dia(r,s)
MDEDTMT — 2 2 11\7") 12\7,
ar,s ( dlg(r, S) dgg(?", S) ’

where

dir(r,s) = cii(r,s) — 2c12(r, s) + caa(r, s)
dio(r,s) = Bs(cia(r,s) — c11(r, s)) — Ap(coa(r, s) — c12(r, 8))
dys(r,s) = A?cm(r, s) — 2A,Bgcya(r, s) + Bzcn(r, s).

Thus we conclude that the asymptotic covariance matrix of (/3’ , &) is given by

2dyi(r,s)  —ady(r, s)
v MDZDTMTV T — 2 ( 6 11\/ 12\7, ]
g g Ur,s —adya(r,s)  (a/B)*des(r, s)

(d) The asymptotic variance of /3 is
B%az dy(r,s) = B (e (r, s) — 2c12(r, 5) + caa(r, 5)) azys .

This is minimized by r = ry ~ .1704, s = sy ~ .97, and the minimum value is
B2(.917) > [2(6/72). This ad-hoc estimator § based on quantiles is inefficient;
its asymptotic variance (for any value of r,s, including the minimizing g, sq) is
larger than the best possible asymptotic variance, which is 5%(6/72) as we will see
in Chapter 3. In fact the ARE when r = rq and s = s is (6/7%)/.917 = .663)

The asymptotic variance of & is
(04/6)2@375(122(7’, 5) = (a/B)? (B?cn(r, s) — 24, Bscia(r, 8) + BZeg(r, s)) )
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This is minimized by r = ry ~ .398, s = sy ~ .82, and the minimum value is
(a/B)?(1.359) > («/B)?(1.11). This ad-hoc estimator & based on quantiles is also
inefficient; its asymptotic variance (for any value of r, s, including the minimizing ro,
so) is larger than the best possible asymptotic variance, which is about (c/3)%(1.11)
as we will see in Chapter 3. For the estimator based on the optimal rg, so (for a!),
the ARE is ~ 1.109/1.359 = .816

. (a) Compute and plot the score for location, —(f'/f)(z) when:

A f(z) = ¢(z) = (2m) Y2 exp(—2?/2), (normal or Gaussian);

B. f(z) =exp(—x)/(1 + exp(—x))?, (logistic);

C. f(z) = 1 exp(—|z|), (double exponential);

D. f =tk, the t—distribution with k& degrees of freedom;

E. f(z) = exp(—z)exp(—exp(—z)), Gumbel or extreme value.

(b) Compute I; = [(f'(x)/f(z))*f(x)dz, the information for location, for each of

the densities in (a).

Soluton: (a)

A. For f(x) = (2m) Y2 exp(—2?/2), it follows that log f(x) = —2%/2 + constant so
that (— '/ F)(#) = &, —1 — a(f// )(z) = * — 1.

B. For f(x) =e /(14 e )2 log f(z) = —x — 2log(1 + %) and

— " (x) =
f 1+e’
while ) -
—1—xf7(x):x1_|__€_ —1~z|—=1 as |z| = 0.
e T

C. For f(z) = 27  exp(—|z|),

log f(z) = —|z| + constant,

and
f/ -1 r <0
—(z) = ¢ undefined xr=0,
/ +1 x>0
while
f/
—1—957(3:): lz] — 1, for  z#0.
1 1 3 F(%(k"’_l)) x2 —
D. For the t; distribution, f(x) = ey ﬁ(l + L)~ D/2)
k+1 x?
log f(z) = — log(1 4 —-),
2 k
and
_f’ _k+1 oz

()

f ko142



while ) 24
—1—xL(m):kx —
f

E. For f(x) = exp(—z) exp(— exp(—x)),

log f(x) = —& — exp(—x),

and ,
@) = 1-exwp(-a),
while ,
—-1- xf?(x) = —1+4+z(1 — exp(—21)).

Plots of these score functions for location are given in Figure 1. Note that they are
odd functions in cases A-D, which are all symmetric densities about zero. In case E,
corresponding to the asymmetric extreme value density, the score for location does
not have any obvious symmetry property.

Figure 1: Scores for location.

(b) A. In this case I} = [2?¢(x)dx = Var(Z) =1 where Z ~ N(0,1).
B. For the logistic density the information for location is

o= [ e - [ ere) - 1par)

—00 IT+e® 00

1
1
/0(u )du = 4Var(U) 3= 3

C. For the double-exponential density, [(—f/f)(z)]* =1, so I; = 1.
D. For the t — distribution with k& degrees of freedom, by using a change of
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variables and letting 7,. denote a random variable with the ¢ — distribution with
r degrees of freedom,

B < k+1, x? F(k—i—%) 1
(R +D(k+2)

= mvar(ﬂm)

B+ +2)k+4 k41
 (k+)k+3)EkE+2 k+3

since Var(T,) =r/(r —2) for r > 2.
E. For the extreme value distribution F(z) = exp(—exp(—z)) and therefore if
X ~ F, the random variable Y = exp(—X) ~ exponential(1):

P(Y >y) = Plexp(=X) >y) = P(X < —log(y))
= exp(—exp(log(y))) = exp(—y).

Since —(f'/f)(x) = —1 + €7%, it is easy to see that

Iy = E[—J%(X)]Q = Elexp(—X) — 12 = B[y — 12 = Var(Y) = 1.

. Consider the two parameter location-scale model

dP,
P={b: d—)\@:pg:ee@}

6
pg(l’) - 9i2f (x 02 1) )

and the (known) density f has a derivative f’ almost everywhere with respect to
Lebesgue measure \.

(a) Calculate the information matrix () for 6.

(b) For which of the densities in A-E of problem 1 is [;5(#) not zero?

where © = R x R™,

Solution: (a) The score for location is

b = o7 (57) )

and the score for scale is

. o 5' 1 ZL‘—¢91

w0 = sl (50}
. 1 f/ x—@l (l‘-el)
B _0_2_7( 0 ) 0




Thus we compute

(o) = ER) =5 [

o) = w00 = g [ (- EERE (R )) G () o

Ix(0) = FElL(X)(X) = I, (0)

. 1 f, T — 01 (.CI? — 91) f/
B 0_3/ _7( 02 ))(_1_ b f

2
1
= 02 Y (7(9)) fly)dy = 0_5112,f-

(b) Note that I1; = 0 for all symmetric densities f since y is odd while (f'/f)?f
is even. Thus I12(f) = 0 for cases A-D in problem 1, while I15(6) = 6’2’2]12#: # 0 in
case E. I calculate

Loy = /y(fT/(y)Yf(y)dy

= / y(—=1+e¥)e Vexp(—e)dy

[e. 9]

= — /Ooo(logv)(v —1)%ePdv=—(1-7)

where v is Euler’s constant. In fact this is related to I15 that we calculated already
for the Weibull family in Example 3.2.5 in the notes and in the first display at the
top of page 2 of the Handout on Gamma, Digama, and Polygamma.

. Suppose that X ~ Beta(cq, 5); i.e. X has density py given by

Da+8) .
Pl = M)
Consider estimation of : A. qa(0) = EyX. B. qp(0) = Fy(xo) for a fixed zg; here
(i) Compute I(0) = I(«a, #); compare Lehmann & Casella page 127, Table 6.1
(ii) Compute qa(0), ga(0), Ga(9), and ¢p(0).
(iii) Find the efficient influence functions for estimation of ¢4 and ¢p.
(iv) Compare the efficient influence functions you find in (iii) with the influence
functions 14 and vp of the natural nonparametric estimators X, and F,.(x0)
respectively. Do we have either 14 € P, while ¢ ¢ P?

Solution: For the Beta(o, 3) density:

I(a+5) o
I'(a)I'(8)

7

(1—2)" (), 0= (a,B)€ (0,00) x (0,00) =O.

po(z) = (1—2)" ().



Thus

logpg(z) = (o = 1) logz + (5 — 1) log(1 — z) +log I'(a + ) — log I'(e) — log I'(5),

and hence
la(x) =logz + ¢Y(a+ B) — Y(a),
I3(x) = log(1 — z) + ¥(a + B) — ¥(B).
Furthermore,
loa(7) =¥ (a + B) — ¢/ (a),
la/y’(x) = W(@ + 6)7
lﬁg(l‘) = W(oz + 6) - 77Z)/(6)
Hence

(W)=t h)  —d(ath)
1) = ( Wt B WB) - at ) ) ' (0.4)

This is positive definite for all o > 0, 5 > 0.
(ii). Now ga(#) = a/(a+ (), and

0 F(O[ + 6) xafl

— ) Vdx
Marp’ (7o

a5(0) = Po(X < 25) — /0

Therefore

T i g _ p ¢ —(a ~2(8 _q
B0 = (goang5) = (g~ aeg) = @+ 970 -a)

= Covy(X — Ey(X),l5 (X)),

while, with

ip(0) = ( Ey(1(0,00)(X) log X) + (¢h(a + B) — ¢(e)) Fy (o) )
Ep(L(0,40)(X) log(1 — X)) + (¢(a + B) = 9(8)) Fo(xo)

= Covo[(Lom)(X) — Folx0)), i§]-

(iii). The scores are given by

oy ((lal@) Y _( log(@) = (v(a) = vl + B))
ol = < ' ) - < log(1 — z) — (¥(8) — ¥(a + §)) )

and the information matrix is as given in (0.4) Thus

_I(Q) _ 1 ( w/(ﬁ)_w/(@_'_ﬁ) w(O‘—i_ﬁ) )
det(6) P (o + 3) P'(@) —¢'(a+ B)

where
det(1(0)) = (¢'(a) = ¢'(a+ B)('(B) = ¢'(a + B)) — ¥’ (e + B)?,
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and the efficient influence function for estimation of g4 is
la(z) = ¢a(0)" 1 (0)lo(x) € P

and hence is a (centered) linear combination of logz and log(1 — x). Note that
X — Ey(X) ¢ [ls] = P, and hence the sample mean is inefficient for estimation of
Ey(X) in this model. .
Similarly, Ip(x) = ¢(0)I~"(#)ls(2); unfortunately, this does not simplify much,
largely due to the fact that 1y ., (X) — Fy(xo) € [lg] = P.
(iv) The information bound for estimation of g4 is
“H(Plaa,P) = qal T (0)da
= (a+8)7(8,—a)
af
@t pPatp-1)
where the inequality holds since ¢4 (X) = (X — Ep(X)) ¢ P. Similarly,

71(P’q377)> = q.gjil(e)q.Ba

1 (w’(ﬁ)—w((wﬁ) V(a4 B)
detl(6) V(o + B) ') =Y’ (a+B)

= Vare(X)

which does not simplify appreciably because 1jo 4| (X)—Fy(xo) ¢ [lg] = P. However,
since we know that (g = II(1jg ) (x) — F(20)|P), it follows easily that

I(Plas, P) < Eg(Lpag)(X) — Fy(x0))* = Fp(wo)(1 — Fy(wo)):

i.e. it is possible to improve on the natural nonparametric estimators X,, and F,, (o)
of qa(0) = Ep(X) and ¢p(0) = Fy(xp) when the model holds. (If we had considered
qc(0) = Eglog(X/(1 — X)) or qp(0) = Eylog X, this story would change! It is also
an instructive exercise to consider the sub-model consisting of the beta densities
with a = 3.)

. Suppose that P = {P, : § € ©}, © C R is a parametric model satisfying the
hypotheses of the multiparameter Cramér - Rao inequality. Partition 6 as 0 = (v, )
where v € R and p € R¥"™ and 1 < m < k. Let | = [y = (ll,l2) be the
corresponding partition of the (vector of) scores [, and, with =1 (H)Z , the efficient
influence function for 6, let [ = (E,z;) be the corresponding partition of I. In both
cases, I3, [, are m—vectors of functions, and Iy, Iy are k —m vectors. Partition I (0)

and I71(6) correspondingly as
I Ly
1(0) =
(6) ( Iy Ipp )

where Iy is m x m, Lo is m X (k—m), Iy is (k—m) x m, Iy is (k—m) x (k—m).
Also write B
I74(0) = [[)i =12

Verity that:
A T = 11_112 where 111.2 = Ill - 11212_211217

9
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122 = 2_211 where 122,1 = ]22 — ]21]1_11]12,

' = —I1% o1

I = — N I I

This amounts to formulas (3) and (4) of section 3.2, page 14.
B. Verify that

ll = Illil + Il2l2 = ];112(l1 — 112]272”'2), and

E == I2li1 + 122Z2 == [ill(lg - IQljﬂlil).

Solution: A. This is just block inversion/multiplication of matrices:

Ill 112 Ill 112 _ 11_112 _11_1?211212_21 Ill 112
% Iy Iy — I Iy I Iypq Iy Iy
_ I (L — a1 o) I (Lo — Ip)

12_2?1(—]21 + 1) 12_2?1(—]21111112 + 1)

- ( Ident 0

0 Tdent ) = Identity.

by using the definition of ;1.5 and 9.
B. This follows immediately from the formulas for /' and I'? by just plugging
into the formula 1; = I''1; + I'*21, for 1;:

L, = IgLl — I551.05M,

I35 (4 — LIty = I

Similarly,

L, = —I I ' + 1541,
— 12511(12 - 121[;11]1) - 12311]; .
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