Statistics 581, Problem Set 6 Solutions
Wellner; 11/3/2010

1. Suppose that X, X7, Xo, ..., X, are i.i.d. with exponential(1/6) distribution given
by 1 — Fy(z) = exp(—x/6), v > 0. Thus the density of X is f(x;0) =
(1/6) expl(—/6) g (1),

(a) Let M, =T, *(1/2) be the sample median. Find a constant ¢ so that cM,, —, 6,
and then show that v/n(cM, —0) —4 N(0,0?) for some o2 and find o2 in terms of
0.

(b) Do the same with M, replaced by the p—th sample quantile F !(p) where
0 < p < 1. Find p which minimizes the asymptotic variance.

Solution: (a) First note that F,'(t) = @log[l/(1 — t)] and hence M, =
F-1(1/2) —as F;'(1/2) = Olog2. It follows that F;* (1/2)/10g2 —as 0, and
thus ¢ = 1/log2 works. Furthermore, since Q'(1/2) = 1/fo(F,'(1/2)) = 26, it
follows that

V(F N (1/2) = FyH(1/2)) —a Q' (1/2)N(0,1/4) = 20N(0,1/4) = N(0,6%)
and hence
V(M — 8) —a eN(0,6%) = N(0,26%) = N(0,6%/(log 2)?).
B. When we use F;!(p) for p € (0, 1), then we have
Fo () —as. Fy '(p) = 0log[1/(1 = p)],

so with ¢ = ¢, = —1/log(1 — p), ¢,F; 1 (p) —as. 0. Since Q'(p) = 1/ fo(F,; " (p)) =
0/(1 — p), it follows that

VAE, ()7 0) = @ IN(O,p(1-) = N0 p(1-p) = N (0.2
and hence

V(o F, (p) =0) = ¢vn(F, (p) - F; ' (p))

—a N (0921—p> N(Oczezl_p>

_ 2 p — 2772
- N (0’9 (1= p)log(1 —p>>2}> = N0.6V)).

The function V?(p) is minimized by p ~ .797... = py and the minimum value is
V2(py) ~ 1.544 < 1/(log 2)? ~ 2.08....

2. Suppose that X;,..., X, are i.i.d. with distribution function F' which has positive
density f at its quartiles F~*(1/4) and F~'(3/4) and at its median F~'(1/2).
(a) Let Qn = (X(3nya) + X(nja))/2 = (F,*(3/4) + F,*(1/4)), the mid-quartile range.



Find the asymptotic distribution of ), as an estimator of the population mid-
quartile range Q = Q(F) = (F~'(3/4) + F~1(1/4))/2. That is, prove that

Vn(Q, — Q) —q “something”

and find “something”.

(b) Assuming that the underlying distribution is Cauchy(u, o) (X = oY + u where
Y ~ Cauchy(0, 1)), compare the variances of the mid-quartile range @, and the
median M, as estimators of u.

Solution: (a) First, note that

Qu = (B (1/4) 4 B (3/4)) = (P01 /4) 4 P (3/4) = Q.

Furthermore

\/ﬁ( F,1(1/4) - 1;:1(1/4) ) L ( Q’(1/4)IU§1/4§ ) ~ Ny(0.5)

where
$_ ( @ (1747 {Q(1/4)Q'(3/4) >
1@ (1/)Q(3/4)  {Q(3/4)? ’
Thus
Lop FoH(1/4) — F7H(1/4)
\/E(Qn -Q) = §l \/ﬁ( F;1(3/4) _ F_1(3/4) )
S —5(Q /U4 + Q'(3/4)U(3/4)
~ N(0,V?)
where
v = p{Qumrd vamesng s @enrs )

= {3/ +2Q(/Q 3/ + 3 (3/47)

(b) If F(z) = Fo((x —pu) /o), where Fy(x) = (1/m)(arctan(x) +7/2) is the standard
Cauchy (0, 1) distribution function, then

FUE) = oy (t) + 4
where F, !(t) = tan(w(t — 1/2)) from problem 5.2. Furthermore
1, _ 1, _
Q=5 (F(3/4) + FH(1/4) = n+ o5 (Fy (3/4) + Fy ' (1/4) =
by symmetry of the Cauchy(0,1) distribution about 0 (so that F,'(1/4) =

tan(r/4) = —tan(—n/4) = F,*(3/4)). Note that Q'(t) = cQ)(t) where Q)(t) =
7/ cos?(m(t—1/2)). Also note that Qy(1/4) = Q(3/4). Thus V? in part (a) becomes

Ve o= é {3Q0(1/4)° +2Q5(1/9)Q0(3/4) + 3Q5(3/4)°}
= o {805(1/97)

= g —

2



using Q(1/4) = 7/(cos(m/4)* = 2. On the other hand, the median F~!(1/2) = p,
and )
1

VM, = ) =4 N(0,0°Q4(1/2)°7) = N(0,0° ),
so the asymptotic relative efficiency of the mid-quartile range with respect to the
median for estimating the parameter p in the Cauchy(u,o) family is 1/2. [As
discussed in chapter 3, section 2, example 2.2, since the Cramér-Rao bound for
estimation of y in the Cauchy location family is 202 (or 20°/n depending on how
one states the bound), the asymptotic relative efficiency of the median with respect
to the asymptotically best possible estimator is 202/(0?(7%/4)) = 8/m* = .81....]



