Statistics 581, Problem Set 4 Solutions
Wellner; 10/27/2010

1. Suppose that Xi, Xo,... are iid. (u,02) with gy < co. Let X,, = n 13" X,

and S2 = (n — 1)7'>°" (X; — X,,)? be the sample mean and sample variance

respectively.
(a) Show that

where

o’ M3
ps py—ot )’

(b) Suppose p # 0. Use (a) to find the limiting distribution of the sample coefficient
of variation C,, = S,/ X ,; i.e. show that /n(C, —¢c) —4 N(0,V?) with ¢ = o/
and find V2.

Solution: (a) Since S2 =n"'>"" (X; — u)? + 0,(1//n), we have

G(528) = w0
—a Z ~ Ny(0,%)

by the multivariate CLT where ¥ is as given above.

(b) The function g(u,v) = /v/u is differentiable at points (u,v) with v # 0,
and the derivative is Vg(u,v) = (—u=2/v, (1/2)v™2u~!) so that Vg(u,o?) =
(—p%0,(1/2)c ™) = (o/u)(=1/u, (1/20%)). Hence it follows from the delta
method (¢’ theorem) that

V(Cp—c) = Vn(g(Xy, S2) — g(p,0”))
—a4 Vg-Z~N(0,Vg'EVyg)

and it is easy to calculate that

2 1
V¢IEvg = 02{0—— i +—(1+E)}

w? 2uo? 2 2
1
= A —cy+ 5(1 + %))

where v, = pz/03. Note that when the X;’s are normal (so 71 = v, = 0), this
reduces to c(c? +1/2).

. (a) Suppose that N, ~ Multi(n,p) and p = N, /n. Suppose that the true p is
p, =P, +n~12¢ where 17¢ = 0. Use the Cramér - Wold device together with either
the Liapunov or the Lindeberg-Feller CLT to show that

7 — <Nn,l — NPni Nnk - npn,k>
- Vibor | /MDok
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satisfies Z,, —q Z where Z ~ Ny (0,1 — \/poy/Po" )- (It therefore follows, as outlined
in class, that the chi-square statistic Q, —4 x7_,(0) with § = Zle ¢?/po,; under
the local alternative p .)

(b) (Ferguson, A Course in Large Sample Theory, page 65.) In a multinomial
experiment with sample size n = 100 and 3 cells with null hypothesis Hj : P, =
(.25,.5,.25), what is the approximate power at the alternative p = (.2, .6,.2) when
the level of significance is a = .057 « = .01? How large a sample size is need to

achieve power 0.9 at this alternative when o = .057 a = .017

Solution: (a) We argued heuristically in class that when the true p = p =
P, + cn~'/2, then

(1) Z,, = diag(1//p)n'*(p — p,) = Z+d ~ Ni(d, 2)

where d = diag(1/,/p,)c and ¥ = I —  /p,,/p,’- To prove that (1) holds, we can
use the Cramér-Wold device and the Liapunov CLT. Fix a € R¥. Then we want to
show that

a’/n(@, —p,) —a N(0,a" (diag(p,) — p,p, )a) -

But since N,, = >, V,,; where V,,; ~ Multy(1,p ) are i.i.d. for each n, we can
write

n k
V@, —p) = Y. a(Vaiy—pui)/vn

n n
i=1 j=1
n
=1

where the X,,;’s have p,; = F(X,;) =0,

o2 =Var(X,) = QT(diag(]_on) — EnB:)Q/n

and
k k ,
i = E|Xpl> =n7? Z { aj (1 — pnyr) + Z a;(0 = pnj) }pnj/ ;
i'=1 5 G=1
so that
on = o =d (diag(p,) —p,pH)a —a"Sa
1
while




where

M(a,p) = {‘ > a;(1=po;) + > a;(0 — poj) 3}poj"

j=1 U j=1 j=1
hence it follows that ~,/ od/? = 0, and

a’y/n(p, - p,)

On

= 22:0_1 —d N(O, 1) .

This implies
a"n(@, —p ) —a N0,a"Xa),
and by Cramér - Wold, this implies
(b) Now
120, _ — _ —10(— _ —(— _
n=(p Bo) =10((.2,.6,.2) — (.25,.5,.25)) = 10(—.05,.10, —0.05) = (—.5,1, —.5),
so the non-centrality parameter is

(5)2 12 (5)?
s 241 =4,
.25 + .5 + .25 Tt

Thus the approximate power via y3(6) is

5:

P(x3(4) > x2.05) = P(x3(4) > 5.991) = 0.415427,  when a = .05,
and

P(x3(4) > x2.01) = P(x3(4) > 9.210) = 0.203948  when a = .01,
Now we want to find n so that

P(x3(6,) > 5.991) = .90

B (.05 (1) (.05)*\
5"‘"{ 2% 5 2 )_"/25’

In this case we find that d,, = n/25 = 12.6539, so that n = 25-12.6539 ~ 316. When
a = .01 we find that ¢,, = n/25 = 17.4267 so that n = 25 - 17.4267/(.04) ~ 436.

The alternative approximation to power that we derived in class is

P@Qn>Xi1a) = Po(vVn(n™'Qu—1q) > vVn(n 'xi_1 0 —q))
= P (N(0,d"Ad) > V/n(n™'x}_1 . — 0))
= 1=(V/n(n "Xi_1, — )/ Vd Ad)

where

where d = 2diag(1/po)(p — po), A = diag(p) — pp”, and ¢ = 35, (p; — pjo)?/pjo- In
the present case I calculate ¢ = 1/25, d = .4(—1,1,—-1)7 = (2/5)(—1,1,—1), and

1 4 -3 -1
A = diag(p) — pp’ = % -3 6 -3
-1 -3 4



so that df Ad = 4 - 24/5*. Thus the approximation becomes

Py(Qu 2 X3,0) = 1= ®(Vn(n"'x3, — 1/25)/(2V24/5%)).

When I calculate I get

Py(Qn 2 X3.05) = 1 = @(Vn(n™'x3 o5 — 1/25)/(2v24/5%)) = 0.30568
Py(Qn 2 X3.05) = 1 = 2(Vn(n'x3 o1 — 1/25)/(2v/24/5%)) = 0.0918505,

which are both somewhat lower than suggested by the non-central chi-square
approximation. A Monte-Carlo study not shown here shows that the non-central
chi-square approximation is quite accurate in this case. I suspect that the fixed
alternative limit theorem and resulting normal approximation to power will do better
for more extreme alternatives with a larger number of cells, but I have not carried
out a thorough study.

. Suppose the same set-up as in the chi-square testing situation considered in lecture
in class but now, for testing Hy : p = p, versus Ko : p #+ p, instead of the chi-square
statistic ), consider the test statistic given by

k
Hy =40y (Vhi = Vpo)’
i=1

The statistic H2 is 4n times the square of the Hellinger distance between pandp,.

(a) Find the limiting distribution of H? under the null hypothesis H,.

(b) Find the limit of n~'H? under fixed alternatives p # p  in Ko, and use this to
show that the test based on H? is consistent against Kj.

(c) Find the limiting distribution of H2 under local alternatives p, =Dp,+c/vn,
and use this to approximate the power of this test. Compare the (local asymptotlc)
power of this test to the chi-square test.

Solution: (a) Let Z,, = \/ﬁ(@n—g_oo) Then Z,, —4 Z ~ Ni(0,X) with ¥ = diag(p, ) —
p,pg - Thus, by the delta - method,

Y, = 2/ul(/b,— /B
—q diag(1/\/B)Z =Y ~ Nu(0,1 = /5, /o)
Hence, by the continuous mapping theorem,
72 =YTY, =, YTY.

It remains to answer the question: what is the distribution of Y7Y? This goes
just exactly as in the case of the limit for the chi-square statistic ¢),,. Let I" be an
orthogonal matrix with first row /Dy Then

0 0



which has first coordinate 0, and the remaining £ — 1 coordinates are iid N(0,1).
Further, I'’T' = I and hence

Y'Y =Y'T'TY = TY)"(TY) ~ xi_;-

Thus H? =4 Y'Y ~x?_,.
(b) Under fixed p # Py Pn —as. p- Hence by the continuous mapping theorem

k 2
nUHY = 4y {\/ﬁ_j— \/PjO}
j=1

k
“as. 4D (VP ~ VPp)’

Therefore, under p # py, H> —,.5. 0, and hence
PP(HZ Z Xzfl,c) — 1.

(c¢) Under local alternatives, Liapunov’s CLT, the Cramér - Wold device, and the
delta method, yield

Y, = 2val/b, - B) +2Vily/B, — /)
—q Y +diag(1/,/p)c
= Y+upu

~ Nl I = /po/po' ).

Now with I' as in part (a)
(Y 4+p)=TY +Tpu)=TY +>

where the first coordinate of b is 0. Thus I'Y + b has first coordinate 0, and the
remaining k — 1 coordinates are independent N(b;,1). Hence

Y +p)' Y +p) = Y +5)"(TY +b)
~ X (0'h) = Xz—1(z ¢ /pio)

J=1

Thus the local asymptotic power of the test based on the Hellinger statistics H? is
the same as that of the chi-square statistic ),,.

. Suppose that YV; = a+ 0'(z; —T) + ¢, i =1,...,n, where ¢; ~ (0,0?) are i.i.d. and
the x;’s are known vectors in R*. Equivalently, Y = X B + € where



so that X is an n x (k + 1) matrix. Let é be the least squares estimator of § =
(a,0"); i.e. @ = (XTX)'XTY. Suppose that n™*(X?X) — D where D is positive
definite.
(a) What additional condition(s) do you need to impose to prove that

Vi(Bn = B) =4 Nis1(0, “something”) ?
(b) Find “something” in part (a).
Solution: (a) Let a € R*. Now

~

B = (XTX)'XTy
= (XTX)'XT(XB+e)
= B+ (XTX) X e,
SO
V(B = B) = Vn(XTX)"' X e = Bye
where B, = /n(XTX)'XT is a (k + 1) x n matrix. Thus

a"'(Vn(B—-8) = a"Bue=1ble
=1 =1

where bI = a’ B, is an 1 x n vector. Now we compute
tni = E(Xpi) = b - 0, o2, = Var(X,;) = b>0%,

and hence, using the hypothesized convergence of n ! X7X — D in the last line,
n
o2 = o? Z b2, = a*blb,
i=1

= o%a"B,Bla = no*a” (XTX) M (XTX)(XTX) ta
c?a"(n ' XTX) " a — o*a’D'a=V?*(a) >0
since D is nonsingular. To establish asymptotic normality of a” (v/n(3 — B))/oy, it
remains to verify the Lindeberg condition: namely

1 n
2) — 2 E Xl x o} — 0

n =1

for every 6 > 0. But, as we have seen before, this holds if

(3) max lbil >0 as  n—o0:

the left side of (2) is bounded as follows:

1 n
— Z biiE {6%1[|51|>(5U'n/‘bniﬂ }
=1

n ;_—

1 2
< ;E {611[|51\>50n/max1§i§n \bmﬂ}
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by (3), E(e?) < oo, and the dominated convergence theorem. Thus it follows from
the Lindeberg-Feller CLT that

" (Vn(B = B)) /o —a N(0,1),
and since 02 — o2a’ D7'a, this implies that
o’ (V(B = B)) =4 N(0,a" (6*D ")),
which in turn, via the Cramér-Wold device, implies

V(B = B) —a Njs1(0,0°D71).

. Suppose that N, = (N1, Nia, Noy, Nag) ~ Multy(n, p) where p = (p11, p12, po1, P22)
where 377, 232:1 pij = 1. (Thus IV, is the sum of n independent Multy(1, p) random
vectors {Y;}I;.) Since there are really just three independently varying parameters
for this problem, it is often useful to re-express the cell probabilities in terms of two
marginal probabilities, say p;. = p11 + p12 and p.; = P11 + po1, and 1, the log of the
odds-ratio, defined by

(4) b = log Pa1/Paz — 1o P12D21 '

p11/pi2 P11P22

You may use the fact that ¢ = 0 if and only if independence holds for the 2 x 2
table (i.e. p;; = pip; for i, =1,2)

(a) Suggest an estimator of v, say .
(b) Show that the estimator you proposed in (a) is asymptotically normal and

compute the asymptotic variance of your estimator.

Solution: (a) An obvious estimator of 1 is

1; _ log ]/9\122/9\21
P11D22

where p = N/n.

(b) Now b= 9(p) where g(p) is given in (4) and is differentiable with derivative
Vg(lj) = (=1/p11,1/p12, 1 /D21, —1/p22)

and, by the multivariate CLT,

V(P —p) = Z ~ Ny(0,%)
where ¥ = diag(p) — pp”. Thus the delta method (or ¢’-theorem) yields
Vi —v) = Vag(®) - g(p))
—a Vg(p)Z ~ N(0,Vg"'EVg) = N(0,V*(p))

where ) ) ) )
Vip)=—+—+—+—.
- P11 P12 P21 P22



6. Optional bonus problem 1: This is a continuation of problem 5 above. One
standard test of independence in the 2 x 2 table is the test based on a Pearson-type
chi-square statistic.

(a) Write down the chi-square statistic @, for this problem, state its asymptotic
distribution under the null hypothesis, and explain briefly why the claimed result
holds.

(b) Suppose that the alternative hypothesis holds. Show that under the alternative
hypothesis n~'Q,, —, some constant ¢ and compute ¢ as explicitly as possible.

(c¢) Find the asymptotic distribution of @, under local alternatives of the form

Un = tn2 ie p = (P1an, Prams Pavn, Paan) = Py + cn” /2 where

o = log (M) 0

P11,0P22,0

and 1'c = 0.
(d) Suppose that n = 30, a = .02, and the true p is p = (.3,.2,.1,.4). Give an
approximation to the power of the chi-square test at this particular alternative.

7. Optional bonus problem 2: Suppose that (X;—p)/o,¢=1,...,mand (Y;—v)/T,
j=1,...,nareiid (0,1, uy < 00) (thus 7, is the same for the two populations), and
let S% and S% denote the sample variances of the X’s and Y’s respectively. The
classical F'—test based on the assumption that all the standardized X’s and Y's
are N(0,1) rejects Hy : 7 < o in favor of Hy : 7 > o if F = 5%/5% > F 1m-1.0-
Assuming that m/N — X\ € [0,1] as m An — oo where N = m + n, find the true
asymptotic size of this test for non-normal X’s and Y'’s as above.



