Statistics 581, Problem Set 10 Solutions
Wellner; 12/10/2010

1. (a) Ferguson, ACLST, page 139, problem 3: Let X3,..., X, be a sample from a
mixture of gamma distributions:

f(2]0) = {(1 = )™ + re™*}1(0,00) ()

where 0 < 6 < 1. What is the estimate of 6 given by the method of moments? What
is its asymptotic distribution? Show how to improve this estimate by one iteration
of Newton’s method applied to the likelihood equation.

(b) What if Ferguson’s density f(z|0) with 6 € (0,1) is replaced by 6 = (v,n) €
(0,1) x (0,00) and

f(@lf) = flaly,m) = {(1 = 7)e™ +y°z exp(—n2) H o) (2)?

Can you estimate v and n by the method of moments? Can you improve method of
moment estimators via one-step estimators? —

Solution: (a) First,

EpX = (1—0)+9/ e dr=(1-0)+00(3)=1—-0+20=1+0.
0
Thus the method of moments estimator 6, of 0 is given by ,, = X,, — 1. Now

Eo(X?) = (1— 6’)/ e dr + 9/ e dx
0 0
= (1-6)I'(3) +0r'(4)
(1-60)2+03!=(1—0)+ 60

= 2+40.

Thus
Varg(X) =2+40 — (1+6)*>=1+20—0*.

Hence it follows by the CLT that

V@, —0) = vn(X, —1— (Ey(X) —1)) =4 N(0,1+20 —6%).

Now
1(0]1X) =log f(X|0) =log[(1 — O)e™ + Oxe™™],

and hence
i (z) = re ¥ —e " B r—1
T M —0)e + 0z 1+40(x—1)
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Furthermore
(. —1)

1+60(x—1)]2"
Hence a one-step Newton approximation to a root of the likelihood equation is given
by

199(1‘) = —

2 e ol (Xi—1)
en == en + In 9n 1= — )
where ,
N 1 — X;—1
L) =72 1 +(§ (X, )— e
i=1 n\i
Note that (x 1)2
1(0) = —Eylpy(X) = E, —
(0) oloo(X) 9[1 FOX — 1)

increases from 1 at § = 0 to oo at 6 = 1, so 1/1(#) decreases from 1 at § = 0 to
0 at @ = 1, while the variance of the method of moments estimator, 1 + 20 — 62,
increases from 1 to 2 as 6 increases from 0 to 1. Hence the gain in efficiency by use
of the efficient one-step estimator is quite large for 6 near 1. See the plot of 1/1(0)
and 1+ 20 — 62 below.
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Figure 1: 1/1(0) and 1 + 20 — 62
(b) When Ferguson’s density f(x|0) with 6 € (0,1) is replaced by

flaly,m) = {(L =)™ + Pz exp(—na) o) (x)

with v € (0,1) and > 0, the parameter to be estimated is = (v,7), and
we can again implement a one step procedure starting from some n'/*—consistent



preliminary esimator 6,,. One possibility for 8, is a a method of moments estimator.
We calculate

2 2
BX) = (1-7)+412 =147 (2 -1)
n n
9 6 6
EX?) = (1-=72+7v5=2+v(5—-2]).
Ui Ui
For n # 2 this yields

E(X*)—2 6/9*—2 6—21°
EX)-1 2/n—1 2n—n%

(0.1)

The difficulty is that solving this for ) yields two non-negative solutions in general.
I have not yet found a “nice” starting point (preliminary estimator) 6, for this
problem.

But once we have found a starting point, the one-step procedure is again relatively
simple: we calculate

7”]2.1'6_7733 — e 7

L(0]z) = e
| 2'77][['6777x — /7772552677”
1,(0lz) = e
(2 — nx)ynze™™
f(xly,n)
.. (7721.6—7]1 . 6_93)2
S T
1 (le) _ 771?6_771‘(2 — nx) B /}/nxe—nx(Q o Ux)[n%e_”x B e_x]
Y f(xh/an) f2(37"777]) ,
Lyy(0lz) = (2 —mr)pre™™ (2 —nz)*y pPate
nn f(x|%7)) f2<9”|%77)
Then
. _ 1.
en == Hn ‘l’ _1Eln(9n|l)
where n
i=1
and



2. Ferguson, ACLST, page 118, problem 3. (See also Example 4.3.7, page 21, Chapter
4 notes.)

Solution: (a) The likelihood is given by

L(p,0?) = ]i[]'[\/;_ﬂ exp (_(ng;l”?)

and hence
nd 1 K&
lp,0%) = - log(c?) — ) Z (X,; — pi)? + constant
j=1 i=1
= —Ellog(UQ) L Z " (X5 — f1)* + di(ﬂ- — 113)* ¢ + constant
2 20° j=1 i=1 ? Z i=1 l l .
where [i; = d~! Z?Zl X, jfori=1,...,n. This is easily seen to be maximized by
:ui:/lia ) 17"'7”7
1 d n 1 n
. _ L 2
U—@Z Xij — jui) _nZSi
7j=1 =1 =1
where

Q.H—‘

d
(b) Note that the random variables {32 , defined in (a) are i.i.d. and dS?/o? ~

X5_1- Therefore

-1
dd 52

E(SY) =

It follows from the strong law of large numbers that

1 — d—1
~92 2 2
a———E SE —as o

nil ¢ -od

as n — 0o0. Our Theorem 4.1.2 on consistent roots of the likelihood equations does
not apply because, in the current problem, the dimension of the parameter space




© = R" x R" is n + 1, which grows with the sample size n.
(c) A consistent estimator of o2 is given by

d 1
~2 A2:— X— o 2‘
Un d— 10— (d_ 1)77/ ZZ( 2,] lul)

3. Lehmann and Casella, problem 6.8, page 509. If py(x,y) is the bivariate normal
density (with known means p and v equal to zero without loss of generality), the

information matrix I(0) for = (02,72, p) is given by

2—p®  _=p? —p
F‘é 40’27'22 202
A=PI0)=| otz 55 35 (0.2)
- —p 14
202 272 1—p?
and
204 2p%c0%1%  p(1 — p*o?
I7Y) = 2p%0% 12 274 p(1 — p?)7?

p(1=p*o® p(l—p*)7m* (1= p?)?

Solution: The bivariate normal density py(z,y) is given by

1 1 x? ry oy
- S S (B Y A
pe(xvy) o 027_2(1 — p2) eXp ( 2(1 o p2) (0.2 pO’T + T2

SO
1 2y 1 N 2
logpy(z,y) = —log(2m) — S log(o) — 5 log(7%) — 5 log(1 — p°)
1 x? ry y?
_ Y 9,2 d T
2(1—p?) (02 P * T2
Thus we compute
, 1 1 22 Ty
lo‘ ) = - — — p—— s
() 202 i 20%(1 — p?) (02 07’)
: 1 1 y? Ty
i - 4+ - (L _,=Z
~(2,y) 272 + 272(1 — p?) (7‘2 Py 7‘) '
2 2
; P P x Ty Y 1 zy
l = — — —2p—=+ = —=
o(:y) 1—p% (1—p2)2 (02 p07+72>+1—p200




Note that

: 1 1 )
= — — — 0
E9l02(X7 Y) 252 202(1 N pz) ( P ) ’
. 1 1
- 1—p%) =0,
E9l7'2(X7 Y) 972 27_2(1 _ p2) ( P )
; p P 2 P
EGZP(Xa Y) 1 — p2 (1 2)2( p ) + 1— p2

Furthermore,

. 1 1 x? Ty 1 @ pxy
102702(3773/) - 20_4_20.4(1_p2 (ﬁ_ ;;) + 20’2(1_)02)( O'4+20'37'

[72772 (x,y) =

. 1 P Ty
Lol y) = = (1 — (—2 + ﬁ) + 4/7;;

.. 1
lpo2(7,y) = 20—y P~

ry

2 oT

. 1 y? 1+p*zy
lp,TZ(xay) = 7_2(1_p2)2 P— — 9 ;; 5

.. X
la2,'r2(x7 y) = A_g

Thus we compute:

Egly2 2(X,Y) = : -5 +<1—2)—(1—2>}—2_—p2
[ V2 § G| 2" ’ ’ 4ot (1= p?)’
.. 2 —p?
—Fpl2 2(X,)Y) = ————
OZT T ( 3 ) 47_4(1 _p2)’
. 2

~Eolypy(XY) = G {e(1 =) =20+ 01+ 7}

1
- g - 24

1+ p?
(evan

. —p
_Eg(lp702 (X, Y) = m,



~Eollp2(XY) = oy

. —p2
—E9<lg2,72 (X, Y) = m,
and hence the information matrix I(6) is as given in (0.2).

To invert this information matrix, it is instructive to proceed via block-inversion.
Let 0 = (01,0,) where 6, = (02,72), 6o = p. Then we first calculate I;;', the
information bound for estimation of §; = (¢, 72) when 6, = p is known. This gives

1 2 2s z 1
_ 1 2.2
]11 = (1 —p ) 4;2 420,;,—2 (2—p2)2 ot

40272 404 16044~ 160474
4,4 2—p? p?
_ 160%1 v
4 p 2—p
40272 404

Next we calculate ;.o

Lo = [11—112[2}1[21

_ 1 24;7’312 % (1 2) % 1 ( L =P )
-2\ e R PN )T e
) )
— 1 247% 402p7'22 _ M ﬁ 40%72
1-p |\ o= %5 L+ \ prz 30

2

1
N 2(1—,02>(1+,02) ( 0272

This yields the information bound for estimation of §; = (02, 7%) when 6, = p is
unknown:

‘é q»blH
S |,_.qto |
N qm‘ow
N——

1 _p 1
I = 20-P0+A) | 3 ) ——
112 §2 1 A

Next we use 11_11 to calculate I5s.1:

Iyq = ]22—121[1_11]12

_ 1 1 +p2 B 1 ( P ) 0.4(2 _p2) p20.27_2 i;%
1—p2 \1—p2 1—p2\ 2" 27 p’oir? T2 - p?) =5




1 1
e T T

_
1—p?)*

Thus I, = (1 — p?)? as claimed. This completes the computation of the diagonal
entries 17, and ;' of I71(6). It remains to compute I'2 or its transpose I?'. From
our general formulas in chapter 3 we know that

.[12 == —IH}QIIQIZEI
ot potrP\ 1 (55 (=p)
= -2 2,2 4 2_—03 9 . 9
prr )T\ B ) T
_ ot poir? %\ p(1=p%)
polr? 14 % 1+ p2

= -2 ( %)

. Lehmann and Casella, problem 6.9, page 509: Suppose that (X;,Y;),i=1,... ,n are
i.i.d. bivariate normal with F(X;) = E(Y;) =0, E(X?) = E(Y}?) = 1 and unknown
correlation coefficient p. Let py denote the true value of p.

(a) Show that the likelihood equation is a cubic for which the probability of a unique
root tends to 1 as n — oo [Hint: for a cubic equation az® + 3bz? + 3cx +d = 0, let
G = a®d — 3abc + 2b* and H = ac — b*. Then the condition for a unique real root is
G? +4H3 > 0]

(b) Show that if p,, is a consistent solution of the likelihood equation, then it satisfies
V1(pn = po) —a N(0, (1 = p3)* /(1 + p3))-

(c) Show that 6, =n~'>" | X,Y; is a consistent estimator of p and that v/n(d, —
po) —a N(0,1+ p2). Hence 4, is less efficient than the MLE.

as claimed.

Solution: (a) When the means and variances are known to be 0’s and 1’s
respectively, the likelihood equation for estimation of p is

i=1
= > (=) {p(1=p*) = p(X7+ YD) + (1+p)X:Yi},  (0.3)
i=1
or, equivalently,

p(1—p?) = p(X2, +Y2,) + (1 +p))XY, =0. (0.4)
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This is a cubic equation which can be rewritten as:
U,(p)=p® — XY, p° + (X2, +Y2, —1)p— XY, =0.

Note that if pg is the true correlation, then XY, =, po, X2, =5, . 1, and Y2 >,
1 and hence

Un(p) =as. p° = pop” +p— po = ¥(p).

Note that ¥(py) = 0. By the hint, a cubic equation ax® + 3bz? + 3cx + d = 0 if
G? +4H? > 0 where G = a*d — 3abc + 2b% and H = ac — b?. Thus we compute

G, = 1(-XV,—3-1- (—%Wn)(l/?))(ﬁn LI, 1)+ 2(_§Wn)3

1 2 ___
= XV, 4 XV, (KT Y2 1) — XY,

27
1 S
Hy = 1 (X4 V2-1) - (XY,
1 — — 1— o
= —(X24+Y2-1)—-=-XY_.
Note that
1 2 2 1
Gn_>as_ 5 - —p=—= 1 _ZEGa
s =Pot 3P0 = 50 3,00( +9p0) 0
1 1
Hn_>as P QEH,
s g gpo 0
and hence
2 3 2 3 4 2 242 4 1 2\3
G, +4H, —as Go+4H; :§P0(1+Po) ‘f'ﬁ(l—gﬂo)
4 4
) =5

after a bit of algebra. Thus ¥(p) = 0 alway has a unique real root, and, with
probability converging to one, ¥, (p) = 0 also has a unique real root. Here is a plot
of G% + 4H as a function of py:

(b) If p, is a consistent solution of the likelihood equation (0.3) or (0.4), then by
Theorem 4.1.2 is satisfies (since conditions A0-A4 hold)

\/ﬁ(ﬁn - pO) —d D ~ N(O’ I(IOO)_I) = N(07 (1 - pS)Q/(l + pg))

where we have used the information matrix computed in problem 3(a) above.
(¢) Now 6, = XY,, —, po and, by the CLT,

V(8 — po) —a N(0,Var(XY)) = N(0,1 4 p3)
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Figure 2: G 4+ 4H as a function of po

since

Var(XY) = EVar(XY|X)+ Var(E(XY]|X)) = E{X?Var(Y|X)} + Var{XE(Y|X)}
= E{X*(1 - pp)} + Var(X?po) = 1 — pj + 29
= 1+p;> (1_/)32)2
L+ p5

with equality if and only if pg = 0. Here is a plot of the ratio: I~*(pg)/Var,,(XY):

1 L L L 1 L L L L L L L L
-1.0 -0.5 0.5 1.0

Figure 3: 17'(pg)/Var,,(XY) as a function of py

This example is treated along with other problem involving multiple roots in:
Small, C.G., Wang, J., and Yang, Z. (2000). Estimating multiple root problems
in estimation. Statistical Science 15, 313-341. A somewhat different approach to
this problem and generalizations thereof is pursued in: Sampson, A. R. (1978).
Simple BAN estimators of correlations for certain multivariate normal models with
known variances. J. Amer. Statist. Assoc. 73, 859-862.
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5. Ferguson, ACLST, page 149, problem 2 modified as follows:
(a) Find the LR test statistic of the null hypothesis Hy : p = ¢f for any fixed
number ¢ > 0, and find the asymptotic distribution of the LR statistic under Hy.
(b) Does the theory of our chapter 4 (or Ferguson’s chapter 22 ) apply directly?
(c) Does the local asymptotic power of your test depend on ¢?

Solution: (b) First, allow me to slightly re-name the parameters: T will assume
that Xi,..., X, areiid. exp(A) and Y,...,Y, are i.i.d. exp(u), so that 0 = (A, ).
Furthermore, we can recast the problem into the context of chapter 4 by considering
the pairs of observations (X;,Y;), i = 1,...,n as i.i.d. with density

Po(,y) = povw (T, 4) = Ae 1 (,00) (T) e 10,00y () -

Now we are testing Hy : pt = ¢\ versus H; : i # cA. By a reparametrizaton, we can
put this exactly in the setting of Section 4.2: if the original parameter is 6 = (A, u),
then the new parameters v = (v1,72) where 74 = A\, 79 = p — ¢\. Then the null
hypothesis Hy becomes Hy : 72 = 0,7, = anything.

(a) The MLE 0 of 0 = (A, u) under Hi is 0 = ()\ i) where X = 1/X and i =1/Y.
The MLE 6° under Hy is ()\0 c)\o) where

N =2/(X +¢Y).

n

1,(0) =1L, (\, pn) = Z{log)\ — AX; +logp — pY;} =nlogA+nlogu—nXA—nYp.

i=1

Thus the LR statistic for testing Hy versus H; is given by

~ X +cY — _
21,0 = 1,(@) = 2n {QIOg < ;C ) ~ log(X) — log(cY)}
=4 X

under H,.

(¢) To compute the local asymptotic power of the LR test, we can reparametrize
the problem by v = (71,72) where 73 = A, 72 = u — c¢A. Then the null hypothesis
Hy becomes Hy : 75 = 0,7 = anything. Then the problem fits in the context
of Theorem 4.2.7: under P, with v, = v + tn=Y2 for 49 = (710,0) in the null
hypothesis, we have

21og Ay —a X3 (0)

where the non-centrality parameter § is given by t3l59.1(7), and it remains only
to compute I5.1. By straightforward computation the information matrix for v is

given by
1 2 c
I(v) = ( 7 T (CCV1+72)2 (0714{72)2 ) .
(

cy1+72)? (cy1+72)?
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Thus, under the null hypothesis Hy : 75 = 0 we find that

1/2

1(30) = Ta(0) = L 00) 117! (o) Ta(0) = 55
1

which does depend on c¢: the noncentrality power of the limiting distribution
decreases as ¢~2 as ¢ increases.
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