
Statistics 581, Problem Set 10 Solutions

Wellner; 12/10/2010

1. (a) Ferguson, ACLST, page 139, problem 3: Let X1, . . . , Xn be a sample from a
mixture of gamma distributions:

f(x|θ) = {(1− θ)e−x + θxe−x}1(0,∞)(x)

where 0 < θ < 1. What is the estimate of θ given by the method of moments? What
is its asymptotic distribution? Show how to improve this estimate by one iteration
of Newton’s method applied to the likelihood equation.
(b) What if Ferguson’s density f(x|θ) with θ ∈ (0, 1) is replaced by θ = (γ, η) ∈
(0, 1)× (0,∞) and

f(x|θ) ≡ f(x|γ, η) = {(1− γ)e−x + γη2x exp(−ηx)}1[0,∞)(x)?

Can you estimate γ and η by the method of moments? Can you improve method of
moment estimators via one-step estimators? —

Solution: (a) First,

EθX = (1− θ) + θ

∫ ∞
0

x2e−xdx = (1− θ) + θΓ(3) = 1− θ + 2θ = 1 + θ .

Thus the method of moments estimator θn of θ is given by θn = Xn − 1. Now

Eθ(X
2) = (1− θ)

∫ ∞
0

x2e−xdx+ θ

∫ ∞
0

x3e−xdx

= (1− θ)Γ(3) + θΓ(4)

= (1− θ)2 + θ3! = (1− θ) + 6θ

= 2 + 4θ .

Thus
V arθ(X) = 2 + 4θ − (1 + θ)2 = 1 + 2θ − θ2 .

Hence it follows by the CLT that

√
n(θn − θ) =

√
n(Xn − 1− (Eθ(X)− 1))→d N(0, 1 + 2θ − θ2) .

Now
l(θ|X) = log f(X|θ) = log[(1− θ)e−x + θxe−x] ,

and hence

l̇θ(x) =
xe−x − e−x

(1− θ)e−x + θxe−x
=

x− 1

1 + θ(x− 1)
.
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Furthermore

l̈θθ(x) = − (x− 1)2

[1 + θ(x− 1)]2
.

Hence a one-step Newton approximation to a root of the likelihood equation is given
by

θ̌n = θn + În(θn)−1
1

n

n∑
i=1

(Xi − 1)

1 + θn(Xi − 1)
,

where

În(θn) ≡ 1

n

n∑
i=1

(Xi − 1)2

[1 + θn(Xi − 1)]2
.

Note that

I(θ) = −Eθ l̈θθ(X) = Eθ
(X − 1)2

[1 + θ(X − 1)]2

increases from 1 at θ = 0 to ∞ at θ = 1, so 1/I(θ) decreases from 1 at θ = 0 to
0 at θ = 1, while the variance of the method of moments estimator, 1 + 2θ − θ2,
increases from 1 to 2 as θ increases from 0 to 1. Hence the gain in efficiency by use
of the efficient one-step estimator is quite large for θ near 1. See the plot of 1/I(θ)
and 1 + 2θ − θ2 below.
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Figure 1: 1/I(θ) and 1 + 2θ − θ2

(b) When Ferguson’s density f(x|θ) with θ ∈ (0, 1) is replaced by

f(x|γ, η) = {(1− γ)e−x + γη2x exp(−ηx)}1[0,∞)(x)

with γ ∈ (0, 1) and η > 0, the parameter to be estimated is θ = (γ, η), and
we can again implement a one step procedure starting from some n1/4−consistent
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preliminary esimator θn. One possibility for θn is a a method of moments estimator.
We calculate

E(X) = (1− γ) + γ
2

η
= 1 + γ

(
2

η
− 1

)
E(X2) = (1− γ)2 + γ

6

η2
= 2 + γ

(
6

η2
− 2

)
.

For η 6= 2 this yields

E(X2)− 2

E(X)− 1
=

6/η2 − 2

2/η − 1
=

6− 2η2

2η − η2
. (0.1)

The difficulty is that solving this for η yields two non-negative solutions in general.
I have not yet found a “nice” starting point (preliminary estimator) θn for this
problem.

But once we have found a starting point, the one-step procedure is again relatively
simple: we calculate

l̇γ(θ|x) =
η2xe−ηx − e−x

f(x|γ, η)
,

l̇η(θ|x) =
2γηxe−ηx − γη2x2e−ηx

f(x|γ, η)

=
(2− ηx)γηxe−ηx

f(x|γ, η)

l̈γγ(θ|x) = − (η2xe−ηx − e−x)2

f 2(x|γ, η)
,

l̈ηγ(θ|x) =
ηxe−ηx(2− ηx)

f(x|γ, η)
− γηxe−ηx(2− ηx)[η2xe−ηx − e−x]

f 2(x|γ, η)
,

l̈ηη(θ|x) =
(2− ηx)ηxe−ηx

f(x|γ, η)
− (2− ηx)2γ2η2x2e−2ηx

f 2(x|γ, η)
.

Then

θ̌n = θn + Î−1n
1

n
l̇n(θn|X)

where

l̇n(θnX) =
n∑
i=1

l̇θ(θn|Xi)

and

În =
1

n

n∑
i=1

l̈n(θn|Xi) .
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2. Ferguson, ACLST, page 118, problem 3. (See also Example 4.3.7, page 21, Chapter
4 notes.)

Solution: (a) The likelihood is given by

L(µ, σ2) =
d∏
j=1

n∏
i=1

1√
2πσ

exp

(
−(Xij − µi)2

2σ2

)

=

(
1√
2πσ

)nd
exp

(
− 1

2σ2

d∑
j=1

n∑
i=1

(Xij − µi)2
)

and hence

l(µ, σ2) = −nd
2

log(σ2)− 1

2σ2

d∑
j=1

n∑
i=1

(Xij − µi)2 + constant

= −nd
2

log(σ2)− 1

2σ2

{
d∑
j=1

n∑
i=1

(Xij − µ̂i)2 + d
n∑
i=1

(µ̂i − µi)2
}

+ constant.

where µ̂i = d−1
∑d

j=1Xi,j for i = 1, . . . , n. This is easily seen to be maximized by

µi = µ̂i, i = 1, . . . , n,

σ2 = σ̂2 =
1

nd

d∑
j=1

n∑
i=1

(Xij − µ̂i)2 =
1

n

n∑
i=1

S2
i

where

S2
i =

1

d

d∑
j=1

(Xi,j − µ̂i)2.

(b) Note that the random variables {S2
i }ni=1 defined in (a) are i.i.d. and dS2

i /σ
2 ∼

χ2
d−1. Therefore

E(S2
1) =

d− 1

d
σ2

It follows from the strong law of large numbers that

σ̂2 =
1

n

n∑
i=1

S2
i →a.s.

d− 1

d
σ2

as n→∞. Our Theorem 4.1.2 on consistent roots of the likelihood equations does
not apply because, in the current problem, the dimension of the parameter space
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Θ = Rn × R+ is n+ 1, which grows with the sample size n.
(c) A consistent estimator of σ2 is given by

σ̃2
n ≡

d

d− 1
σ̂2 =

1

(d− 1)n

d∑
j=1

n∑
i=1

(Xi,j − µ̂i)2.

3. Lehmann and Casella, problem 6.8, page 509. If pθ(x, y) is the bivariate normal
density (with known means µ and ν equal to zero without loss of generality), the
information matrix I(θ) for θ = (σ2, τ 2, ρ) is given by

(1− ρ2)I(θ) =


2−ρ2
4σ4

−ρ2
4σ2τ2

−ρ
2σ2

−ρ2
4σ2τ2

2−ρ2
4τ4

−ρ
2τ2

−ρ
2σ2

−ρ
2τ2

1+ρ2

1−ρ2

 (0.2)

and

I−1(θ) =

 2σ4 2ρ2σ2τ 2 ρ(1− ρ2)σ2

2ρ2σ2τ 2 2τ 4 ρ(1− ρ2)τ 2
ρ(1− ρ2)σ2 ρ(1− ρ2)τ 2 (1− ρ2)2

 .

Solution: The bivariate normal density pθ(x, y) is given by

pθ(x, y) =
1

2π
√
σ2τ 2(1− ρ2)

exp

(
− 1

2(1− ρ2)

(
x2

σ2
− 2ρ

x

σ

y

τ
+
y2

τ 2

))

so

log pθ(x, y) = − log(2π)− 1

2
log(σ2)− 1

2
log(τ 2)− 1

2
log(1− ρ2)

− 1

2(1− ρ2)

(
x2

σ2
− 2ρ

x

σ

y

τ
+
y2

τ 2

)
.

Thus we compute

l̇σ2(x, y) = − 1

2σ2
+

1

2σ2(1− ρ2)

(
x2

σ2
− ρx

σ

y

τ

)
,

l̇τ2(x, y) = − 1

2τ 2
+

1

2τ 2(1− ρ2)

(
y2

τ 2
− ρx

σ

y

τ

)
,

l̇ρ(x, y) =
ρ

1− ρ2
− ρ

(1− ρ2)2

(
x2

σ2
− 2ρ

x

σ

y

τ
+
y2

τ 2

)
+

1

1− ρ2
x

σ

y

σ

=
1

1− ρ2

{
ρ− ρ

1− ρ2

(
x2

σ2
+
y2

τ 2

)
+

(
2ρ2

1− ρ2
+ 1

)
x

σ

y

τ

}
=

1

(1− ρ2)2

{
ρ(1− ρ2)− ρ

(
x2

σ2
+
y2

τ 2

)
+ (1 + ρ2)

x

σ

y

τ

}
.
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Note that

Eθ l̇σ2(X, Y ) = − 1

2σ2
+

1

2σ2(1− ρ2)
(
1− ρ2

)
= 0,

Eθ l̇τ2(X, Y ) = − 1

2τ 2
+

1

2τ 2(1− ρ2)
(
1− ρ2

)
= 0,

Eθ l̇ρ(X, Y ) =
ρ

1− ρ2
− ρ

(1− ρ2)2
(2− 2ρ2) +

ρ

1− ρ2
= 0.

Furthermore,

l̈σ2,σ2(x, y) =
1

2σ4
− 1

2σ4(1− ρ2)

(
x2

σ2
− ρx

σ

y

τ

)
+

1

2σ2(1− ρ2)

(
−x

2

σ4
+
ρ

2

x

σ3

y

τ

)
=

1

2σ4

{
1− 1

1− ρ2

(
x2

σ2
− ρx

σ

y

τ

)
− 1

1− ρ2

(
x2

σ2
− ρ

2

x

σ

y

τ

)}
,

l̈τ2,τ2(x, y) =
1

2τ 4

{
1− 1

1− ρ2

(
y2

τ 2
− ρx

σ

y

τ

)
− 1

1− ρ2

(
y2

τ 2
− ρ

2

x

σ

y

τ

)}
,

l̈ρ,ρ(x, y) =
1

1− ρ2

(
1−

(
x2

σ2
+
y2

τ 2

)
+ 4ρ

x

σ

y

τ

)
+

2ρ

(1− ρ2)2

{
ρ− ρ

(
x2

σ2
+
y2

τ 2

)
+

1 + ρ2

1− ρ2
x

σ

y

τ

}
,

l̈ρ,σ2(x, y) =
1

σ2(1− ρ2)2

{
ρ
x2

σ2
− 1 + ρ2

2

x

σ

y

τ

}
,

l̈ρ,τ2(x, y) =
1

τ 2(1− ρ2)2

{
ρ
y2

τ 2
− 1 + ρ2

2

x

σ

y

τ

}
,

l̈σ2,τ2(x, y) =
ρ

4σ2τ 2(1− ρ2)
x

σ

y

τ
.

Thus we compute:

−Eθ l̈σ2,σ2(X, Y ) =
1

2σ4(1− ρ2)

{(
1− 1

2
ρ2
)

+ (1− ρ2)− (1− ρ2)
}

=
2− ρ2

4σ4(1− ρ2)
,

−Eθ l̈τ2,τ2(X, Y ) =
2− ρ2

4τ 4(1− ρ2)
,

−Eθ l̈ρ,ρ(X, Y ) =
2

(1− ρ2)2
{
ρ(1− ρ2)− 2ρ+ ρ(1 + ρ2)

}
− 1

(1− ρ2)2
{

1− 3ρ2 − 2 + 2ρ2
}

=
1 + ρ2

(1− ρ2)2
,

−Eθ(l̈ρ,σ2(X, Y ) =
−ρ

2σ2(1− ρ2)
,
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−Eθ(l̈ρ,τ2(X, Y ) =
−ρ

2τ 2(1− ρ2)
,

−Eθ(l̈σ2,τ2(X, Y ) =
−ρ2

4σ2τ 2
,

and hence the information matrix I(θ) is as given in (0.2).

To invert this information matrix, it is instructive to proceed via block-inversion.
Let θ = (θ1, θ2) where θ1 ≡ (σ2, τ 2), θ2 = ρ. Then we first calculate I−111 , the
information bound for estimation of θ1 = (σ2, τ 2) when θ2 = ρ is known. This gives

I−111 = (1− ρ2)

(
2−ρ2
4τ4

ρ2

4σ2τ2
ρ2

4σ2τ2
2−ρ2
4σ4

)
1

(2−ρ2)2
16σ4τ4

− ρ4

16σ4τ4

=
16σ4τ 4

4

(
2−ρ2
4τ4

ρ2

4σ2τ2
ρ2

4σ2τ2
2−ρ2
4σ4

)

=

(
σ4(2− ρ2) ρ2σ2τ 2

ρ2σ2τ 2 τ 4(2− ρ2)

)
.

Next we calculate I11·2:

I11·2 = I11 − I12I−122 I21

=
1

1− ρ2

{(
2−ρ2
4σ4

−ρ2
4σ2τ2

−ρ2
4σ2τ2

2−ρ2
4τ4

)
− (1− ρ2)

( −ρ
2σ2
−ρ
2τ2

)
1

1 + ρ2
( −ρ

2σ2
−ρ
2τ2

)}

=
1

1− ρ2

{(
2−ρ2
4σ4

−ρ2
4σ2τ2

−ρ2
4σ2τ2

2−ρ2
4τ4

)
− ρ2(1− ρ2)

1 + ρ2

(
1

4σ4
1

4σ2τ2
1

4σ2τ2
1

4τ4

)}

=
1

2(1− ρ2)(1 + ρ2)

(
1
σ4

−ρ2
σ2τ2

−ρ2
σ2τ2

1
τ4

)
.

This yields the information bound for estimation of θ1 = (σ2, τ 2) when θ2 = ρ is
unknown:

I−111·2 = 2(1− ρ2)(1 + ρ2)

(
1
τ4

ρ2

σ2τ2
ρ2

σ2τ2
1
σ4

)
1

1
σ4τ4
− ρ4

σ4τ4

= 2

(
σ4 ρ2σ2τ 2

ρ2σ2τ 2 τ 4

)
.

Next we use I−111 to calculate I22·1:

I22·1 = I22 − I21I−111 I12

=
1

1− ρ2

(
1 + ρ2

1− ρ2
− 1

1− ρ2
( −ρ

2σ2
−ρ
2τ2

)( σ4(2− ρ2) ρ2σ2τ 2

ρ2σ2τ 2 τ 4(2− ρ2)

)( −ρ
2σ2
−ρ
2τ2

))
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=
1

(1− ρ2)2

{
1 + ρ2 − 1

4
(2ρ2 + 2ρ2)

}
=

1

(1− ρ2)2
.

Thus I−122·1 = (1− ρ2)2 as claimed. This completes the computation of the diagonal
entries I−111·2 and I−122·1 of I−1(θ). It remains to compute I12 or its transpose I21. From
our general formulas in chapter 3 we know that

I12 = −I−111.2I12I
−1
22

= −2

(
σ4 ρσ2τ 2

ρσ2τ 2 τ 4

)
1

1− ρ2

( −ρ
2σ2
−ρ
2τ2

)
(1− ρ2)2

1 + ρ2

=

(
σ4 ρσ2τ 2

ρσ2τ 2 τ 4

)(
1
σ2

1
τ2

)
ρ(1− ρ2)

1 + ρ2

= ρ(1− ρ2)
(
σ2

τ 2

)
as claimed.

4. Lehmann and Casella, problem 6.9, page 509: Suppose that (Xi, Yi), i = 1, . . . , n are
i.i.d. bivariate normal with E(Xi) = E(Yi) = 0, E(X2

i ) = E(Y 2
i ) = 1 and unknown

correlation coefficient ρ. Let ρ0 denote the true value of ρ.
(a) Show that the likelihood equation is a cubic for which the probability of a unique
root tends to 1 as n→∞ [Hint: for a cubic equation ax3 + 3bx2 + 3cx+ d = 0, let
G = a2d− 3abc+ 2b3 and H = ac− b2. Then the condition for a unique real root is
G2 + 4H3 > 0.]
(b) Show that if ρ̂n is a consistent solution of the likelihood equation, then it satisfies√
n(ρ̂n − ρ0)→d N(0, (1− ρ20)2/(1 + ρ20)).

(c) Show that δn ≡ n−1
∑n

i=1XiYi is a consistent estimator of ρ and that
√
n(δn −

ρ0)→d N(0, 1 + ρ20). Hence δn is less efficient than the MLE.

Solution: (a) When the means and variances are known to be 0’s and 1’s
respectively, the likelihood equation for estimation of ρ is

0 =
n∑
i=1

l̇ρ(Xi, Yi)

=
n∑
i=1

(1− ρ2)−1
{
ρ(1− ρ2)− ρ(X2

i + Y 2
i ) + (1 + ρ2)XiYi

}
, (0.3)

or, equivalently,

ρ(1− ρ2)− ρ(X2
n + Y 2

n) + (1 + ρ2)XY n = 0. (0.4)
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This is a cubic equation which can be rewritten as:

Ψn(ρ) ≡ ρ3 −XY nρ
2 + (X2

n + Y 2
n − 1)ρ−XY n = 0.

Note that if ρ0 is the true correlation, then XY n →a.s. ρ0, X2
n →a.s. 1, and Y 2 →a.s.

1 and hence

Ψn(ρ)→a.s. ρ
3 − ρ0ρ2 + ρ− ρ0 ≡ Ψ(ρ).

Note that Ψ(ρ0) = 0. By the hint, a cubic equation ax3 + 3bx2 + 3cx + d = 0 if
G2 + 4H3 > 0 where G ≡ a2d− 3abc+ 2b3 and H ≡ ac− b2. Thus we compute

Gn = 12(−XY n − 3 · 1 · (−1

3
XY n)(1/3)(X2

n + Y 2
n − 1) + 2(−1

3
XY n)3

= −XY n +
1

3
XY n(X2 + Y 2 − 1)− 2

27
XY

3

n,

Hn = 1 · 1

3
(X2 + Y 2 − 1)− (

−1

3
XY n)2

=
1

3
(X2 + Y 2 − 1)− 1

9
XY

2

n.

Note that

Gn →a.s. −ρ0 +
1

3
ρ0 −

2

27
ρ30 = −2

3
ρ0(1 +

1

9
ρ20) ≡ G0,

Hn →a.s.
1

3
− 1

9
ρ20 ≡ H0,

and hence

G2
n + 4H3

n →a.s. G2
0 + 4H3

0 =
4

9
ρ20(1 + ρ20)

2 +
4

27
(1− 1

3
ρ20)

3

=
4

27
(1 + ρ20)

2 ≥ 4

27
> 0

after a bit of algebra. Thus Ψ(ρ) = 0 alway has a unique real root, and, with
probability converging to one, Ψn(ρ) = 0 also has a unique real root. Here is a plot
of G2

0 + 4H3
0 as a function of ρ0:

(b) If ρ̂n is a consistent solution of the likelihood equation (0.3) or (0.4), then by
Theorem 4.1.2 is satisfies (since conditions A0-A4 hold)

√
n(ρ̂n − ρ0)→d D ∼ N(0, I(ρ0)

−1) = N(0, (1− ρ20)2/(1 + ρ20))

where we have used the information matrix computed in problem 3(a) above.
(c) Now δn ≡ XY n →p ρ0 and, by the CLT,

√
n(δn − ρ0)→d N(0, V ar(XY )) = N(0, 1 + ρ20)
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Figure 2: G2
0 + 4H3

0 as a function of ρ0

since

V ar(XY ) = EV ar(XY |X) + V ar(E(XY |X)) = E{X2V ar(Y |X)}+ V ar{XE(Y |X)}
= E{X2(1− ρ20)}+ V ar(X2ρ0) = 1− ρ20 + 2ρ20

= 1 + ρ20 ≥
(1− ρ20)2

1 + ρ20

with equality if and only if ρ0 = 0. Here is a plot of the ratio: I−1(ρ0)/V arρ0(XY ):
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Figure 3: I−1(ρ0)/V arρ0(XY ) as a function of ρ0

This example is treated along with other problem involving multiple roots in:
Small, C.G., Wang, J., and Yang, Z. (2000). Estimating multiple root problems
in estimation. Statistical Science 15, 313-341. A somewhat different approach to
this problem and generalizations thereof is pursued in: Sampson, A. R. (1978).
Simple BAN estimators of correlations for certain multivariate normal models with
known variances. J. Amer. Statist. Assoc. 73, 859-862.
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5. Ferguson, ACLST, page 149, problem 2 modified as follows:
(a) Find the LR test statistic of the null hypothesis H0 : µ = cθ for any fixed
number c > 0, and find the asymptotic distribution of the LR statistic under H0.
(b) Does the theory of our chapter 4 (or Ferguson’s chapter 22 ) apply directly?
(c) Does the local asymptotic power of your test depend on c?

Solution: (b) First, allow me to slightly re-name the parameters: I will assume
that X1, . . . , Xn are i.i.d. exp(λ) and Y1, . . . , Yn are i.i.d. exp(µ), so that θ = (λ, µ).
Furthermore, we can recast the problem into the context of chapter 4 by considering
the pairs of observations (Xi, Yi), i = 1, . . . , n as i.i.d. with density

pθ(x, y) = p(λ,µ)(x, y) = λe−λx1(0,∞)(x)µe−µy1(0,∞)(y) .

Now we are testing H0 : µ = cλ versus H1 : µ 6= cλ. By a reparametrizaton, we can
put this exactly in the setting of Section 4.2: if the original parameter is θ = (λ, µ),
then the new parameters γ = (γ1, γ2) where γ1 ≡ λ, γ2 ≡ µ − cλ. Then the null
hypothesis H0 becomes H0 : γ2 = 0, γ1 = anything.
(a) The MLE θ̂ of θ = (λ, µ) under H1 is θ̂ = (λ̂, µ̂) where λ̂ = 1/X and µ̂ = 1/Y .

The MLE θ̂0 under H0 is (λ̂0, cλ̂0) where

λ̂0 = 2/(X + cY ) .

Now

ln(θ) = ln(λ, µ) =
n∑
i=1

{log λ− λXi + log µ− µYi} = n log λ+n log µ−nXλ−nY µ .

Thus the LR statistic for testing H0 versus H1 is given by

2(ln(θ̂)− ln(θ̂0)) = 2n

{
2 log

(
X + cY

2

)
− log(X)− log(cY )

}
→d χ2

1

under H0.
(c) To compute the local asymptotic power of the LR test, we can reparametrize
the problem by γ ≡ (γ1, γ2) where γ1 ≡ λ, γ2 ≡ µ − cλ. Then the null hypothesis
H0 becomes H0 : γ2 = 0, γ1 = anything. Then the problem fits in the context
of Theorem 4.2.7: under Pγn with γn = γ0 + tn−1/2 for γ0 = (γ10, 0) in the null
hypothesis, we have

2 log λn →d χ
2
1(δ)

where the non-centrality parameter δ is given by t22I22·1(γ0), and it remains only
to compute I22·1. By straightforward computation the information matrix for γ is
given by

I(γ) =

(
1
γ21

+ c2

(cγ1+γ2)2
c

(cγ1+γ2)2

c
(cγ1+γ2)2

1
(cγ1+γ2)2

)
.
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Thus, under the null hypothesis H0 : γ2 = 0 we find that

I22·1(γ0) = I22(γ0)− I21(γ0)I−111 (γ0)I12(γ0) =
1/2

c2γ21

which does depend on c: the noncentrality power of the limiting distribution
decreases as c−2 as c increases.
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