Statistics 581, Midterm Exam Solutions
Wellner; 11/08/2010

1. (24 points) Define any three of the following six terms.

(a) The Hellinger distance between two probability measures P and ) on a
measurable space (X, .A).

(b) A non-central chi-square distribution with m degrees of freedom and non-
centrality parameter ¢.

c) Convergence in distribution of a sequence of random variables.

d) A sequence of random variables that is bounded in probability.

e) A uniformly integrable sequence of random variables {X,,}.

f) The uniform empirical distribution G,, and the uniform empirical process U,,.

30 points). State any three of the following:
a) The Lindeberg-Feller CLT.

b) The inverse transformation theorem.

¢) The multivariate delta method or ¢’ theorem.

d) Skorokhod’s theorem (for real-valued random variables).
e) The Glivenko-Cantelli theorem.

f) Scheffé’s theorem.

Solution: See chapters 1-2, notes.

3. (30 points) Use the ordinary (univariate) central limit theorem and the Cramér-
Wold device to prove the multivariate central limit theorem.

Solution: Let Xi,...,X, be iid. random vectors in R? with F(X]X;) < oo
so that ¥ = F(X — u)(X — p)T with p = E(X) is well-defined. Without loss of
generality suppose that 1 = 0. We want to show that \/nX, —4 Z ~ N4(0,%). To
do this let @ € R, and consider

1< &
aTmn:%;aTXi:%;Yi

where Y; = a’X; are i.i.d. with EY; = 0 and E(Y})? = E(a' X, XTa) = aTXa.
Thus it follows from the univariate (Lindeberg) central limit theorem that

1 &
GT\/ nX, = % E Y, =4 Nl(O,CLTECI,) g CLTZ.
=1

Thus it follows from the Cramér-Wold device that v/nX,, —4 Z ~ Ng(0,%).



4. (30 points) Suppose that Xi,..., X, are i.i.d. exponential(f); i.e. with density

po(r) = Oexp(—0x)lpooy(x). Let Xy = Xn, be the largest order statistic of
X1y, X5

(a) Find constants ¢, so that Y, = X (n) — Cn —q Y for some random variable Y
and find the limiting distribution of Fy .

(b) Compute the density of Y, and show that it converges to the density fy of Y.
(¢c) What can you conclude from the result of (b) and Scheffé’s theorem?

Solution: (a) Note that for Fy(z) = 1 —exp(—0x) we have F, ' (t) = 0 *log(1/(1—
t)), and hence that F,'(1 — 1/n) = § 'logn. Thus with ¢, = 0~ 'logn, for every
y €R,

By(Yo<y) = P(X@ <y+0"'logn)=P(X; <y+0 " logn)"
= (1 —exp(—0(y+ 0 'log n)))n
= (1 —exp(=by)/n)"
—  exp(—exp(—0y)) = Fy(y).

(b) Note that

o) = n(l—exp(=0y)/n)"" - exp(—by) - 0/n
= (1 —exp(—0y)/n)" " -exp(—0y) -0
— exp(—exp(—0y)) - exp(—0y) - 0 = fv(y).

(c) It follows from (b) and Scheffé’s theorem that with P,(A) = [, fv,(y)dy and
fA fY dy?

dry (P, P) / | fyi, (y (y)|dy — 0.

. (30 points). Suppose that X7, ..., X, are i.i.d. with distribution function F' having
a continuous density function f. Let I, be the empirical distribution function of
the X;’s, and suppose that b, is a sequence of positive numbers, and let

fula) = P )

(a) Show that Ef,(x) — f(x) if b, — 0.

(b) Show that Var(f,(z)) — 0 if b, — 0 and nb, — .

(c) Use some appropriate central limit theorem to show that (perhaps under some
suitable further conditions that you might need to specify)

V2 (fu(@) = Efu(x)) —a N(0, f(x)).



Hint: Write f, (x) in terms of some Bernoulli random variables and identify p = p,,.

Solution: [This f, is a kernel density estimator based on the uniform kernel k(z) =
1-11(x)/2, and can be rewritten as

<1
Falw) = [ k(o = o)/ ) B )
other kernel density estimators result when the uniform kernel is replaced by some
other density function.]

(a) First note that 2nb, f,(xz) = n(F,(x + b,) — F,,(z — b,)) is a Binomial(n, p,,)
random variable with p,, = F(x 4+ b,) — F'(z — b,,). Hence if b, — 0

Fx+b,)—F(x—05b,) pn

Efu(x) = 5%, =%,
1 (F(x+b,) - F(z) F(z)—F(z—0by)
_5{ b * b }

S @)+ @) = f)

(b) Furthermore

N n 1- n
Var(fu(e)) = “Al=te)
_ L pe
= b, 20, P

— 0-f(z)-1=0

if nb,, — oo andAbn — 0.
(c) Since 2nb,f,(x) = Y1 Xn where X,,; ~ Bernoulli(p,), it follows that o2, =
pu(l — py) so that o2 = Var(>_!" | X,;) = np,(1 — p,), and

Tn = ZVnz = ZE‘XTL’L - :um"g
=1 =1
= npa(1 = p){(1 = pp)* + P2}
< 2npy(1 —pp)

so that

’Yn/US < 2 _ 2
\/npn(l - pn) \/nbn(pn/bn>(1 - pn>

if b, — 0 and nb,, — oo. Thus, by the Liapunov CLT,

20bn(Jul2) = B (@) _
npn(l — pn)

—0

N(0,1)
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if b, — 0 and nb,, — oco. Thus

\/ﬁ(f (I) . Ef (I)) _ 2nbn(ﬁ1(x> - Eﬁ(:v)) npn(l _pn)
e ! np,(1 — pp) 2nb,,

= N0, 1)/ f(x) = N(0, f(x))-

. (30 points). Suppose that X, Xs, ..., X, are i.i.d. Uniform(0,8). Consider 6, =
maxi<j<n X; = X(n) as an estimator of 6.

~

(a) Compute E(6,). A

(b) Show that Y, = n(f — 0,) —4 Y and find the distribution of Y.

(¢) Show that 6,, —, 6.

(d) Consider the function g(z) = (1 — z)~2. Does g(Y;,) —4 something? If the
answer is yes, what is the limit (expressed in terms of the random variable
Y)?

(e) Consider the function g(z) = logz. Find the limiting distribution of
n(g(0n) — 9(0)).

Solution: (a) Note that X; L oU; for i = 1,...,n where Uy,...,U, are i.i.d.
U(0,1). Since EUgjy = j/(n+1) for 1 < j < n, it follows that

~ n

(b) Now Y, =n(0 —6,) < On(1 — Ugy). Therefore
PiYa>y) = POn(l—Up) > y) = P(1—Upy > y/(n0)) = PUq) < 1 - y/(n0))
(

= (1 — %)n — exp(—y/6).
Thus Y,, =4 Y ~ Exponential(1/0) L OExp(1).
(¢) This follows immediately from (b):

gn—ﬁ = —n’ln(G—@l) —4—0-Y =0,

which implies convergence to zero in probability.

(d) The function g(z) = 1/(1—x)? is continuous at all z # 1. Since P(Y € {1}) = 0,
it follows by the continuous mapping (or Mann-Wald) theorem that g(Y,,) —q4 g(Y).
(e) Since g(x) = logz is differentiable at 6 with ¢’(0) = 1/6, it follows from the ¢’
theorem that



7. (30 points) Suppose that N = (Ny,..., Np) ~ Multy(n,p) where p = (p1,...,px)

In class and homework problems we have discussed the chi-square statistic ¢),, and
the Hellinger distance statistic 4nH? as test statistics for testing H : p = py versus
K :p # p,. An alternative statistic for testing H versus K is the likelihood ratio
statistic 2log \,, where

An

_N; N .
SUPBLn(B) B H?:lpj B ﬁ{p_]}NJ

L”(BO) B H?:l p(])\? Poj

(a) Show that

D
2log \,, = 2n lo .
g ij g<p0]>

J=1
(b) If the alternative hypothesis K is true, so p # p,, show that

n~'2log A = g(p) = 9(p) .

and identify g(p) as a function of p and po.
(c) If the alternative hypothesis K is true, so p # p,, show that

Vn(2n " log Ay — g(p)) = Vn(g(p) — g(p)) —a N(0,V?(p)),

and compute V2(1_9). Could you use this to approximate the power of the likelihood-
ratio test? How?

Solution: (a) This is straightforward algebra:

2log A\, —QZN log (Po ) —Qanjlog (Po )
j j

(b) Since p,, —, p in R* and the function g(p) = 2 Zle p;log (%) is continuous
at p = (p1,...,pr) with all p; > 0, it follows from the Mann-Wald theorem that

k A
-1 ~ bj
n- 2log), = 2 p-log(—)
; ’ Poj
= 9(Pn) = 9(p)
k
Dj
= 2 p;log (—)
; ’ Poj

In fact this is twice the Kullback-Leibler divergence between P and F, (which we
will meet in more generality in Chapter 4.)

(¢c) Now g(p) =2 25:1 p; log (}%) is differentiable with derivative

Vy(p) =2 (l + (log(p1/po,1); - - - 710g(pk/po,k))T> )
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and /n(p, — p) —a Z ~ Ny(0,%) where 3 = diag(p) — pp’. Thus it follows from
the delta-method that

Vvn2ntog A, —g(p)) = Vn(g(Pn) — 9(p))
=4 (Vg(p)'Z ~ N(0,(Vg(p)"EVg(p)) = N(0,V*(p)).

This can be used to approximate the power of the likelihood ratio test as follows:
under the null hypothesis it is known (and easily proved) that 2log A, —4 X2_;,
and therefore the test “reject H : p = po if 2log A\,, > X%fLa has asymptotic size a.
Thus the power of the test at p # pg is

Py(2log Ay > Xi_14) = P (Vn(2nlog, — g(p)) = Vn(n ' Xi_1 o — 9(p)))
~ P (N(0,V3(p) > vVan i . —g(p)
(VT G — 9(p))
- ( V) ) |

This is not the usual approximation of the power of the likelihood ratio statistic:
along the same lines as discussed in class for the chi-square statistic (), and in

homework for the Hellinger statistic H,, if p = p, = po + cn~"/? where 17¢ = 0, it
is known (and not hard to show) that 2log A, —4 Xx3_,(d) where § = E?Zl < /poy-
Thus the usual approximation of the power of the likelihood ratio test is given by

Py(2log Ay > Xi_14) =~ P(Xi_1(60) = Xi_10)

where §,, = Z?Zl{\/ﬁ(pj - po,j)}Q/pO,j-



