Statistics 581

Problem Set 5 Solutions
Wellner; 11/06,/2009

1. Verify the following claim made in our treatment of the asymptotic distribution of
the sample correlation coefficient: if

wnn (o4 0))

then
E(X?Y?) —p* E(X?Y)—p EXY?) —p 1+p% 20 2p
E(X3Y)—p E(XY -1 EX?YH -1 | = 2p 2 2p?
E(XY3) —p EX?*Y?*) -1 EYYH)-1 20 20 2

Hint: Compute conditionally and use Theorem 1.3.5, page 14, Chapter 1.
Solution: First note that (Y|X) ~ N(pX,1 — p?). Thus we compute

B(X?Y?) = B(B(X?Y?|X)) = E{X?E(Y?X)}
= E{X?[Var(Y|X)+ E(Y|X)?]}
— E{XQ[l_p2+p2X2]}
= 1-pP+pPEXY) =1-p*+3p* =1+ 2p%
Thus the claimed entries for the (1,1), (3,2) and (2,3) entries of the matrix hold.
Furthermore,
B(XY®) = EBE(XY®X)=B{XE(Y?X))
= BE{XE[(Y — pX + pX)*|X]}
= B{X[(Y = pX)* +3(Y = pX)*(pX) + 3(Y — pX)(pX)* + (pX)*|X]}
= B{X [0+3(pX)(1 = p*) +3(pX)*- 0+ p°X°]}
= E{3(1-p*)pX?+p’X*} = 3p.
Thus the result for the (3,1) and (1, 3) entries holds, and by symmetry this yields

the result for the (2,1) and (1,2) entries. Note that the result holds for the (2,2)
and (3, 3) entries since F(X?) = F(Y?) = 3.

2. Suppose that X1, ..., X, areii.d. random vectors with values in R* with E(X;) = u
and E(XTX,) < 0o so that ¥ = F(X; — u)(X; — p)7 is well-defined. Thus

Zn=Vn(Xn — ) —a Z ~ Ni(0,%).

Suppose that g : R¥ — R is a function, and suppose that Vg = (¢')T exists at pu.
Then the delta-method (or ¢’ theorem) tells us that

(1) V(g(Xn) — g(w) —a V()" Z ~ N(0,Vg(p)"SVg(p)) .
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(a) Show that we can strengthen (1) as follows: Suppose that Vg = (¢')" is
continuous at p. Then /n(g(X,) — g(n)) is asymptotically linear at p:

Vi(g(Xn) —g(p) = Va(p)" vVn(X, —p) + op(1)

n

= \/15 Z¢ )+ op(1 )
where

(2) U(x) = V()" (z - p)

which is called the influence function of g(X,) as an estimator of g(u), has mean
Ey(X;) =0 and Var(y(X;)) = Vg(u)TEVg(u).

(b) Does the result of (a) apply to the situation considered in problem 3(b) of
problem set #37 If so, what is the resulting influence function?

Solution: By Taylor’s theorem, for some Y, satifying |V, — u| < | X, — p| —, 0 it
follows that

Vi(g(Xa) —g(n) = Vg(Y)vVn(X, — p)
Vg(u)vn(X, — )
+{Vy(Y) = Va(u)}vn(X, — p)
= Vg(u)vn(X, —p) +oy(1)

since Vg(Y,?) —, Vg(u) by continuity of Vg at p and since v/n(X,, — u) = O,(1).
Now note that

V() vn(X — ) \/—ZVQ M):%Zﬂ)(}(

with ¢ as in (2).

In fact, the hypothesis of continuity of Vg can be dropped: consider a new function
h(z) = g(x) — Vg(u)x. Then Vh(u) = Vg(u) — Vg(u) =0, and we can write

V(g(Xy) —g(p) — Vo) (Xn—p) = Vn(h(X,)— k()
(3) —q VR(W)Z=0-Z=0

by the delta-method applied to the function h. Since convergence in distribution
to a constant implies convergence in probability to the same constant, we conclude
from (3) that the left side of (3) converges in probability to 0. But this is just the
claimed asymptotic linearity with ¥ (z) = Vg(u)(z — p).

(b) The result in (a) does not quite apply since

Zn = (X, —p, 5% — o)

is not exactly an average of i.i.d. random vectors. But the key features of the proof
n (a) do carry through since n=Y/27,, —, 0 and Z, = n=V23"" | Y, + 0,(1) where
Y, = (X;—p, (X;—p)?—0?) are i.i.d. with mean 0 and finite second moment under
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the assumptions of problem 2(a) of problem set #4. Thus the conclusion continues
to hold. Thus with g(u,v) =v/u

Vi (22 -2 = Voo VAT - ) + (1)

X, 2
= (o VAT =~ 1) + 01

- e T nf o
= IZ¢ ) +0p(1)
where
W) = lla = =t = )= )

has Ey(X;) =0 and
ol o 02 9

as in the solution of problem 3.3(b).

3. (a) Write out a proof of (10) on page 16 of the Chapter 2 notes.
(b) Write out a proof of the corresponding fact concerning the general empirical
process G,: G, — 4 G where G,, and G are as defined on page 21 of the chapter 2

notes; i.e. for any fi,..., fx € La(P), (G, (f1),-..,Gn(fx)) —a (G(f1),- .., G(fr)).

Solution: (a) U, —;4 U. To see this, let 0 < t; <t < --- <t < 1. Then define
random vectors Y, by

Y, = (1p)(&) — 1, 1o (&) — te),
fori =1,...,n. Note that £'Y; =0 and

t(l—ty) by —tity - b — iy

ty — ity to(l—ty) -ty — Loty
EY Y| =

ty—tity  ty —toty - t(1—tg)

= (LAt —tit);,_ =2
Thus it follows from the multivariate central limit theorem that
(Un(tr), .-, Un(tr)) = vnY,, —a Np(0,%).
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But for a Brownian bridge process U, (U(t1),...,U(tx))" ~ Ng(0,%), so we have
shown that (U,(t1),...,Un(tx)) —a (U(t1),...,U(tx)). But since this holds for
every k and every choice of ¢y, ..., %, it follows that U, —4 U.
(b) G,, —ra G. To see this, let fi,..., fx € La(P). Then define random vectors
Y, by

Y, =(((Xi)) =Pl fi(Xi) = Pfi)

fori =1,...,n. Note that £'Y, = 0 and

P(ft) = (P(f1)* P(fif) = PfiPfa --- P(fifs) — PAPfr
P(fifs) = PHiPfs  P(f3) = (Pfa)> -+ P(fofs) = PfaPfi

EZ1Z/1 =
P(fifx) — PfiPfi P(fofx) — PfoPfr --- P(f]?) _ (Pfk)2
= (P(fif;) — Pfinj)fJ:l =.

Thus it follows from the multivariate central limit theorem that

(Gn(f1), -, Gu(fr)) = VnY,, —a Ni(0,%).

But for a P—Brownian bridge process Gp, (G(f1),...,G(fx)) ~ Ni(0,%), so we
have shown that (G, (f1),...,Gn(fx)) —a (G(f1),...,G(fx)). But since this holds
for every k and every choice of fi,..., fi € Lo(P), it follows that G,, — 4 G.

. Suppose that Xi,..., X, are iid. exponential(f); i.e. with density py(x) =
0 exp(—0z)1jp 00y (x). Let X(ny = X, be the largest order statistic of Xy,..., X,,.
(a) Find constants ¢, so that Y, = X(n) — ¢n —¢q Y for some random variable Y’
and find the limiting distribution of Fy.

(b) Compute the density of Y,, and show that it converges to the density fy of Y.
(c) What can you conclude from the result of (b) and Scheffé’s theorem (chap. 2
notes, prop. 1.14, page 97)

Solution: Let ¢, = 0~tlogn = F; (1 —1/n). Then

Foly) =P(Y,<y) = PXpy—cn<y)=PXn <y+c)
= P(X;<y+c,foral 1<j5<n)
= P(X;<y+e)" =1 —exp(=0(y+cn)))"

= (1 - ejy)n — exp(—e™%)
= Fy(y);

this is an extreme - value distribution of the the “double-exponential” or “Gumbel”
type; see part (¢) of Theorem 14, Ferguson, ACILST page 95.

(b) The density of Y, is found easily by differentiating in the previous display. The
result is that

fuly) = (1 = n""exp(—0y))" " exp(—0y) — exp(—e~") exp(—0y) = fy(y) = f(y).



(c) Since the densities f,, converge pointwise to the limiting density, we conclude by
Scheffé’s theorem that with P, begin the probability measure on R corresponding
to F, and P the corresponding probability measure on R corresponding to Fy,

dTV Pnap /’fn - ’dy—>0



