Statistics 581, Problem Set 4 Solutions
Wellner; 10/28/2009

1. Ferguson, ACILST, problem 5, page 50: (The Poisson dispersion test). A standard
test of the hypothesis Hy that a distribution is Poisson(A) for some A is to reject Hy
if the ratio of the sample variance to the sample mean, S2/X,,, is too large. This
test is good against alternatives whose variance is greater than the mean, such as
the negative binomial distribution or any other mixture of Poisson distributions.
(a) Find the asymptotic distribution of S2/X,, for general distributions.

(b) Find the asymptotic distribution of S2/X, under Hy and show that it is
independent of \.

Solution: (a) We can use the result of part (a) of problem 3 of Problem Set #3.
We just need to proceed as in (b) of problem 3, Problem Set #3 with g(u,v) = v/u.
Thus we find that Vg(u,v) = (—v/u?,1/u) = (—v/u,1)/u. Hence Vg(u,o?) =
(—0?/p, 1)/, and the limiting variance is
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where V2 is given in (1).
(b) When X ~ Poisson(\), E(X) = A, Var(X) = X\, 31 = 1/VA, and 7, = 1/\.
Thus we find that the asymptotic variance above is
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Thus it follows that under X ~ Poisson(\) we have

2. (Continuation of problem 1 above.) Suppose that (X|A) ~ Poisson(A) where A ~
['(r,b) with density b" X"~ exp(—b\)/T'(r) for some r > 0 and b > 0.
(a) Show that the marginal distribution of X is Negative Binomial (b/(1 + b),r)
with density (probability mass function)
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forx =0,1,....

(b) Show that E(X) = r/b and Var(X) = (r/b) + r/b* > (r/b) = E(X), and
hence if b = b, = /n/X and r = r,, = /n, we have, letting E,, and Var, denote
expectation and variance under (r,,b,), E,(X) — Ao and Var,(X) — Ao, while
vn(Var,(X) — X) — M. (Hint: Use our results for computing the mean and
variance conditionally on another random variable.)

(c) Show that if X,, ~ Negative Binomial(b, /(1 + b,), r,) with b, and r, as in (b),
then X,, —4 Xy ~ Poisson()\y).

(d) Now suppose that X,; ~ Negative Binomial(b, /(1 + b,),r,) for i = 1,...,n
are independent with b, and 7, as in (b). Let X, = n 13" X, and S2 =
(n—1)"' S 7(X, — X,,)% as in problem 1. Use the results of (b) to show that under
this family of local alternatives to the Poisson distribution we have
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for some ¢ # 0 and find ¢. Use this to approximate the power of the test in problem
1 for this particular sequence of alternatives.

Solution: (a) By direct calculation
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for v =0,1,2,.... That is, X ~ Negative Binomial(p = b/(1 + b),r).
(b) By computing conditionally on A we get

E(X) = E(E(X|A)) = EA = /b,
Var(X) = E(Var(X|A)) + Var(E(X|A))
= E(AN) +Var(A) =7/b+1/b.

Thus when b = b, = /n/\g and r = 1, = \/n, we have,

En(X) = Tn/bn = \/ﬁ/(\/ﬁ/)\o) = Ao, and
Var,(X) = rn /by + 10 /b2 = X + V1) (/A2
=X+ A5/ — Ao,

while
Va(Var,(X) — Xo) = .



(c) Since E,(A) =1,/b, = Ao and

Var,(A) =r,/b2 = \3/v/n — 0,

it follows that A, —, Ao; that is the sequence of mixing distributions converges to
the distribution degenerate at \g. Hence for each = € {0,1,...} we have

) ~ Mexp(-x0)

by the Helly-Bray theorem applied to the bounded continuous function g(v) =
v¥exp(—v) on [0,00) and A,, —4 Ag. This implies that X,, —4 Xo ~ Poisson(\o).
The convergence in (2) can also be seen directly from the results in (a) as follows:
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and, using Stirling’s formula, I'(r + 1) ~ (v27r(r/e)" as r — oo,
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Thus the expression on the right side in (3) converges to the Poisson probability
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(d) First write
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where
o2 = Var,(X) = Ao +n 2N,
tn = E,(X) = Xo.
Thus
2
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and if we show that

©) Vi (25 -2

In N(0,2),
Xﬂﬂ)ﬁd<>

where Z ~ N(0,1), then it follows from (4), (5), (6), that
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This yields an approximation to the power of the test derived in problem 2 under
this sequence of Negative binomial alternatives:

Power(NegBin(r,,b,)) = P 5, (T, > V2z,) — P(V2Z 4+ Mg > V2z,)

= P(Z> 20— MN/V2)=1—=®(24 — Ao/ V2).
(This is the power of an ad-hoc test based on comparison of two different moments
of the Poisson distribution. What is the limiting power of an optimal test for

distinguishing this sequence of negative binomial alternatives? We will return to
this later!)

To show that (6) holds, suppose that we show that
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Another way to arrange the argument once (7) is proved is to note that (7) implies
that
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Then we can apply the delta-method directly with g(u,v) = v/u as before: since
g,()\Oa )\0) = (_17 1)/)\07

w(%;g = V9T S2) - 900 M)

—a §(Z+ (0,\5)") ~ N(0,2) + Ao = N (o, 2).



The rest of the proof is concerned (only) with showing that (7) holds. As before,
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where Y; = (X; — p,,)? — 02, so it suffices to show that Z,, —4 No(0,3).
To do this, let a € R?, and consider

aZ, = avn(X, — i)+ axv/nY,

— Z{amflm (XZ — un) + a2n71/2[(Xi - ,Un)2 - 0721]}
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where u,; = EX,; = 0 and
02 = Var(X,) = ain " 'Var,(X1)+2a,a9n E, (X1 —pn ) +a2n HE, (X1 — ) —ot},

so that p, = Y] pn; = 0, and

o2 = Z 02 = aiVar,(X1) + 20109 B, (X1 — pin)® + a3{ B (X — pn)* — 02}
i=1
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since, using the results of (b)

Var,(X) = X+ A\g/vVn — Ao,
En(Xl - :U’n)3 = EnE[(Xl - :U’n)3|An] - /\07
E(X1 — o) — o} — Xg +2)\2

Now we verify the hypothesis of the Liapunov CLT: first,
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Thus we see that ~,/03 — 0 if both limsup, . F,|X; — /> < oo and
limsup,, .. En|(X1 — pn)? — 02> < oco. By applying Minkowski’s inequality (the
triangle inequality for the L3 norm), it is clear that this will hold if the same is
true for E,|X|*> and E,|X:|®>. But note that for z € {0,1,...}, any positive
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integer m and number t > 0, t"|z|™/m! = (tx)™/m! < exp(tz), so E,|Xi|"™ <
(m!/t™)E, exp(tX;), and hence it suffices to show that limsup,,_, . E, exp(tX;) <
oo. But since the moment generating function of U ~ Poisson(\) is Eexp(tU) =

exp(A(e" — 1))
E,exp(tX)) = E,Elexp(tX,)|\,] = E,exp(A,(e" —1))
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(Note that this is, in fact, the moment generating function of a Poisson random
variable with parameter \g.) Thus 7, /02 — 0 holds, and via the Liapunov CLT we
find that a’Z, /0, —4 N(0,1). In view of (9) this yields a'Z,, —4 a'Z ~ N(0,a'¥a),
and by the Cramér-Wold device we conclude Z,, —4 Z ~ N(0, X).

. Suppose that N, ~ Multy(n,p) and p = N, /n. Suppose that the true p is p, =

P, + n~12¢ where 17¢ = 0. Use the Cramér - Wold device together with either the
Liapunov or the Lindeberg-Feller CLT to show that

(Nn,l — NPni Nnk - npn,k)
v/ Po,1 ’ ’ AVALI LN~

satisfies Z,, —4 Z where Z ~ N (0,1 — \/p_o\/p_oT). (It therefore follows, as outlined

in class, that the chi-square statistic Q,, —4 x3_,(d) with 6 = Zj 1 & /po,; under
the local alternative p .)

—n

Solution: We argued heuristically in class that when the truep=p =p, +cen~12,
then

(10) Z,, = diag(1/\/p)n'*(p = p,) = Z+d ~ Ni(d, %)

where d = diag(1/,/p;)c and ¥ = I — /p;,/p,’. To prove that (10) holds, we can

use the Cramér-Wold device and the Liapunov CLT. Fix a € R¥. Then we want to
show that

a"Vn(@, —p,) —a N(0,a" (diag(p,) — p,p, )a) -

But since N,, = > A,; where A,; ~ Multy(1,p ) are i.id. for each n, we can
write

V@, —p) = Y. (A —pe)/Vn

T —n
i=1 j=1
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where the X,,;’s have p,; = F(X,;) =0,

o2 =Var(X,) = QT(diag(]_on) - ]3”]_9:)@/71

and
k k 5
Yni = E‘an‘g = 7173/2 Z { aj/(l _pnj’) + Z CLj(O _pn]> }pnj’ )
Jj'=1 J#i"j=1

so that

0222072”:@ (diag(p ) —p p )a — a Xa

1
while
1
k k 5
= Py {%’(1 prj)+ Y a;(0=pyy) }Pnj'
j'=1 J=1,j#5’

where

M(@aQO)ZZ{@j'(l—POj/)JF > aj(O—pOj)3}p0j/-

J'=1 J=L3#5’
hence it follows that -,/ oa/? = 0, and

d" VB, = p) Y X

On On

—d N(O,l) .

Since 02 — a’Ya, this implies
T = T
aVvn(p, —p)—aN0a Xa),
and by Cramér - Wold, this yields

Vi®, ~p,) —a Ni(0,5).

. Suppose that N, = (N11, Nia, No1, Noz) ~ Multy(n, p) where p = (p11, p12, Pa1, P22)

where Y22, Z?Zl pij = 1. (Thus IV, is the sum of n independent Mult4(1, p) random
vectors {Y, }I ;.) Since there are really just three independently varying parameters
for this problem, it is often useful to re-express the cell probabilities in terms of two
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marginal probabilities, say p;. = p11 + p12 and p.; = P11 + po1, and 1, the log of the
odds-ratio, defined by
P21/D22 — 1o P12P21

(11) P = log = .
p11/p12 P11P22

You may use the fact that ¢» = 0 if and only if independence holds for the 2 x 2
table (i.e. p;; = pip.j for 4,57 =1,2).

(a) Suggest an estimator of v, say .
(b) Show that the estimator you proposed in (a) is asymptotically normal and
compute the asymptotic variance of your estimator.

Solution: (a) An obvious estimator of 1 is

QZ _ log ]/9\12]/9\21
P11DP22

where p = N /n.
(b) Now b= g(p) where g(p) is given in (11) and is differentiable with derivative

VQ(Q) = (—1/2911, 1/2912, 1/1721, —1/1722)

and, by the multivariate CLT,
V(P —p) —a Z ~ Ny(0,%)

where ¥ = diag(p) — pp". Thus the delta method (or ¢’-theorem) yields

V=) = Valg®) - 9(p))
—a Vg(p)Z ~ N(0,Vg"EVg) = N(0,V?(p))

where 1 1 1 1
Vip)=—+—+—+—.
- P11 P12 P21 P22

. This is a continuation of problem 4. One standard test of independence in the 2 x 2
table is the test based on a Pearson-type chi-square statistic.

(a) Write down the chi-square statistic @,, for this problem, state its asymptotic
distribution under the null hypothesis, and explain briefly why the claimed result
holds.

(b) Suppose that the alternative hypothesis holds. Show that under the alternative
hypothesis n™'Q,, —, some constant ¢ and compute ¢ as explicitly as possible.

(c) Find the asymptotic distribution of @, under local alternatives of the form

U =1t~ e p = (P11 Pran, Pains Pazn) = D, + cn”/? where
Vo = log (fi) 0
P11,0P22,0

and 1'c = 0.
(d) Suppose that n = 50, o = .05, and the true p is p = (.3,.2,.1,.4). Give an
approximation to the power of the chi-square test at this particular alternative.
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Solution: (a) The chi-square statistic for testing independence in a 2 x 2 table is

0, = ZQ: i (Nij - nﬁi-ﬁ-j)2

NnP;.p.;
i=1 j=1 Pi-P-j

(N11Nag — N1aNgy )? 1
- n3 Z Yy

(N12Ngy — N11N22)2 N 1
n? pr.(1 = pr)pa(l —pa)
”{GXP(Q@n) - 1}2 (]511]322)2
pr(1 - ﬁ})ﬁq(l —Pa)
{v/nlexp(in) = 1]} (Pr1p22)”
pr(1 = p1)pa(l —pa)
- ovq2 [P1.(1 = pr)pa(l — p.1)]2
¢ IN(O, V7)) p1-(1 = p1)pa(l —pa)
= [N, V)Ppr(1 = p)pa(l — pa) = [N(0, D] £ X3

by the delta method or ¢’ theorem and result of problem 3 where we have repeatedly
used the fact that p;; = p;.p.; under the null hypothesis of independence.
(b) When the alternative hypothesis holds, then the above argument shows that

00, = (N12Nap — NijNop)? 1
nt p1.(1 = p1)pa(l —pa)
Prapa1 — Pripaz)?
1 —p1)pa(l —pa)
P1ab21 — pupaz)’
1 —pi)pa(l —pa)
where pi. = p11 + p12 and p. = p11 + par-
(¢) Under local alternatives with 1/, = tn~/2 for t # 0, the argument in (a) repeated
(but using the Liapunov CLT) yields

\/ﬁ({z)\n - O) - \/5(7:/)\” - 7vZ)n) + \/ﬁ(qu)n - O)
= Vn(g(@) —9(p)) +t

= n

—a Vg(p,)Z +1~ N(t,Vg'EVg) = N(t,V*(p,))

—~

—~

pr.

—

_>p

—~

P1.

where
1 1 1 1 1
+ + + = )
P11,0 P20 P210  P220 Pl-,o(l - pl-,o)p-l,o(l - p-l,o)

2 _
V (Bo) -
and hence, by the delta-method again,

Vilexp(tn) — 1) —q Vg(p)Z -+t~ N(t,Vg"SVg) = N(t,V(p,)) -

This implies, via the same development as in (a), that under p_ we have

n{exp(@n) - 1}2 (13111322)2

Qn = ~ ~ ~ ~
Pl-(l - pl-)p-l(l - p-1)
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{\/ﬁ[exp(@f}n) 132 (p11p22)
pr.(1 = pr)pa(l — pa)
—a [N(t, VQ(pO)] p1o(1 = pio)pio(l —paio)
= [N@Ve D £ 3(0)
where 6 = ¢t? and ¢ = py.o(1 — p1.o)p1.0(1 — p1o).
(d) When n = 50, a = .05, and the true p is p = (.3,
pr.=1—pi=.5,p1 =4 (so that ¢ = p1.(1 - p1.)pa(1 —Pl)

t, = Vnlog P2P2 — 1967
P11DP22

Thus § = (12.67...)%(.06) = 9.631..., and an approximation to the power of our test
is given by

4), we calculate

A,
(:5)%(4)(.6) = .06),

IIL\D

P(x3(9.631...) > x7 05) = P(x7(9.631...) > 3.841...) = .874....

. Suppose that X, i,...,X,, are independent Bernoulli(p,1),...,Bernoulli(p, )
respectively. Let T, = X, 14 -+ Xnns fin = Doy Pryis and 02 = >0 Ppi(1—pns)-
(a) Use the Liapunov central limit theorem to show that if 02 — oo, then
(T, — pin)/on —a N(0,1).

(b) Show that the key condition of the Liapunov CLT implies the Lindeberg
condition.

02, = Var(X,) = pni(1 — pn;), and

< pm‘(l - pm’) = 07211"

Thus u, = er Mni s 0,21 = Z?pm‘(l _pni)7 and

n n
=3 <Y =k
1 1

It follows that v, /03 < 02/02 =1/0, — 0if 02 — co. So the Liapunov CLT yields
(T, — ptn)/0n —a N(0,1) under the condition o2 = Y7 ppi(1 — ppi) — .
(b) Note that

Solution: (a) We compute fi,; = EXpi = Do,

Yni

. < !w\ <!w\r+1
|0 Ljw)>q < w]"—1jju|>q

Using this with r = 2, ¢ = €0, w = X,; ylelds

RN RN
FZE{|Xni|21HXm\>EUn}} < _ZE{|XM|2 1[|Xm|>6<fn]}
noi=1

= 52
On = €op,

Ly,
=——ZMMP <ot
6(7
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for X,;’s with EX,,; = 0. Thus v,/02 — 0 implies that the Lindeberg condition
holds.
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