
Statistics 581, Final Exam Solutions

Wellner; 12/16/2009

1. (40) points) Define each of the following terms. In each case, briefly provide an
appropriate context for your definition.
(a) The information matrix for θ in a regular parametric model

P = {Pθ : θ ∈ Θ ⊂ Rd}.
(b) The efficient score function for a parameter θ1 when θ = (θ1, θ2).
(c) The efficient influence function l̃1 for a parameter θ1 when θ = (θ1, θ2).
(d) The efficient influence function for l̃ν for a differentiable parameter q(θ) = ν(Pθ)

in a regular parametric model P.
(e) An asymptotically linear estimator of a parameter ν(P ) with influence function
ψ.

Solution: See 581 Course Notes, Chapters 3 and 4.

2. (32 points) State four of the following five results, providing the appropriate (brief)
context for your statement:
(a) The (elementary) Skorokhod theorem.
(b) The Cramér - Wold device.
(c) A result about the finite-dimensional limiting distributions of the sample

quantile process {
√

n(F−1
n (t) − F−1(t)) : 0 < t < 1} specifying the

assumption(s) carefully.
(d) Le Cam’s third lemma.
(e) The Glivenko-Cantelli theorem.

Solution: See 581 Course Notes, Chapters 2 and 4.

Do either problem 3 or problem 4:

3. (50 points). (A two-sample model.) Suppose that Z ∼ Bernoulli(η), and conditional
on Z, a random variable X has conditional distributions given Z described by
(X|Z) ∼ Exponential(µZ + ν(1 − Z)) where µ, ν > 0. Thus

P (X > x|Z = 1) = exp(−µx), x ≥ 0,
P (X > x|Z = 0) = exp(−νx), x ≥ 0.

(a) Let θ = (µ, ν, η) ≡ (θ1, θ2, θ3) ∈ (0,∞)× (0,∞)× (0, 1), and write (X, Z) ∼ Pθ.
Show that the joint density pθ of (X, Z) (with respect to the product of Lebesgue
measure λ on (0,∞) and counting measure # on {0, 1} is given by

pθ(x, z) = (ηµe−µx)z((1 − η)νe−νx)1−z1(0,∞)(x)1{0,1}(z).

(b) Find the score(s) for θ = (µ, ν, η) and the information matrix for θ (when
n = 1).
(c) If (X1, Z1), . . . , (Xn, Zn) are i.i.d. as (X, Z) ∼ Pθ0 , what is the Cramér - Rao
bound for estimation of q(θ) = ν(Pθ) ≡ θ1 − θ2 = µ − ν?
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(d) For a sample of (X, Z) pairs as in (c), find the maximum likelihood estimator
θ̂n of θ.
(e) Find the limiting distribution of

√
n(q(θ̂n) − q(θ0)) when θ = θ0 is true.

(f) Propose a test statistic for testing H : µ = ν versus K : µ *= ν based on the
result of (e). What is the limiting distribution of your test statistic under H? What
is the limiting distribution of your test statistic under local alternatives of the form
µ = ν + tn−1/2?

Solution: (a) The conditional densities given Z = 1 and Z = 0 are pθ(x|1) =
µ exp(−µx)1(0,∞)(x) and pθ(x|0) = ν exp(−νx)1(0,∞)(x) respectively (with respect
to Lebesgue measure); equivalently

pθ(x|z) = (µ exp(−µx))z · (ν exp(−νx))1−z1(0,∞)1{0,1}(z).

Since Z ∼ Bernoulli(η), its density (or mass function) with respect to counting
measure is pη(z) = ηz(1 − η)1−z1{0,1}(z). The resulting joint density of (X, Z) is
therefore

pθ(x, z) = pθ(x|zpη(z) = (ηµ exp(−µx))z · ((1 − η)ν exp(−νx))1−z1(0,∞)1{0,1}(z).

(b) First,

log pθ(x, z) = z log η + (1 − z) log(1 − η) + z (log µ − µx) + (1 − z) (log ν − νx) .

Thus the scores l̇µ, l̇ν , and l̇η are given by

l̇µ(x, z) = z

(
1

µ
− x

)
,

l̇ν(x, z) = (1 − z)

(
1

ν
− y

)
,

l̇eta(x, z) =
z

η
− 1 − z

1 − η ,

and the matrix of second derivatives l̈ij is given by




l̈µµ(x, z) l̈µν(x, z) l̈µη(x, z)
l̈νµ(x, z) l̈νν(x, z) l̈νη(x, z)
l̈ηµ(x, z) l̈ην(x, z) l̈ηη(x, z)



 =




− z

µ2 0 0
0 −1−z

ν2 0
0 0 − z

η2 − 1−z
(1−η)2



 .

Thus the information matrix is

I(θ) = −Eθ

(
l̈ij(θ|X1)

)
=




η
µ2 0 0

0 1−η
ν2 0

0 0 1
η(1−η)



 .

(c) For estimation of q(θ) = θ1 − θ2 = µ − ν, we have q̇(θ) = (1,−1)T . Thus the
Cramér Rao bound for estimation of q(θ) is given by

V arθ(Tn) ≥ α
T I−1(θ)α

n
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where α = ∇Eθ(T (X)) = q̇(θ) + ḃ(θ) and b(θ) ≡ Eθ(T (X)) − q(θ) is the bias of T .
If T is unbiased, then

V arθ(Tn) ≥ q̇T (θ)I−1(θ)q̇(θ)

n
.

(d) The score equations are given by

0 =
n∑

i=1

l̇µ(Xi, Zi) =
n∑

i=1

Zi(
1

µ
− Xi),

0 =
n∑

i=1

l̇ν(Xi, Zi) =
n∑

i=1

(1 − Zi)(
1

ν
− Xi),

0 =
n∑

i=1

l̇η(Zi, Zi) =
n∑

i=1

Zi − η
η(1 − η)

,

and it is easily seen that the solutions are given by

µ̂n =

∑n
i=1 Zi∑n
1 ZiXi

,

ν̂n =

∑n
i=1(1 − Zi)∑n
1 (1 − Zi)Xi

,

η̂n = Zn.

In this case the Hessian is negative definite, and the log-likelihood is strictly concave,
the solution of the likelihood equations is unique and yields a maximizer of the log-
likelihood.
(e) Now under Pθ0, with θ0 = (µ0, ν0, η0) ∈ (0,∞)2 × (0, 1), our general theory
applies and it follows that

√
n(θ̂n−θ0) →d N3(0, I−1(θ0)) where I(θ) is as calculated

in (b). Since q(θ) is differentiable with derivative q̇(θ0) = (1,−1, 0)T , it follows by
the delta method that

√
n(q(θ̂n) − q(θ0)) →d N(0, q̇(θ0)I

−1(θ0)q̇(θ0)) = N

(
0,

µ2
0

η0
+

ν2
0

1 − η0

)
.

(f) One natural (Wald-type) test statistic is

Wn ≡ {
√

n(q(θ̂n) − q(θ0))}2q̇T (θ̂n)I−1(θ̂n)q̇(θ̂n)

= nq(θ̂n)2q̇T (θ̂n)I−1(θ̂n)q̇(θ̂n)

=
n(µ̂n − ν̂n)2

µ̂2
n

η̂n
+ ν̂2

n
1−η̂n

→d
(D1 − D2)2

V ar(D1 − D2)
∼ χ2

1

under the null hypothesis µ = ν. If θn = θ0 + tn−1/2 with with µ0 = ν0 (and, for
simplicity t2 = t3 = 0, t ≡ t1), then it follows easily from regularity of the MLE’s
that

√
nq(θ̂n) →d D1 − D2 + t ∼ N(t, q̇(θ0)

T I−1(θ0)q̇(θ0)) = N(t,
µ2

0

η0(1 − η0)
).
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Then it follows that the statistic Wn in (f) satisfies

Wn →d N(t/
√

µ2
0/(η0(1 − η0)), 1)2 ∼ χ2

1(δ)

where δ = t2η0(1 − η0)/µ2
0.

4. (48 points).
Suppose that X1, . . . , Xn are independent and identically distributed real-valued
random variables with distribution function F and density f .
(a) Consider the sample median F−1

n (1/2) and the sample mean Xn. Give conditions
under which the sample median F−1

n (1/2) is an asymptotically linear estimator of the
population median F−1(1/2). Identify the influence function ψ(x) and the limiting
distribution of

√
n(F−1

n (1/2) − F−1(1/2)).
(b) Give conditions under which the sample median F−1

n (1/2) and the sample mean
Xn have a joint limiting distribution; i.e. conditions which imply that the random
vector

( √
n(F−1

n (1/2) − F−1(1/2))√
n(Xn − µ)

)

converges in distribution where µ = µF = EF (X1). Find the limiting distribution
explicitly.
(c) A simple test for asymmetry of a distribution function is based on the difference
of the mean and median: γ(F ) ≡ µF −F−1(1/2). Note that γF = 0 if F is symmetric
about some point, while γ(F ) is positive for F skewed to the right, and negative for
F skewed to the left. Use the results of (b) to find the limiting distribution of

√
n(γ(Fn) − γ(F )) =

√
n(Xn − F−1

n (1/2) − (µF − F−1(1/2))).

Compute the limiting variance in terms of expectations of functions of F . Is γ(Fn)
asymptotically linear?

Solution: (a) Assuming that F has a positive density f at F−1(1/2), we know
that with Q(t) ≡ F−1(t), so Q′(t) = 1/f(F−1(t)),

√
n(F−1

n (1/2) − F−1(1/2)) →d −Q′(1/2)U(1/2)

= − 1

f(F−1(1/2)
U(1/2) ∼ N(0,

1/4

f 2(F−1(1/2)
).

Moreover,

√
n(F−1

n (1/2) − F−1(1/2)) =
1√
n

n∑

i=1

−1

f(F−1(1/2))
(1(−∞,F−1(1/2)](Xi) − 1/2) + op(1)

≡ 1√
n

n∑

i=1

ψ(Xi) + op(1)

where ψ(x) = −(1(−∞,F−1(1/2)](x) − 1/2)/f(F−1(1/2)) has Eψ(X) = 0 and
Eψ2(X) = (1/4)/f 2(F−1(1/2)).

4



(b) If E(X2
1 ) < ∞, then from the asymptotically linear representation of F−1

n (1/2)
in (a) together with the multivariate central limit theorem it follows that

√
n

(
F−1

n (1/2) − F−1(1/2)
Xn − µF

)
=

1√
n

n∑

i=1

(
ψ(Xi)

Xi − µF

)
+ op(1)

→d V ∼ N2(0,Σ)

where Σ11 = Eψ2(X1) = (1/4)/f 2(F−1(1/2)), Σ22 = Var(X1), and

Σ12 = Σ21 = Eψ(X1)(X1 − µ) = −
E{1(−∞,F−1(1/2)](X1)(X1 − µ)}

f(F−1(1/2))
.

(c) From the joint convergence result in (b) it follows by the continuous mapping
theorem that

√
n(γ(Fn) − γ(F )) =

√
n(Xn − F−1

n (1/2) − (µF − F−1(1/2)))

=
√

n(Xn − µF ) −
√

n(F−1
n (1/2) − F−1(1/2))

→d V2 − V1 ∼ N(0, τ 2)

where

τ 2 ≡ τ 2(F ) (0.1)

=
1/4

f 2(F−1(1/2))
+ V arF (X)

+ 2EF

{
(X − µF )(1(−∞,F−1(1/2)](X) − 1/2)

}
/f(F−1(1/2))

= V arF (X) +
1/4

f 2(F−1(1/2))

+ 2EF

{
(X − µF )1(−∞,F−1(1/2)](X)

}
/f(F−1(1/2))

= V arF (X) +
1/4

f 2(F−1(1/2))

+ 2(EF

{
X1(−∞,F−1(1/2)](X)

}
− µF )/f(F−1(1/2)) . (0.2)

Indeed, γ(Fn) is asymptotically linear as well: from the asymptotic linearity of
F−1

n (1/2) given in (a) and (b)

√
n(γ(Fn) − γ(F )) =

1√
n

n∑

i=1

{Xi − µF − ψ(Xi)} + op(1)

where ψ = −(1(−∞,F−1(1/2)](x) − 1/2)/f(F−1(1/2)) as in (a)

Remarks: This statistic for testing symmetry was suggested by Edgeworth (1887).
See the discussion on pages 105 and 106 of Stigler (1999), which also indicates that
the joint asymptotic distribution of the mean and median was known to Laplace in
the early 1800’s.]

Do either problem 5 or problem 6.
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5. (48 points).
Suppose that Nn ≡

∑n
i=1 ∆i ∼ Multk(n, p) where ∆i ∼ Multk(1, p) are

independent. The usual MLE p̂
n

of p is p̂
n

= n−1Nn. For a ∈ [0, 1) and
p

0
= (1/k, . . . , 1/k), consider the alternative estimator p̃

n
of p defined by

p̃
n

=

{
p̂

n
if ‖p̂

n
− p

0
‖2 > n−1/4,

ap̂
n

+ (1 − a)p
0

if ‖p̂
n
− p

0
‖2 ≤ n−1/4.

Let Z ∼ Nk(0, diag(p) − ppT ), Z0 ∼ Nk(0, diag(p
0
) − p

0
pT

0
).

(a) Find the limiting distribution of
√

n(p̃
n
− p

0
) when p *= p

0
and when p = p

0
.

(Express these in terms of Z and Z0.)
(b) Let p

n
= p

0
+n−1/2c where 1T c = 0. Find the limiting distribution of

√
n(p̃

n
−p

n
)

under p
n
.

(c) Is p̃
n

a locally regular estimator of p at p = p
0
? Explain why or why not.

(d) Find the limit of Ep
n
n‖p̃

n
− p

n
‖2 where ‖v‖2 ≡

∑k
j=1 v2

j for v ∈ Rk. How does

this compare to the limit of Ep
n
n‖p̂

n
− p

n
‖2?

Solution: (a) Now
√

n(p̃
n
− p) =

√
n(p̂

n
− p)1{‖p̂

n
− p

0
‖ > n−1/4}

+
√

n(ap̂
n

+ (1 − a)p
0
− p)1{‖p̂

n
− p

0
‖ ≤ n−1/4}

=
√

n(p̂
n
− p)1{‖

√
n(p̂

n
− p) +

√
n(p − p

0
)‖ > n+1/4}

+ {a
√

n(p̂
n
− p) + (1 − a)

√
n(p

0
− p)}

·1{‖
√

n(p̂
n
− p) +

√
n(p − p

0
)‖ ≤ n+1/4}.

If p *= p
0
, then ‖

√
n(p̂

n
− p) +

√
n(p − p

0
)‖n−1/4 →p ∞, and hence on a set with

probability converging to 1,

√
n(p̃

n
− p) =

√
n(p̂

n
− p) →d Z.

On the other hand, if p = p
0
, then

‖
√

n(p̂
n
− p) +

√
n(p − p

0
)‖n−1/4 = ‖

√
n(p̂

n
− p)‖n−1/4 →p 0,

and hence on a set with probability converging to 1,
√

n(p̃
n
− p

0
) = a

√
n(p̂

n
− p

0
) →d aZ0.

(b) If p
n

= p
0
+ cn−1/2 with 1T c = 0, then

√
n(p̃

n
− p

n
) =

√
n(p̂

n
− p

n
)1{‖

√
n(p̂

n
− p

n
) +

√
n(p

n
− p

0
)‖ > n+1/4}

+ {a
√

n(p̂
n
− p

n
) + (1 − a)

√
n(p

0
− p

n
)}

·1{‖
√

n(p̂
n
− p

n
) +

√
n(p

n
− p

0
)‖ ≤ n+1/4}

=
√

n(p̂
n
− p

n
)1{‖

√
n(p̂

n
− p

n
) + c‖ > n+1/4}

+ {a
√

n(p̂
n
− p

n
) − (1 − a)c}1{‖

√
n(p̂

n
− p

n
) + c‖ ≤ n+1/4}

→d aZ0 − (1 − a)c.
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(c) Since the limiting distribution in (b) depends on c, p̃
n

is not a locally regular
estimator of p at p

0
.

(d) Now

Ep
n
{n‖p̃

n
− p

n
||2 → E‖aZ0 − (1 − a)c‖2 = a2E‖Z0‖2 + (1 − a)2‖c‖2






= E‖Z0‖2 if a = 1
> E‖Z0‖2 if ‖c‖2 > 1+a

1−a

= a2E‖Z0‖2 < E‖Z0‖2 if |a| < 1 and c = 0.

Thus even though p̃
n

has smaller mean-squared error than p̂)n at p
0
, it has larger

mean squared error as soon as ‖c‖ >
√

(1 + a)/(1 − a).

6. (48 points).
Consider a parametric model P = {Pθ : θ ∈ Θ ⊂ Rd} satisfying the hypotheses
A0-A4 of section 4.1 of the Chapter 4 notes. Suppose that we are using the Rao (or
score statistic) Rn = Zn(θ0)

T I(θ0)−1Zn(θ0) for testing the null hypothesis H : θ = θ0
versus K : θ *= θ0 where Zn(θ0) ≡ n−1/2

∑n
i=1 l̇θ(θ0|Xi).

(a) Suppose that θn = θ0 + tn−1/2 and consider ln(θn) − ln(θ0) =∑n
i=1 log{pθn(Xi)/pθ0(Xi). Use the expansion developed in HW (and stated in part

(vi) of Theorem 4.1.2) which implies LAN at θ0, together with the linearity of Zn(θ0),
to find the joint limit distribution of

(
cT Zn(θ0)

ln(θn) − ln(θ0)

)
=

(
cT Zn(θ0)

log
(

dP n
θn

dP n
θ0

)
)

under Pθ0 .
(b) Use the result of (a) together with Le Cam’s 3rd lemma to find the joint limiting
distribution of (

cT Zn(θ0)
ln(θn) − ln(θ0)

)
=

(
cT Zn(θ0)

log
(

dP n
θn

dP n
θ0

)
)

under Pθn .
(c) Use the result of (b) to find the limiting distribution of Zn(θ0) under Pθn.
(d) Use the result of (c) to find the limiting distribution of the Rao statistic Rn

under Pθn . What does this imply about the power of the Rao statistic?

Solution: (a) From HW 9 and Theorem 4.1.2 (vi),

ln(θn) − ln(θ0) = tT Zn(θ0) −
1

2
tT I(θ0)t + op(1)

under Pθ0 . Thus for any c ∈ Rd, with Z ∼ Nd(0, I(θ0)),
(

cT Zn(θ0)
ln(θn) − ln(θ0)

)
=

(
cT Zn(θ0)

tT Zn(θ0) − 1
2t

T I(θ0)t

)
+ op(1)

→d

(
cT Z

tT Z − 1
2 t

T I(θ0)t

)

∼ N2

((
0

−1
2 t

T I(θ0)t

)
,

(
cT I(θ0)c cT I(θ0)t
cT I(θ0)t tT I(θ0)t

))
.
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(b) By Le Cam’s third lemma it follows that under Pθn

(
cT Zn(θ0)

ln(θn) − ln(θ0)

)
→d

(
cT Z + cT I(θ0)t
tT Z + 1

2 t
T I(θ0)t

)

∼ N2

((
0

1
2t

T I(θ0)t

)
,

(
cT I(θ0)c cT I(θ0)t
cT I(θ0)t tT I(θ0)t

))
.

(c) In particular, it follows from (b) that under Pθn ,

cT Zn(θ0) →d cT Z + cT I(θ0)t = cT (Z + I(θ0)t).

Since this holds for every c ∈ Rd it follows from the Cramér - Wold device that

Zn(θ0) →d Z + I(θ0)t.

(d) By (c), when Pθn is true, the Rao statistic Rn satisfies

Rn = Zn(θ0)
T I(θ0)

−1Zn →d (Z + I(θ0)t)I
−1(θ0)(Z + I(θ0)t) ∼ χ2

d(δ)

where δ = tT I(θ0)I−1(θ0)I(θ0)t = tT I(θ0)t. Thus for these alternatives, the power
of the Rao test satisfies

Pθn(Rn ≥ χ2
d,α) → P (χ2

d(δ) ≥ χ2
d,α) > α

if δ > 0.

7. (50 points).
Suppose that P = P0 = N(0, 1), Q = Pθ = N(θ, 1) on (X,A) = (R,B).
(a) Compute K(P, Q) = K(P0, Pθ).
(b) Compute H2(P, Q) = 1 − ρ(P, Q) and ρ(P, Q) =

∫ √
p(x)q(x)dx. [It might

be easiest to compute ρ(P, Q) first recalling that if Z ∼ N(0, 1) then E exp(tZ) =
exp(t2/2).]
(c) Compute dTV (P, Q) = 1− η(P, Q) and η(P, Q) =

∫
p(x)∧ q(x)dx. [It might be

easiest to compute η(P, Q) first.]
(d) Show in general that K(P, Q) ≥ 2H2(P, Q), thereby strengthening the fact
K(P, Q) ≥ 0 that we proved in class. [Hint: write both K(P, Q) and H2(P, Q) in
terms of Y = (p(X)/q(X))1/2 and use the inequality log(1 + x) ≥ x/(1 + x) for
x ≥ 0. You will need to relate EQY and EQY 2 to H2(P, Q).]
(e) Use the results of (a) and (d) to find a lower bound for K(P n, Qn) in terms of
H2(P, Q) or ρ(P, Q); here P n and Qn are the probability distributions of X1, . . . , Xn

i.i.d. as P and Qn respectively.

Solution: (a) Now p(x) = φ(x) = (2π)−1/2 exp(−x2/2) and q(x) =
(2π)−1/2 exp(−(x − θ)2/2), so

p(x)

q(x)
= exp(−x2/2 + (x − θ)2/2) = exp(−θx + θ2/2) ,

log
p

q
(x) = −θx + θ2/2,
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and it follows that

K(P, Q) = EP

(
log

p

q

)
= −θEP (X) + θ2/2 = θ2/2 .

(b) We compute ρ(P, Q) first:

ρ(P, Q) =

∫ √
p(x)q(x)dx =

∫
1√
2π

exp(−x2/4) exp(−(x − θ)2/4)dx

=

∫
1√
2π

exp(−x2/2) exp((2θx − θ2)/4) dx

= exp(−θ2/4)EP exp(θX/2) = exp(−θ2/4) exp(θ2/8) = exp(−θ2/8) .

Hence

H2(P, Q) = 1 − ρ(P, Q) = 1 − exp(−θ2/8) .

(c) We compute η(P, Q) first. Since φ(x) ≥ φ(x − θ) if and only if

1√
2π

e−x2/2 ≥ 1√
2π

exp(−(x − θ)2/2)

or equivalently, if and only if

1 ≥ exp(θx − θ2/2) iff θx − θ2/2 ≤ 0

and, for θ > 0, this holds if and only if x ≤ θ/2. Hence it follows that
∫

p(x) ∧ q(x)dx =

∫
φ(x) ∧ φ(x − θ)dx

=

∫ θ/2

−∞
φ(x − θ)dx +

∫ ∞

θ/2

φ(x)dx

=

∫ −θ/2

−∞
φ(y)dy + 1 − Φ(θ/2)

= Φ(−θ/2) + 1 − Φ(θ/2) , if θ > 0

= 2Φ(−|θ|/2), if θ > 0.

When θ < 0, θx − θ2/2 < 0 if and only if x ≥ θ/2, and this yields

∫
p(x) ∧ q(x)dx =

∫ ∞

θ/2

φ(x − θ)dx +

∫ θ/2

−∞
φ(x)dx

= Φ(θ/2) + 1 − Φ(−θ/2) , if θ > 0

= 2Φ(−|θ|/2), θ < 0.

It follows that η(P, Q) = 2Φ(−|θ|/2) for all θ, and hence

dTV (P, Q) = 1 − η(P, Q) = 1 − 2Φ(−|θ|/2).

The following Figure shows K(P0, Pθ), H2(P0, Pθ), and dTV (P0, Pθ) as functions of
θ.
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(d) Let Y ≡
√

p/q. Then

K(P, Q) = 2

∫
p log(

√
p/q)dµ = 2EP log Y = 2EP log(1 + (Y − 1))

≥ 2EP
Y − 1

1 + Y − 1
using log(1 + x) ≥ x

1 + x
,

= 2EP
Y − 1

Y
= 2

∫
p

{√
p

q
− 1

}√
q

p
dµ

= 2

∫
p

{
1 −

√
q

p

}
dµ = 2

{
1 −

∫
√

pqdµ

}

= 2H2(P, Q).

Here is a another way of organizing the argument with a slightly different choice of
Y , as follows. Let Y ≡

√
p/q − 1. Then p/q = (1 + Y )2 and it follows that

K(P, Q) =

∫
p log(p/q)dµ =

∫
(p/q) log(p/q)qdµ

= 2

∫
(p/q) log(p/q)1/2dQ = 2

∫
(1 + Y )2 log(1 + Y )dQ

≥ 2

∫
(1 + Y )2 Y

1 + Y
dQ

= 2

∫
Y (1 + Y )dQ = 2

{∫
Y dQ +

∫
Y 2dQ

}
.

But we also have
∫

Y dQ =

∫
√

pqdµ − 1 = −H2(P, Q) ,
∫

Y 2dQ =

∫
[
√

p/q − 1]2qdµ =

∫
[
√

p −√
q]2dµ = 2H2(P, Q) .

By combining the results of these last two displays it follows that

K(P, Q) ≥ 2
{
2H2(P, Q) − H2(P, Q)

}
= 2H2(P, Q) .

(e) By (d), and (c) of the next problem,

K(P n, Qn) ≥ 2H2(P n, Qn) = 2{1 − ρ(P n, Qn)} = 2{1 − ρ(P, Q)n}

in general. For the particular case we began with ρ(P, Q) = exp(−θ2/8), and thus
we conclude that in this case

K(P n, Qn) ≥ 2{1 − exp(−nθ2/8)} .

Another lower bound follows from the identity K(P n, Qn) = nK(P, Q): we conclude
from this together with the inequality from (d) that

K(P n, Qn) = nK(P, Q) ≥ n2H2(P, Q) = 2n(1 − exp(−θ2/8)).
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Figure 1: K(P0, Pθ) (red), H2(P0, Pθ) (green), dTV (P0, Pθ) (blue), and 2H2(P0, Pθ)
(burgundy) as functions of θ
.
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