Statistics 581, Final Exam Solutions
Wellner; 12/16/2009

1. (40) points) Define each of the following terms. In each case, briefly provide an

appropriate context for your definition.

(a) The information matrix for 6 in a regular parametric model
P:{Pgt HE@CRd}.

(b) The efficient score function for a parameter 6; when 6 = (61, 605).

(¢) The efficient influence function I; for a parameter 6; when 6 = (6y, 65).

(d) The efficient influence function for I,, for a differentiable parameter ¢(#) = v/(P)
in a regular parametric model P.

(e) An asymptotically linear estimator of a parameter v(P) with influence function

.
Solution: See 581 Course Notes, Chapters 3 and 4.

2. (32 points) State four of the following five results, providing the appropriate (brief)
context for your statement:

(a) The (elementary) Skorokhod theorem.

(b) The Cramér - Wold device.

(c) A result about the finite-dimensional limiting distributions of the sample
quantile process {/n(F;*(t) — F7(t)): 0 <t < 1} specifying the
assumption(s) carefully.

(d) Le Cam’s third lemma.

(e) The Glivenko-Cantelli theorem.

Solution: See 581 Course Notes, Chapters 2 and 4.
Do either problem 3 or problem 4:

3. (50 points). (A two-sample model.) Suppose that Z ~ Bernoulli(n), and conditional
on Z, a random variable X has conditional distributions given Z described by
(X|Z) ~ Exponential(uZ + v(1 — Z)) where p, v > 0. Thus

P(X >z|Z =1) =exp(—ux), x>0,
P(X > z|Z =0) = exp(—vz), x >0.

(a) Let 0 = (u,v,m) = (61,02,03) € (0,00) x (0,00) x (0, 1), and write (X, Z) ~ Py.
Show that the joint density ps of (X, Z) (with respect to the product of Lebesgue
measure A on (0,00) and counting measure # on {0, 1} is given by

polx, 2) = (nue ™) ((1 = n)ve ™) *1(0,00) (%) 110,13 (2)-

(b) Find the score(s) for § = (u,v,n) and the information matrix for 6 (when
n=1).

(c) If (X1,21),...,(Xn, Zy) are iid. as (X, Z) ~ Py, what is the Cramér - Rao
bound for estimation of ¢(0) = v(FPy) =60, — 0y = pp — v7?
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(d) For a sample of (X, Z) pairs as in (c¢), find the maximum likelihood estimator
6, of 6. R

e) Find the limiting distribution of /n(q(6,) — q(6s)) when 6 = 6, is true.

f) Propose a test statistic for testing H : u = v versus K : p # v based on the
result of (e). What is the limiting distribution of your test statistic under H? What
is the limiting distribution of your test statistic under local alternatives of the form
p=v+tn"Y2?

Solution: (a) The conditional densities given Z = 1 and Z = 0 are py(z|1) =
pexp(—px)leo)(x) and po(z|0) = vexp(—vaz)lg )(z) respectively (with respect
to Lebesgue measure); equivalently

1—

po(]z) = (pexp(—pur))* - (vexp(—vw)) *1o,00) 10,1 (2)-

Since Z ~ Bernoulli(n), its density (or mass function) with respect to counting
measure is p,(z) = n*(1 —n)'"*1g13(2). The resulting joint density of (X, Z) is
therefore

po(, 2) = po(a|2py(2) = (npexp(—px))* - (1 = n)vexp(—v))' Lo, L{o1y(z).
(b) First,
log pg(x, 2) = zlogn + (1 — z)log(1 —n) + z (log pp — px) + (1 — 2) (logv — vx).

Thus the scores iu, iy, and in are given by

i, 2) = = (% —x) ,
iy (2,2) = (1 - 2) (% —y) ,

. z 1—z
leta(,2) = — —
ta(, 2) i g

Y

and the matrix of second derivatives lU is given by

Z;L;L(xv Z) ;!W(I, Z) ;:;m(l‘v Z) _% 0 0
Lu(z,2) Lo(x,2) ly,(x,2) = 0 —% 0

% % N s
Ly, 2) L (2, 2) Ly (2, 2) 0 0 n2  (1-n)2

Thus the information matrix is

0
. w
10) = By (I01x0)) = | 0
00 s
(c) For estimation of ¢(f) = 0; — 6 = p — v, we have ¢(0) = (1, —1)T. Thus the
Cramér Rao bound for estimation of ¢(6) is given by
ol I71(0)a

T,) >
Vare(T,) > -



where o = VE3(T(X)) = ¢(0) + b(0) and b(0) = E»(T(X)) — () is the bias of T'.
If T" is unbiased, then

Q"1 (0)i(0)

T) >
Vare(T,) > -

(d) The score equations are given by

0=> 1.(X;,Z)=>_ Zi(% - Xi),
=1 i=1

0= 3 0Xe 20 = 3 (1= Z)( - X0,

i=1
0 - l (ZZ, Zz) - ;
LA A= 2 i)
and it is easily seen that the solutions are given by
/jL — Z?:l ZZ
b4

Ya(l—=2Z) Xy

In this case the Hessian is negative definite, and the log-likelihood is strictly concave,
the solution of the likelihood equations is unique and yields a maximizer of the log-
likelihood.

(e) Now under Py, with 6y = (po,v0,m0) € (0,00)% x (0,1), our general theory
applies and it follows that \/ﬁ(é\n —0p) —a N3(0,17(0)) where I(0) is as calculated
in (b). Since ¢(#) is differentiable with derivative ¢(fy) = (1, —1,0)7, it follows by
the delta method that

V(q(0,) = q(00)) —a N(0,G(66) I (66)d(6e)) = N (07 o n Yo ) ‘

(f) One natural (Wald-type) test statistic is

Wa = {Vla0) —a(60) 14" 0n) 1 0n)i0r)

= ng(6)%¢" (6) I (60)(6,)
it — 0n)*

I A

In 1=

(Dy—Ds)*
Var(D, — D) X

under the null hypothesis p = v. If 6, = 6y + tn~'/? with with uy, = 1 (and, for
simplicity to = t3 = 0, t = ¢;), then it follows easily from regularity of the MLE’s
that
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Then it follows that the statistic W, in (f) satisfies

W, —a N(t/1/ 3/ (1 — ). 1)? ~ X3(6)
where § = t*no(1 — o)/ 115-

. (48 points).

Suppose that Xi,..., X, are independent and identically distributed real-valued
random variables with distribution function F' and density f.

(a) Consider the sample median F;*(1/2) and the sample mean X,,. Give conditions
under which the sample median F;,*(1/2) is an asymptotically linear estimator of the
population median F~!(1/2). Identify the influence function (z) and the limiting
distribution of /n(F;1(1/2) — F~1(1/2)).

(b) Give conditions under which the sample median F,'(1/2) and the sample mean
X, have a joint limiting distribution; i.e. conditions which imply that the random
vector

( V(L1 (1/2) — F1(1/2)) )
V(X — p)

converges in distribution where p = pup = Er(X;). Find the limiting distribution
explicitly.

(c¢) A simple test for asymmetry of a distribution function is based on the difference
of the mean and median: v(F) = pr—F~*(1/2). Note that v = 0 if F is symmetric
about some point, while 7(F') is positive for F' skewed to the right, and negative for
F skewed to the left. Use the results of (b) to find the limiting distribution of

Va(y(Fa) = y(F)) = Vn(Xn = F, 1 (1/2) = (ur = F71(1/2))).

Compute the limiting variance in terms of expectations of functions of F'. Is v(F,,)
asymptotically linear?

Solution: (a) Assuming that F' has a positive density f at F~'(1/2), we know
that with Q(t) = F~1(¢), so Q'(t) = 1/f(F~(t)),
Vn(F,1(1/2) = F7(1/2)) —a —Q'(1/2)U(1/2)

1 1/4

= —— =775 0(1/2) ~ N(0, PF-11/2)

FF1/2) )

Moreover,
VAF(1/2) - F(1/2) = IZ Ay LX) = 1/2) + (1)

_Z¢ +Op

where (z) = —(1wrijzy(x) — 1/2)/f(F7(1/2)) has EG(X) = 0 and
EgA(X) = (1/4)/FA(F1{(1/2)).



(b) If E(X?}) < oo, then from the asymptotically linear representation of F,1(1/2)
in (a) together with the multivariate central limit theorem it follows that

F1(1/2) = F7(1/2) L~ (X))
A(FUEORY L 8 )
—gq Vo~ NQ(O, Z)
where Xy = Ev?(Xy) = (1/4)/f2(F~1(1/2)), g9 = Var(X;), and
E{l(coor1ay2)(X1) (X1 — )}
fE=1(1/2))

(c) From the joint convergence result in (b) it follows by the continuous mapping
theorem that

V(y([Fn) —=y(F) = Vn(X, =TF, (1/2) = (ur — F7H(1/2)))
= VX, — pr) — Vn(F, ' (1/2) - F~'(1/2))
—q Vo — Vi~ N(0,7%)

Yig = o1 = BY(X1) (X1 — p) = —

2 72(}?)/ (0.1)
1/4
= ) e
+ 2Ep {(X — pr) (Loo p—101/2))(X) — 1/2)} / F(F71(1/2))
1/4
fAF1(1/2))
+ 2Bp {(X = pp) Yoo 1012 (X) } /F(F7H(1/2))
1/4
fHE1(1/2))
+ 2(Ep {Xl( 00, F— 1/2)] } pr)/ f(F (1/2)) (0.2)

\]
Il

= Varp(X)+
= Varp(X)+

Indeed, ~(FF,) is asymptotically linear as well: from the asymptotic linearity of
F-1(1/2) given in (a) and (b)

VAE) —A(F)) = -3, — e — (X0} + 0y(1)
7 -

where ¢ = —(1(_oo,p1(12) (%) — 1/2)/ f(F~ 1(1/2)) as in (a)

Remarks: This statistic for testing symmetry was suggested by Edgeworth (1887).
See the discussion on pages 105 and 106 of Stigler (1999), which also indicates that
the joint asymptotic distribution of the mean and median was known to Laplace in
the early 1800’s.]

Do either problem 5 or problem 6.



5. (48 points).

Suppose that N, = " A, ~ Multy(n,p) where A; ~ Multy(1,p) are

independent. The usual MLE p of pis p = = n!N,. For a € [0,1) and
= (1/k,...,1/k), consider the alternative estimator p of p defined by

(B, it B, — pyll > n~Y!
ap, + (1= a)p, if [B, = pylla <n %

—n

Let Z ~ Ni(0, diag(p) — pp"), Zo ~ Ni.(0, diag(p,) — p,p} )-

(a) Find the limiting distribution of \/_(p — po) When p # p, and when p = p .
(Express these in terms of Z and Z,.)

(b) Letp = ]20+n*1/2g where 17¢ = 0. Find the limiting distribution of V(@ —p )
under p .

(c) Isp p, alocally regular estimator of p at p = p 7 Explain why or why not.

(d) Find the limit of £, n|p —p || where [|v[|* = Zf L v? for v € R¥. How does

this compare to the limit of £, n|p —p |[*?
Solution: (a) Now

V@, —p) = Va@, —p)HID, —pll >n "}
+ Vn(ap, + (1 —a)p, — p)1{Ip, —p,ll <n "}
= Va@, —pHIVn@, —p)+Vnlp—p)l >n""}
+ {avn(@, —p) + (1 —a)vn(p, — p)}
V@, —p) + Vnlp —py)ll <n™/1).

If p # p,, then [[\/n(p —p) +vn(p — go)Hn_l/4 —, 00, and hence on a set with
probability converging to 1,

v, —p)=vn(p, —p) —iZ.

On the other hand, if p = p , then

IVAE, = )+ Ve = p)ln = [V, = p)lln* =, 0

and hence on a set with probability converging to 1,
\/E(A]_jn - ]_90) = (l\/ﬁ(@n - ]_)0) —d aZO'

(b) Ifp =p, +cn~'/? with "¢ = 0, then

vap, —p) = vn@, —p){IIVe@, —p )+ Valp, —p)l >0
+{avn(@, —p )+ (1 —a)vn(p,—p )}
HIVn@, —p,)+ Valp, —p)l <n**}

= Vi@, —p,)W{IVa@, — p,) +cl > n/

n

+{avn(p, —p,) - 1 = a3 H{IIVn(p, —p,) +c| <n*/}

—q aZy— (1 —a)c.



(¢) Since the limiting distribution in (b) depends on ¢, p is not a locally regular
estimator of p at p,.

(d) Now
E, {nlp, —p,II* — ElaZ,— (1 —a)d* =a®E| Z|* + (1 — a)*|c]?
= B)1Zy| if a1
> E| Z|I* i flel* > 155

= a2E||Z,||? < E||Z,|? if |a] <1 and ¢ = 0.

Thus even though En has smaller mean-squared error than p)n at Py it has larger

mean squared error as soon as ||c|| > /(1 +a)/(1 — a).

. (48 points).

Consider a parametric model P = {Py : 0 € © C R?} satisfying the hypotheses
A0-A4 of section 4.1 of the Chapter 4 notes. Suppose that we are using the Rao (or
score statistic) R, = Z,,(00)T1(60)~*Z,,(0y) for testing the null hypothesis H : 6§ = 6,
versus K : 6 # 0y where Z,,(6p) = n=2 321, 1,(6] X,).

(a)  Suppose that 6, = 6, + tn™Y? and consider 1,(0,) — 1.(6)) =
> iy log{pe, (X:)/pe,(X;). Use the expansion developed in HW (and stated in part
(vi) of Theorem 4.1.2) which implies LAN at 6, together with the linearity of Z,, (6,),
to find the joint limit distribution of

QTZn (6o) QTZn(Qno)
( 1 (60) = 1 (6) ) ~\ og (5 )
ar;,
under Fy,.
(b) Use the result of (a) together with Le Cam’s 3rd lemma to find the joint limiting
distribution of
QTZn (90) QTZn(Qno)
( 1 (60) = 1 (6) ) ~\ og (5 )
ar;,
under Py, .

(c) Use the result of (b) to find the limiting distribution of Z, () under Py, .
(d) Use the result of (c) to find the limiting distribution of the Rao statistic R,
under P . What does this imply about the power of the Rao statistic?

Solution: (a) From HW 9 and Theorem 4.1.2 (vi),
1
ln(gn) - ln(eo) = ETZn(QO) - EETI(QO)E + Op(l)
under Pp,. Thus for any ¢ € R, with Z ~ N4(0, 1(6y)),
c"Z,(6) _ "' Z,,(0)
(60 ) = (oza =t )+ o0
. ( 'z )
T\ "2 - TGt
(o) (228
? —3tTI(0o)t ) 7\ T1(6o)

I~ 1
~+_ 10
NS
NN~
—~~
> P
S—
I~ |~
N~
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(b) By Le Cam’s third lemma it follows that under Py,
c'Z,,(6h) . c"Z+ (o)t
a(0) = 1 (60) T2+ 5t (0o)t

v (( LT 60 ) ’ ( it

(¢) In particular, it follows from (b) that under Py, ,

c"1(6o)
t"1(6o)

)

I~ O
I~ |+

¢"Z,(00) —ac' Z+c"I(00)t = c"(Z + I(60)).
Since this holds for every ¢ € R? it follows from the Cramér - Wold device that
Zn(00) —a Z+ 1(00)L.
(d) By (c), when Py, is true, the Rao statistic R, satisfies
Ry = Z,(00)" 1(00)"' Z,, —a (Z+ 1(00)t) I~ (00)(Z + 1(6o)t) ~ x3(0)

where § = tT1(00)1~(00)1(00)t = tT1(6y)t. Thus for these alternatives, the power
of the Rao test satisfies

Py, (Rn > Xia) — P(XG00) > X3a) >

if § > 0.

. (50 points).

Suppose that P = Py = N(0,1), @ = By = N(6,1) on (X, A) = (R, B).

(a) Compute K(P,Q) = K(Fy, ).

(b) Compute H*(P,Q) = 1 — p(P,Q) and p(P,Q) = [+/p x)dx. [It might
be easiest to compute p(P, Q) first recalling that if Z ~ N(0, 1) then Eexp(tZ) =
exp(t*/2).]

(¢) Compute dry(P,Q) =1—n(P,Q) and n(P,Q) = [ p(x) x. [It might be
easiest to compute n(P, Q) first.|

(d) Show in general that K(P,Q) > 2H?*(P,Q), thereby strengthening the fact
K(P,Q) > 0 that we proved in class. [Hint: write both K(P,Q) and H?(P,Q) in
terms of Y = (p(X)/q(X))"? and use the inequality log(1 4+ 2) > z/(1 + z) for
z > 0. You will need to relate EqY and EqY? to H*(P,Q).]

(e) Use the results of (a) and (d) to find a lower bound for K(P", Q") in terms of
H?(P,Q) or p(P,Q); here P" and Q™ are the probability distributions of X;, ..., X,
ii.d. as P and Q" respectively.

Solution: (a) Now p(z) = ¢(x) = (27) Y?exp(—2?/2) and q(z) =
(2m) Y2 exp(—(z — 0)%/2), so

2% = exp(—2?/2 + (x — 0)%/2) = exp(—0x + 6*/2),

log g(x) = —0x + 6°/2,



and it follows that
_ o Py _ _ . 2/9 — g2/9
K(P.Q) = Ep (1 gq) OEp(X) + 62/2 = 622
(b) We compute p(P, Q) first:
1 2 2
p(P,Q) = / Vp(z)g(x)dz Z/\/—Q—Wexp(—x /4) exp(—(z — 0)°/4)dx

_ / \/12_7Texp(—:1:2/2) exp((202 — 02)/4) da

= exp(—0?/4)Ep exp(0X/2) = exp(—6°/4) exp(6°/8) = exp(—6°/8) .

Hence
HQ(P7Q) =1 _p(P7Q) =1- eXp(_02/8) :
(c) We compute n(P, Q) first. Since ¢(x) > ¢(x — 6) if and only if

2 1
L2 > L exp(—(a— 0)/2)

V2r V2r

or equivalently, if and only if
1 > exp(fz — 6%/2) iff  0r—60°/2<0

and, for 6 > 0, this holds if and only if = < #/2. Hence it follows that

[r) na@de = [ o) n ot )i
0/2 00
= o(xr — 0)dx + o(z)dz
0o 0/2

—0/2

- / o(y)dy + 1 — B(6/2)

D(—0/2) +1—D(0/2), if >0
20(—0]/2), if 0 > 0.

When 6 < 0, 0z — 6*/2 < 0 if and only if z > 0/2, and this yields

oo 0/2
/p(x) Ag(x)dr = ” o(x — 0)dr + : o(x)dx

= B(0/2) +1-B(—0/2), i >0
= 20(—]0]/2), 6 <0.

It follows that n(P, Q) = 2®(—|0|/2) for all 6, and hence
drv(P,Q) = 1-n(P,Q)=1-20(-0]/2).

The following Figure shows K (P, Py), H*(Py, Py), and drv (P, Py) as functions of
0.



(d) Let Y = /p/q. Then

K(P,Q) = Q/plog(\/]%)du = 2EplogY = 2Eplog(l+ (Y — 1))

Y -1
2 QEPm USing log(l + 33') 2

_ 2EPY;1:2/p{\/§—1}\/gdﬂ
- fofi- Eonmsfo- )

= 2H*(P,Q).

?

1+

Here is a another way of organizing the argument with a slightly different choice of
Y, as follows. Let Y = /p/q — 1. Then p/q = (1 +Y)? and it follows that

K(P.Q) = / plog(p/q)dy = / (p/9) log(p/q)ady
= 2/(19/(1) log(p/q)"?dQ = 2/(1 +Y)?log(1+Y)dQ

Y
> 2/(1 - Y)QH—YdQ

= 2/Y(1+Y)dQ:2{/YdQ+/Y2dQ} .
But we also have

[viQ= [ Vrain-1=-#P.Q).
[vaa = [Wofa—1Padu= [(V5- vatdu=21(r.Q).

By combining the results of these last two displays it follows that
K(P,Q) = 2{2H*(P,Q) — H*(P,Q)} = 2H*(P.Q).
(e) By (d), and (c) of the next problem,
K(P",Q") = 2H*(P",Q") = 2{1 — p(P",Q")} = 2{1 — p(P.Q)"}

in general. For the particular case we began with p(P, Q) = exp(—6?/8), and thus
we conclude that in this case

K(P",Q") > 2{1 — exp(—nt?/8)} .

Another lower bound follows from the identity K (P", Q™) = nK (P, Q): we conclude
from this together with the inequality from (d) that

K(P", Q") =nK(P,Q) >n2H*(P,Q) = 2n(1 — exp(—6°/8)).
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Figure 1: K(Py, Pp) (red), H?*(Py, Py) (green), drv(Py, Py) (blue), and 2H?(Py, Pp)
(burgundy) as functions of 0
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