Statistics 581, Problem Set 9 Solution
Wellner; 11/26/2008

1. (a) Exercise 2.1.6, page 10, chapter 2 notes; i.e. show that dpy (P, Q) = 1— [ pAq dp.
(b) Exercise 2.1.7, page 10, chapter 2 notes; i.e. show that

H*(P,Q) < drv(P.Q) < H(P,Q){1 + p(P,Q)}'* < V2H(P,Q).

Solution: (a) From the proof of proposition 1.13, chapter 2 notes, page 9, we see
that

1
dry(P,Q) = —/\p—QIdMZ/ (p—q)duz/ pdu—/ pAqdu
2 p>d) = =
= / pdu+/ pdu—/ p/\qdu—/ pdu
[p>q] [p<d] [p=q] [p<d]
= /pdu—/ pAqdu—/ pAqdp
[p>q] [p<q]

= 1—/pAqdu51—n(P,Q)'

Alternatively, use the identity |a —b] = a + b —2(a A b) for all a,b € R to deduce
that

Ip(z) — q(x)| = p(z) + q(x) — 2p(z) A q()

for each fixed x, and hence

dry(P,Q) = %/Ip—q\duzé(/pdu+/qdu—2/pAqdu)

= 1—/pAqdu51—77(P,Q)-
(b) To see the first inequality, note that H?(P, Q) = 1 — p(P, Q) where
pP.Q) = [ VAL du= [prgdu=ur.Q)
since \/p(x)q(x) > p(x) A q(z) for all . Thus we have

H*(P,Q) = 1-p(P,Q)<1-n(P,Q)=drV(P.Q).

For the second inequality, write [p —¢q| = |(\/p — /@) (/P + +/@)| and then apply the
Cauchy-Schwarz inequality: thus

27y (P,Q) = / Ip— qldp = / (VP — VO (VB + v)du
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< (o~ varan) " ([ 5+ vaPan) "

= V2H(P,Q) {/(p—I—Q\/p_q—Fq)du}l/Q

= V2H(P,Q) {2 +2p(P,Q)}"*
= 2H(P,Q){1+p(P,Q)}"*,

and this yields the claimed inequality. The third inequality is easy since p(P, Q) < 1
by Cauchy-Schwarz again.

. (a) Lehmann and Casella, problem 6.3.1, page 501.
(b) Lehmann and Casella, problem 6.3.2, page 501.
(¢) Lehmann and Casella, problem 6.3.4, page 501.
Solution: (a)(i) Since log P,(X = x) = xzlogp+(n—=x) log(1—p), we have [(p|X) =
Xlogp+ (n— X)log(1l — p); differentiating this with respect to p yields
X n-X X1-p—-mn—-X)p

i(p|X):5_ 1-p p(1—p)

and this equals 0 if p = p = X/n. Since the second derivative is

- X n—X

ipx)=-= - =2 g

(#l) P (1-p)?
it follows that p = X/n is the MLE of p € [0, 1].
(a)(ii) Since ([T, v:)"™ < n Y y1 + -+ + y,) for any numbers y; > 0, it follows,
with y; =np/X fori=1,..., X, and y; =ng/(n — X),i=X +1,...,n, that

{<%)X (nan)nX}l/n = {X% i (n_X)”in} -

or, equivalently,
B X\ fn—x\""
pa-s (5) ()
n n

with equality if and only if p = X/n = p. Thus p = X/n is the MLE of p € [0, 1].
(b) When the closed interval [0, 1] is replaced by the open interval (0, 1), then the
MLE exists if 0 < X < n and is p = X/n € (0,1) in this case. If X = 0, then the
log-likelihood equals nlog(1 — p), so sup,¢o 1) l(p) = 0, but this supremum is not
achieved (in the set (0,1)). Thus the MLE does not exist in this case. Similarly, if
X = n, the the log-likelihood equals n log p, so sup ¢ 1 l(p) = 0, but this supremum
is not achieved (in the set (0, 1)).

(¢) The log-likelihood is

W(0) = —5 > (X € ~ (n/2) log(2n)

= néX, —n€?/2 — (n/2)log(27)
— —(n/2)(6 = X.)2 + (n/2) X — (n/2) log(2).
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When X” > () this is maximized by £ = é =X,. )
When X,, <0 this is maximized over £ > 0 by £ = £ = 0. Since the maximization
in the problem as stated is over the open set £ > 0, the supremum is not attained.

. Lehmann and Casella, problem 6.3.18, page 502. [Note: It seems to me that 3.15(b)
should be 3.15(c) since C'(0,a) is a scale family).]

(d) First consider problem 3.15(c): Here the log-likelihood for the scale family for
a density f is

ln(a):nloga—l—Zlogf(aXi), a>0.
i=1

Hence the score equation is

. n " faX;
0=1l,(a) = E—i_sz((aX-))Xi

= % {n— Zg(aXz‘)} = %{” — hn(a)}

where g(x) = —xf'(x)/f(x). If xf'(x)/f(x) is strictly decreasing in z, then g(x) is
strictly increasing in z, and hence h,(a) is strictly increasing in a. Hence there is
at most one value of a satisfying h,(a) = n. If a solution exists, it is unique.

For the particular case of a Cauchy density f, it is easy to compute

212

9= 10

which is strictly increasing (from 0 at © = 0 to 2 at = 00). Moreover, in this case
the likelihood equation becomes

n

2a° X ?
hn(a) = Zl+a2X-2 =n

=1

But the left side converges to 0 as a | 0, and converges to 2n as a T oco. Since
it is monotone increasing and continuous, there is a unique solution a,. All the
hypotheses of Theorem 1.5 hold in this case, and

Leal$) = [ Z {1 n xf}g)) } flayde =+

Thus it follows that
Vn(a, —a) —q N(0,2a%).

. Suppose that (Y|Z) ~ Poisson(Ae??), and Z ~ Bernoulli(n), and 6 = (\,7,7). Let
X = (Y, Z), and suppose that we observe X,..., X, ii.d. as X.

(a) Find the score equations for estimation of 6.

(b) Give conditions on the data Xi,..., X, = (Y1,7Z1),..., (Y, Z,) guaranteeing
that the score equations have a unique solution which maximizes the likelihood.
Call the resulting estimators 6,, = (A, Jn, 1n)-
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(¢) What does theorem 4.1.2 (Chapter 4, page 5), say about the asymptotic
distribution of \/77(5— p) when the distribution of the data is given by Py, ?

(d) Suppose that 6; # 6y is the “true” value of the parameter 6, and we
consider the likelihood ratio L,,(61)/L,(6y) where L,(0) = [[;_, po(X;). Show that
n~tlog(Ln(61)/Ln(0p) —, some constant, and identify the constant explicitly in
terms of 61, 6.

Solution: (a) The density of X = (Y, Z) is

Po(, 2) = fan(l2)gn(z) = e D peq _pyies

for y € {0,1,...}, 2 € {0,1}, and hence

log pe(y, z) = ylog(Ae?®) — Xe”* —logy! + zlogn + (1 — z)log(1 — 7).

From this we calculate the scores iy, l'y, and jn:

: 1
h(y.2) = § =" =1y—=A),
Liy2) = yz= Az =2y = A7),
. z 11—z

I = - .

T](y7z) 77 1 - 77

Thus the score equations for 6 = (A, v,n) are

0 = ihm,z»%i(m—wﬂ%

=1
0 = YiMZ) = Y AW - A7),
=1 =1

0 = Sz =Y Z - e Y- ).

—1 .7 L—n i=1

(b) The third equation always has the unique solution 7 = Z,,. It is clear that the
score equation for A has only the solution A = 0 if all ¥; = 0, and in this case there
is clearly no unique solution for v. So as least one Y; must be non-zero in order to
get a unique solution. If all the Z;’s are equal to 1, then the two equations agree,
and it is clear that all we can estimate is the product \e”. Similarly, if all the Z;’s
are equal to 0, then the score equation for v is trivially satisfied (for any ), and the
score equation for A gives just an estimator of A\. For the first and second equations,
we compute

.. 1 <&
iy = — 1 E Y;
) 2 i
A =1
n
. z, 7
ln,)\'y = - E Zie’y = ln,’y)\ )
=1
n
) — E 2 .74
=1
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Thus the matrix of second partial derivatives (the Hessian) fails to be negative
definite if Y} Y; = 0 or if

n n n 2
(AZZZ?@%) (A‘QZ)@) < <Z Zie%) .
=1 =1 =1

Because the Z;’s are Bernoulli,

n n n
2.7%i Vi — Y

E Ziel" = E Z; e =e Z; .

i=1 i=1 i=1

Thus the above inequality holds if and only if

Zn:Yi gxewzn:zi. (0.1)
=1 =1

(Note that upon division by n the right side converges in probability to ngAe” while
the left side (divided by n) converges to ngAoe™ + Ag(1 — 19).) At the MLE, the
inequality (0.1) holds if and only if

vy vz
i=1 i=1

This inequality can occur only if Z; = 1 whenever Y; > 0. Thus it becomes clear
that the equations will have a unique solution yielding a maximum of the likelihood
if at least one Z; =0 and Y; > 1.

(c) Theorem 4.1.5 says that

V(B — 05) —q N3(0,1(65)7")

where
ANLE(e?)  E(Ze?) 0
1(0) = E(Ze?) NE(Z*¢7) 0
0 0 (n(1—mn))~!
(d) When 6, is true,
_ Ln(el) — & Do
n~tlo = n! log = (X
5L, (60) 2108 5, %)
—, By logPh (X))
Do,
= K(Py,,Py).

Here

A\ eV?
log@(aj) = ylog( 1 )_)\16712+)\06702

p@o )\Oe’YOZ
1—
+zlog@+(1—z)log 7717
Mo L =m0



SO

K(P917 P90) = E91 1Og _(Xl)

Y14
= E91 (Y 10g c Z) + 7]1(/\0670 — /\16%) + (]_ — 7]1)()\0 — )\1)
Oe’YO

1-—
+ n log I + (1 —m)log N
7o 1—mno
"z /\1€’YIZ 0 Y1
= FEp | M log WY + m1(Xoe™ — A1e™) + (1 —nm1) (Ao — A1)
1 _
+ 1 log & 4 (1 — 1) log —2
Mo L —mno

)\1671 )\1
= 1 (/\1671 10g ()\06’70>) (]_ —m ()\1 IOg (}\O>)

)
+m(Aoe™ = Are™) + (1 —m) (Ao — A1)
m
o

1—
+mlog 2+ + (1 —m)log
Mo 1—

5. For the same set-up as in problem 4, consider taking a “profile likelihood” approach
to the estimation of v as follows:
(a) Let 1,(0) = (v, \,n): consider first maximizing this as a function of A and 7
for each fixed value of v to find

(N(7), (7)) = argmaxy ,la(X, 7, 7) -

Compute the maximizer (A(y),7(7)) as explicitly as possible, and then form the
“profile log-likelihood” [Pro/i¢(~) defined by

rofite () = 1,(A(7), 7, (7)) -

(b) Now maximize [P"°/%¢(~) with respect to v. Find the resulting “profile likelihood”
score equation for .
¢) Does the equation you derived in ollow from the original score equations?
Does th tion you derived in (b) follow f the original tions?
oes the “profile score function” which appears in correspond to or relate
d) Does the “profil function” which in (b dt lat
to the efficient score for v in any way?

Solution: (a) The value of v doesn’t influence the maximization with respect to 7
and we find 7(v) = n = Z,, for all 7. Solving the score equation for A for a fixed =
yields

n n . n Y
Yi=A) %, or Ay) = 2;11 .

Substitution of these into the log-likelihood yield the profile log-likelihood

(A(),7.1)

= > {Viogh(n)e®) = A(m)er — log(v:)}

=1

lprofile (/7) - 1

n

s 3



+nZlogZ —1— (n —nZ)log(l — Z)

= nY log A( )\ )+ Z Y, Z; — (’y) Z 7% 4+ constant in 7.

i=1

(b) Differentiating the profile log-likelihood with respect to 7 yields

o d SV Zie%
rofile _ el T
Brore(y) = & log A(v)nY ,, + g Y, Z; = g Y:Z; —nY ST e
=1 =1
since p Z 2
. ZierZi
—log A7) = — &4
o (v) = ST
Thus the profile score equation for v becomes: AP7°f¢ = 4 satisfies
1 YiZ; | Zie%
2V daZe™ (0.2)

YiYio Yies
(c) If we solve the original score equation for A for fixed -, then we obtain

. Z” Y;
Aly) = Z’flewzi

as in (a). Substitution of this into the score equation for v yields

0 = ZZY Ay ZZ@'YZ
= ZZY Zleyz ZZ@VZ

and this implies that (0.2) holds.
(d) To see the connection between the profile score function for v and the efficient
score function for v, note that

d

) = a3 A EAG) + (A1), (03)
and, since 0 = [,, AA(Y), 7, 1), by differentiating with respect to v we have
. o d . .
0=l (A(7), 75 n)ak(v) + loa (A7), 7, 1)
and hence
d - . Nl o )
@)\(’7) = - <ln,)\)\()\(ﬁ)/>: e 77)) ln,'y)\()‘(ﬁ)/% e 77) . (04)

Substitution of (0.4) into (0.3) yields
) = GO AD) s (B2 7)

= s (370 = 3078 (s, 108 a3, 7,)

n

- 3 (o hnizi)|

Py O=(A(v).)



6

a) Ferguson, ACILST, problem 17.2, page 117.

b) Do our hypotheses A0-A2 hold in this example?

c) Compute K (Py,, Py) where Py has density as given in this problem.

d) Do our hypotheses A3 and A4 hold in this example? Why or why not?
e) Does there exist an estimator 8,, of # which is n'/?—consistent?

(
(
(
(
(

Solution: (a) (i) Since the density function py is given by

T 11—z

i) =2{ S 10a(o) + T lea) | (0.5

it follows that for Xy < 6 < X(41) the likelihood is given by
Ln(e) = okp=F HX(i)(l — 9)7(717]{) H(l — X(i)).
i<k i>k

(This corrects the expression on page 215 of Ferguson in several respects: it changes
Ferguson’s + to -, and it changes the second product from [] X to [[(1 — X)).)
Thus for X(;) < 0 < X(41) we compute

which is < 0if § < k/n and > 0if 0 > k/n.
(a) (ii) Similarly, for X < 6 < X(k+1),

- k n—k
ln(e) - @ + (1 _ 0)2

> 0,

so the roots (or zeros) of the likelihood equation correspond to local minima of
the (log-)likelihood, and any local maxima of the log-likelihood occur at the order
statistics X ). It is easily seen that a local maximum occurring at an observation
X () must correspond to a cusp in the (log-)likelihood: i.e. a point at which ln(9) is
positive to the left of X(;) and negative to the right of X;). Therefore if 6 = X,
yields a local maximum we have

. { (k—1)+n—k+1} k—1+n—k+1>0
im ¢ — =— ,
0,/ X 0 1-0 Xwy 1= Xu
and
I { k N n— k} k N n—=k <0
im ¢ ——+ ——7%=— )
NXw | 0 1-06 Xy 1-—Xp
But these two inequalities imply that
k—1 k E—1 k
— <X < — or —— <F,'(k/n) < —.
n n n n

(b) A0 - A2 all hold in this example: If 6 # 6%, then py # pp- and hence Py # Py-.
The set A = {x : pp(z) > 0} = (0,1) for all #, and hence does not depend on 6;
thus A1 holds. A2 holds with p given by Lebesgue measure on [0, 1].



(c) Suppose that 6y < 6. Then the Kullback-Leibler information K (Py,, Py) is given
by

K(Py, Py) = A%mﬁmmgw%mx+/z%@n%(l_xe)m

" 1—6yx

! 1-6
+ /0 Do, () log1 _eodx

(1-62 1-6
1
1—6, 216,

1 , ) 0
+71_00 (1—00) —(1—9) }log (71_00)

2 o 1—x
1—2x2)1 dx.
+1_00/00( x)og( " ) x

= 00 log(@/@o) +

Similarly, if 6y > 6, then

K(Py,, Pp) = /Oapeo(f) log(0/6o)dx + /900 Po, () log (£ L 0) dx

! 1-0
+ /90p00(x)10g1—00dx

62 1-46
= % log(6/6y) + (1 — 6y) log =

| RS 9 1-6 2/00 T
4+ — — | — |+ — | dx.
% {90 0 } og( o ) ) z log T —= T

Here is a plot of 8 — K(Py,, Pp) for 6y = .2.

0.2 0.4 0.6 0.8 1

Figure 1: Kullback - Leibler function K (Py,, Fp), 6y = .2



(d) Since py is given by (0.5),

[ log2+ logz — log¥, if »<0,
logpg(l‘) = { log 2 + log(l — ;p) — log(l — Q), if x>0,

SO
1 1

19(513) = _51[x<9} + 1—_01[x>179}7

but the derivative does not exist at § = x (since the left and right derivatives are
different). Similarly

.. 1 1
199(33) = @1@«9} + (1_78)21[;»1—0}7

but the second derivative does not exist at 8§ = . Note that 19 is a discontinuous
function of € for every 0 < z < 1. Although

. 1 1
and 1 1 1
E2(X) == _
QS R ey e Te L
we also have
1 1 1

—Eplgg(X) = —= — + Fyl2(X).

0 1-0  0(1—0)

Thus A3 and A4(iii) fail, while A4(i) and A4(ii) hold.
(e) First a \/n—consistent estimator of # via moments: note that
6 2 1
x z(1—x)
EyX = 2 —dx + 2 —=d
0 /0 g T+ /0 1= X
gg2 2

1, 1 4,

+ (et - 35

3 1-60°2 3

2 2 1 1 1
— _02 I _6)2 _6)3
3 +1—9{6 2" }

2 1 1
—= _ — - —02 —
ole o)
Since X,, —, EyX = (146)/3, it follows by continuous mapping that 3X,, —1 —, 6.
Thus with ¢g(z) = 3z — 1 we have

Vi(g(Xn) —0) —a g'(0)0(0)Z

where ¢'(z) = 3, 02(0) = Vareg(X) = (1 — 60+ 6%)/18, and Z ~ N(0,1). Thus it
follows that B
Vn(3X, —1—0) —4 N0, (1 — 0+ 6%)/2).

10



Thus the estimator 0,, = 3X,, — 1 is a \/n—consistent estimator of 6.

Now for an estimator of # based on the median. The distribution function Fy
corresponding to py is

2 (1-a)?

Fo(x) = 5 loe () + (1 ~ 1 ) Lig,(),

and the corresponding quantile function is

Fyt(u) = Voulpeg + (1 — /(1= 0)(1 — u))1j50-
Thus the median is

Fyt(1/2) = V/0/21j2<0) + (1 — v/ (1= 0)/2)111/250) = 9(6),
which has inverse function
g (@) = 2211y + (1= 2(1 — 2)*) 1 per o) = h(z)
Note that ¢g~*(1/24+) = ¢g7'(1/2—) = 1/2, so g~! is continuous at 1/2, and

d
—g (z) = @h(ﬂﬁ) = 401 p>19 + 4(1 — ) Ljpcya,

so the derivative of g~1 is also continuous at = 1/2. It follows that ¢~ *(F,(1/2)) =
h(F,') is a consistent and asymptotically normal estimator of 6:

9 (FL N (1/2) —as g7 (F 1 (1/2)) = g7 (9(0) = 6,
and
V(g HF N (1/2) — g H(EFH(1/2)) = V(W H(1/2) — h(F;H(1/2)))
—a N(EO){=Q'(1/2)U(1/2)} ~ N(0,0°(9))

where
o*(0) = {W(Fy ' (1/2))}* - Q'(1/2)* - (1/4).
There are many other \/n—consistent estimators of # in this example and, in fact,

the MLE is consistent, y/n—consistent, and asymptotically efficient. We will return
to this example in Stat 582.

11



